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ABSTRACT. We prove exponential convergence to the invariant measure, in the
total variation norm, for solutions of SDEs driven by a-stable noises in finite
and in infinite dimensions. Two approaches are used. The first one is based
on Liapunov’s function approach by Harris, and the second on Doeblin’s cou-
pling argument [9]. Irreducibility and uniform strong Feller property play an
essential role in both approaches. We concentrate on two classes of Markov pro-
cesses: solutions of finite dimensional equations, introduced in [28], with Holder
continuous drift and a general, non-degenerate, symmetric a-stable noise, and
infinite dimensional parabolic systems, introduced in [31], with Lipschitz drift
and cylindrical a-stable noise. We show that if the nonlinearity is bounded, then
the processes are exponential mixing. This improves, in particular, an earlier
result established in [29], with a different method.
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1. INTRODUCTION

This paper is concerned with ergodic properties of the stochastic equation
(].].) dXt = [AXt + F(Xt>]dt + th X() =,

both in finite and infinite dimensional real Hilbert spaces H. Here A is a linear
operator, F', a bounded mapping and Z, a symmetric a-stable process. Under
suitable conditions, we establish exponential convergence of the solutions to the
invariant measure in the variation norm. When H is infinite dimensional several
nonlinear stochastic PDEs, including semilinear heat equations perturbed by Lévy
noise, are of the form (1.1).

Irreducibility and uniform strong Feller properties play an essential role in our
approach. They are established in the paper when the space H is finite dimen-
sional, Z is a non-degenerate, symmetric a-stable process and F' is n-Holder con-
tinuous with 1 — ¢ < np < 1 and 1 < a < 2. Under stronger assumptions on
the drift F' and on the noise process Z, those properties were derived in [31] in
infinite dimensions. The finite dimensional result is an important contribution of
the paper of independent interest.

The stochastic PDEs driven by Lévy noises have been intensively studied since
some time; e.g., see the papers [3, 1, 27, 25, 19, 31, 40], the book [26] and the
references therein. Invariant measures and long-time asymptotics for stochastic
systems driven by Lévy noises were studied in a number of papers. In particular,
the linear case (F' = 0) was investigated, in finite dimensions, in [35] and [43]
and, in infinite dimensions, in [5, 32, 10]. The case of nonlinear equations was
studied in [33, 26, 21, 40, 41]. However, there are no many results on ergodicity
and exponential mixing (cf. [41, 14, 29]). The paper [14] studied the exponential
mixing of finite dimensional stochastic systems with jump noises, which include
one dimensional SDEs driven by a-stable noise.

Some ergodic properties for SPDEs like (1.1) were also studied in [29]. There it
was proved that if the supremum norm of F' is small, then there exists a unique
invariant measure, which is exponential mixing under the weak topology in the
space of measures. Here we improve substantially this result, showing that the
convergence to the invariant measure holds exponentially fast in the total variation
norm without any smallness assumption on F'. To prove this result, we have to
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impose a slightly stronger regularity condition on the noise with respect to [29];
this is really a mild assumption (see Remark 2.3 and Example 2.9).

As mentioned before, we also establish exponential mixing in the total variation
norm for finite dimensional stochastic equations like (1.1) with a less regular drift
term F' and a more general noise Z. It seems that even in one dimension (when Z
reduces to a standard symmetric rotationally invariant a-stable noise) our result
on exponential mixing is new (cf. [40] and [14]).

We have two proofs for the exponential mixing results. The first one is based on
the classical Harris’ theorem, while the other is on the classical coupling argument,
see Section 2.5 and also [18]. In both approaches, irreducibility and uniform strong
Feller property play the crucial role. The Harris approach only needs to check some
conditions involving Lyapunov functions, but it is not intuitive. The coupling proof
is quite involved, but gives the intuition for understanding the way in which the
dynamics converges to the ergodic measure.

Let us sketch our methods on proving the well-posedness and the structural
properties of finite dimensional stochastic systems, since it has independent inter-
est. To prove the existence and pathwise uniqueness of solutions, we only need to
modify a little bit the method established in [28]. We stress that the condition
1 — % < n < 1is needed to have existence and uniqueness of solutions (cf. [28]).
The irreducibility and uniform strong Feller property will be established in the
following two steps. First we prove irreducibility and (uniform) gradient estimates
for finite dimensional Ornstein-Uhlenbeck processes driven by non-degenerate sym-
metric a-stable processes (related gradient estimates under different assumptions
from ours are given in the recent paper [42]). Then we proceed as in [31] and
deduce irreducibility and uniform gradient estimates for solutions to (1.1). Note
that if » < 1 then the deterministic equation may have many solutions as classi-
cal examples show. Currently, there is a great interest in understanding pathwise
uniqueness for SDEs when F' is not Lipschitz, see the references given in [6, 28].

The paper is organized as follows. In Section 2 we formulate basic structural
properties of the solutions of (1.1) and our main ergodic results, namely The-
orems 2.8 and 2.7. In Section 3 we concentrate on proving the new structural
properties of finite dimensional systems. Section 4 contains decay L,-estimates
for solutions of (1.1), which are needed to prove exponential ergodicity; here we
concentrate on the infinite dimensional case since in finite dimensions these esti-
mates are straightforward. The two proofs for the exponential mixing of infinite
dynamics are established in Sections 5 and 6 respectively, the former applying
Harris’ theorem and the latter using coupling argument. Section 6 is quite in-
volved, in particular, exponential estimates for the first hitting time of balls are
of independent interest. In Section 7 we show the exponential ergodicity for finite
dimensional systems (Theorem 2.7) in a sketchy way. We have only shown the full
details for the proof of Theorem 2.8 concerning SPDEs;, since the finite dimensional
result can be proved by similar and easier methods.
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2. NOTATIONS AND MAIN RESULTS

2.1. Notations and assumptions. Let H be a real separable Hilbert space with
an inner product (-,-) and the corresponding norm | - |. We denote by {e;}x>1 an
orthonormal basis, so that any vector x € H can be written as ¢ = ), zxey,
where >, |xx]* < oo. Denote by B,(H) the Banach space of bounded Borel-
measurable functions f : H — R with the supremum norm

[1fllo := sup | f(x)].
zeH

Let B(H) be the Borel o-algebra on H and let P(H) be the set of probabilities
n (H,B(H)). Recall that the total variation distance between two measures
1, 2 € P(H) is defined by

1
lis = pzllev = 5 sup |ua(f) = pa(f)l = sup |pua(l) = pa(I)]-
FEBy(H) TeB(H)
ll£llo=1
Let z(t) be a one-dimensional symmetric a-stable process with 0 < av < 2. Its
infinitesimal generator A is given by

fly+x)— f(x)
C’ |y|oc+1

(2.1) dy, v € R,

where C, = — [;(cosy — 1)#; see [34] and [2]. It is well known that z(¢) has
the following characteristic function:

E[eikz(t)] _ e—t\)\|o‘7

t >0, A € R. A multidimensional generalization of z(t) is obtained by considering
an n-dimensional non-degenerate symmetric a-stable process Z = (Z;). This is a
Lévy process with the additional property that

(22)  E[eP]em) ¢@):‘1/d0ﬂw»_1“wa)hwsu(w)yww,
R
u € R™, ¢t >0, where the Lévy (intensity) measure v is of the form
23) /D) = [ utde) [T 1o, D e bR,
0

for some symmetric, non-zero finite measure p concentrated on the unitary sphere
S={yeR?: |yl =1} (see [34, Theorem 14.3]). Note that formula (2.3) implies
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that ¥ (u) = co [g|(u, €)|*u(dE), u € R™ (see also [34, Theorem 14.13]). The non-
degeneracy hypothesis on Z is the assumption that there exists a positive constant
C, such that, for any u € R",

(2.4) P(u) > Cylul®.

This is equivalent to the fact that the support of p is not contained in a proper
linear subspace of R™ (see [28] for more details). Recall that the infinitesimal
generator A of the process Z is given on the space of all infinitely differentiable
functions with compact support C°(R™) by the formula,

Af(x) = /Rd (flx+y) = flx) = Lgy<yy (v, Df(2))) v(dy), fe CER),

see [34, Section 31]. Note that Z = -, ., B;z;(t)e; (where {z;(?) }1<j<n are i.id.
one-dimensional symmetric a-stable processes) is in particular a non-degenerate
symmetric a-stable process if each 3; # 0.

We will make two sets of assumptions on (1.1) depending on the dimension of
the Hilbert space H. They are similar but more restrictive if dim(H) = co.

Assumption 2.1. [dim(H) =n < o0
(A1) A is an n x n matriz and maxi<;<, Re(y,) < 0, where vy, ...,v, are the
eigenvalues of A counted according to their multiplicity.
(A2) Z = (Z;) is a symmetric non-degenerate n-dimensional a-stable process
with 1 < a < 2.
(A3) F: H— H is bounded and n-Holder continuous with 1 — § <n < 1.

Assumption 2.2. [dim(H) = ]
(A1) A is a dissipative operator defined by

A= Z(—%)ek & ex

k>1

with 0 <y << ...<%<...and v — 00 as k — o0.

(A2) Z; is a cylindrical a-stable process with Zy = 3, Brzx(t)ex, where {2k (t) br>1
are i.i.d. symmetric a-stable processes with 1 < o < 2, B > 0 and there
exists some € € (0,1) such that ), -, ’)ffka < 0.

- k

(A3) F: H— H is Lipschitz and bounded.

(A4) There exist some 6 € (0.1) and C > 0 so that B > C, b1/e

Remark 2.3. Let us comment on Assumption 2.2. The Lipschitz property guar-
antees that Eq. (1.1) has a unique solution, and (A4) that the solution is strong

Feller. The condition ), ff’?a < oo in (A2) implies that the solution to (1.1)
- k

evolves in linear subspace with compact embedding into H, see Section 4. Note
that in [29] it is only required that (A2) holds for e = 0 (i.e., that X € H, a.s.).
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However our present assumption with € > 0 is really a mild assumption (compare
also with Example 2.9).

2.2. Structural properties of solutions. In this subsection we formulate the
structural properties of solutions both in finite and in infinite dimensions, i.e.
Theorems 2.4 and 2.5. These structural properties shall play an important role in
proving the exponential ergodicity.

The proof of the next theorem is quite involved and is postponed to Section 3.

Theorem 2.4. Let H = R". Under Assumption 2.1, there exists a unique strong
solution X7 for (1.1). The solutions (X)zeny form a Markov process with transi-
tion semigroup Py,

P f(z) =E[f(X7)], [ € By(H),
which is wrreducible and such that there exists C' > 0 with

ClIA
(2.5) |P.f(x) — P f(y)] < 1/ /\01

lt —y|, v,y € H, t >0, f € By(H).

The following infinite dimensional result is analogous to the previous one and is
proved in [31]. Note that the noise Z considered here reduces in finite dimension
to a particular case of the noise in Theorem 2.4.

Theorem 2.5. Under Assumption 2.2, there exists a unique mild solution X for
(1),
t t
(2.6) X¥ = ety 4 / AR (XY ds + / eA=9dz,.
0 0

The solutions (X[)zen form a Markov process with the transition semigroup P;.
The process is irreducible and there exists C > 0 such that

C
0T |R@) - Pl < ol

where 0 is given in (A4) of Assumption 2.2.

|lv —y|, z,ye€ H, t>0,

Remark 2.6. Note if dim(H) = oo then, in general, trajectories of (XJ) do not
have a cadlag modifications (see [4]).

2.3. Ergodic results for finite-dimensional equations. Let us denote by (P;);>0
the Markov semigroup associated with (1.1) and by (P});>0 the dual semigroup
acting on P(H).

The main result for the finite-dimensional case is as follows:

Theorem 2.7. Under Assumption 2.1, the system (1.1) is ergodic and exponential
mizing. More precisely, there exists u € P(H) such that, for any p € (0,a) and
any measure v € P(H) with finite p™ moment, we have

(2.8) 1Prv = lly < Ce (1 v rx|pu<dx>) 7
H
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where C'= C(p,a, A, || F|lo) and ¢ = c(p,a, A, || F|o)-

One can easily adapt our proof to show that the previous theorem is also true
when (Z;) is Gaussian.

2.4. Ergodic results in the infinite dimensional case. The following theo-
rem describing the long-time behaviour of (X}) is the main result of the infinite-
dimensional case.

Theorem 2.8. Under Assumption 2.2, the system (1.1) is ergodic and exponential
mizing. More precisely, there exists u € P(H) so that for any p € (0,«) and any
measure v € P(H) with finite p™ moment, we have

(2.9) 1Prv = lly < Ce (1 v |a:|pu<dx>) 7
H

where C' = C(p7a70757’7757 HFHO) and ¢ = C(p’a7975777€7 HFHU> with 6 = (5]6)7
7= (M)

We will apply the above theorem in the following example which was considered
in [29].

Example 2.9. Consider the following stochastic semilinear equation on D =
[0, 7]? with d > 1 and the Dirichlet boundary condition:

dX(t,8) = [AX(t,€) + F(X(t,€))]dt + dZy(€),
(2.10) X(0,8) = =(¢),
X(t &) =0, £€€aD,

where Z; and F are both specified below. It is clear that A with Dirichlet boundary
condition has the following eigenfunctions

ex(§) = <%> ‘ sin(ki&y) - - -sin(kals), keN?, €D,

It is easy to see that Ae, = —|k|ex, i.e. 1 = [k]> =k} + ... + k2 for all k € N
We study the dynamics defined by (2.10) in the Hilbert space H = L*(D) with
orthonormal basis {eg}rene. Z = (Z;) is some cylindrical a-stable noises which,
under the basis {e}, is defined by
Zy =Y |k z(t)ex
keNd

where {2, ()}, are i.i.d. symmetric a-stable processes with a € (0,2) and 8 a real
number. Note that ), % < oo if and only if 2 > d + af.

From Theorems 2.5 and 2.6 in [29], one has
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(1) If F'is a bounded Lipschitz function and

1
2>d+ ap, ——é<1,
a 2
or equivalently, £ < 2 — 3 < 2, then the system (2.10) is strongly mixing.
(2) Ifin addition || F||o is sufficiently small then the system (2.10) is exponential
mixing under the weak topology in the space of finite measures.

From Theorem 2.8 in the present paper, we have the following much stronger
result:

(3) If F satisfies the conditions in (1), then the system (2.10) is exponential
mixing under the total variation topology.

2.5. Two approaches to exponential ergodicity. We shall prove the expo-
nential ergodicity results by two approaches. The first one is by applying classical
Harris’ theorem and the other is by coupling argument.

We shall use the following Harris” theorem. For a surprisingly short and nice
proof we refer to Hairer’s lecture notes [12].

Theorem 2.10 (Harris). Let P, be a Markov semigroup in the Polish space X
such that there exists Ty > 0 and V : X — R which satisfies:

(i) there exists v < 1 and K > 0 such that Pr,V(z) <~AV(x)+ K, z € X.

(i1) for every R > 0 there exists 6 > 0 such that

HP;:Qéz - P;‘ody”TV S 2 - 57

for all x,y € X such that V(z)+V(y) < R.
Then there exist some T > 0 and 5 < 1 such that

/X (14 V()| Popt — Piw|(dz) < B /X (1+ V(@) — v](de).

The key point for Harris’ theorem approach is to guess the Liapuonov function
V' and to check conditions (i) and (ii).

To sketch the coupling approach, let us fix a large constant 7" > 0 and consider
the restriction of the Markov process (X7), x € H, to the times proportional to 7.
We denote by (Yj) the resulting discrete-time Markov process, by P, the corre-
sponding family of probability measures, and by Pg(z,I") the transition function.
The dissipativity of A, the boundedness of F', and the non-degeneracy of Z imply
that (Y}) is irreducible, and the first hitting time of any ball has a finite exponen-
tial moment. Furthermore, and this will follow from Theorems 2.4 and 2.5, if the
initial points x1, x5 € H are such that |21 —z5| < r, with a sufficiently small r > 0,
then

(2.11) [ P1(x1,-) — Pi(x2,-)|lrv <

N | —
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Now let (Y}',Y;?) be a homogeneous discrete-time Markov process in the ex-
tended phase space H x H such that the following properties hold for the pair
(Y1, Y?) under the law P, ) corresponding to the initial point (z1, z»):

(a) The laws of Y}! and Y} coincide with Pj(z1,-) and Py (zs, ), respectively.

(b) If max(|z1],|zs]) > 7 and z; # w5, then the random variables Y}' and Y}
are independent.

(¢) If max(|z1],|z2]) <7 and x1 # xo, then

Py Y1 # Y7} = [1Pi(21,) = Pi(a, )|l
(d) If &y = xy, then Y}! = Y}? with probability 1.
Such a chain can be constructed with the help of maximal coupling of measures;
see Section 6. Combining properties (a)—(d) with irreducibility of (Y}) and inequal-
ity (2.11), it is possible to prove that the stopping time p = min{k > 0 : V}! = Y}?}
is P4, 2,)-almost surely finite and has a finite exponential moment. Moreover, it
follows from (d) that ;! = Y}? for £ > p. We can thus write

(2.12)  [Pu(21,T) = Pi(@2, )| = [Eay 00)(Ir (V) = Ie (V)] < Play oy 1o > K

where I' C H is an arbitrary Borel subset and Ir stands for its indicator func-
tion. Since p has a finite exponential moment, the right-hand side of (2.12) can
be estimated by conste™*. Taking the supremum over all Borel subsets ', we
conclude that the total variation distance between Py (z1,[") and Py(z2,T") goes to
zero exponentially fast for any initial points zq,zo € H. This implies the required
uniqueness and exponential mixing.

In conclusion, let us note that, in the context of randomly forced PDE’s, the
coupling argument can be modified to cover the case of degenerate noises. We
refer the reader to [15, 20, 36] for discrete-time random perturbations, to [13, 11,
16, 37, 24] for a white noise, to [22] for a compound Poisson process, and to the
book [17] for further references on this subject. We believe that a similar approach
can be developed in the case of dissipative PDE’s driven by Lévy noises.

3. PROOF OF STRUCTURAL PROPERTIES, DIM H < oo

In this section, we concentrate on proving Theorem 2.4, which can be done in
the following steps.

Step 1. Existence and uniqueness. Since (with X; = X[")
t t
(3.1) X, =+ / AX ds + / F(XJ)ds + 7,
0 0

defining v(t) = X; — Z;, one can construct a cadlag adapted solution, by working
w by w and using a compacteness argument.

Uniqueness holds even in the limiting case @« = 1. When A = 0 it follows directly
from [28]. In the present case of A # 0, since the drift in [28] was supposed to
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be bounded and x — Az is an unbounded mapping, to prove pathwise uniqueness
one can proceed into two different ways. First one can adapt the computations
in [28] using a standard stopping time argument. To this purpose, we only note
that if X; is one solution starting from x € R™ then formula in [28, Lemma 4.2]
continue to hold if ¢ is replaced by t A 7z, R > 0, where

Tr = inf{t > 0; | X;| < R}.

Another method consists in introducing the process Y¥; = e 4'X,. Clearly Y,
satisfies the following equation

(3.2) dY, = e" M F(eY,)dt 4 e MdZ,.

According to [28] with small modifications (due to the fact that now the drift is
bounded but also time-dependent), (3.2) has a unique strong solution such that

t t
Y,=x+ / e M E(eY,)ds + / e A7,
0 0

and this is equivalent to (3.1).
Step 2. Markov property. This follows from the uniqueness by standard consider-
ations.

Step 3. Uniform strong Feller estimate (2.7).
In order to adapt the method used in the proof of [31, Theorem 5.7], we need
gradient estimates like

(3.3) IDRfllo < tl/aHme t € (0,1, f e By(H).

for the OU semigroup R; corresponding to F' =0 in (3.1).

Remark 3.1. Some related estimates were obtained in a recent paper [42] which
however does not cover the present situation. We also mention [38] which con-
tains a Bismut-Elworthy-Li formula for jump diffusion semigroups (even without
a Gaussian part). We cannot apply [38] since our Lévy measure v in general does
not have a C''-density with respect to the Lebesgue measure in R™ \ {0}.

The next result seems to be of independent interest.

Theorem 3.2. Let H = R". Assume that Z = (Z;) is an n-dimensional symmet-
ric non-degenerate a-stable process, a € (0,2). Consider any real n x n matriz A.
Then gradient estimates (3.3) holds for the OU semigroup R associated to

dXt = AXtdt + dZt, X() =X.

Proof. Let us fix f € By(H) and t € (0,7]. It is known (see, for instance, [30])
that

/fe o+ y)pi(y) (dy).
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pe(y) = (2;) /6—i(y,h> exp —/t¢(68A*h)dS>dh,

where 1 is the exponent or symbol) of the Lévy process Z (see (2.2)). We write

2 / f / —i( € <etA h,x)ef fO 1/)(65‘4 h)dsdh> dz.
7T

(1). Recall the rescaling property
U(us) = s"P(u), s=0,

and u € H. The non-degeneracy assumption (2.4) implies that there exists the

R f(

directional derivative along any fixed direction [ € H, |l| = 1 (cf. Section 3 in
[28]),
DiR.f( 27r / f(z / “iEh) TR (A ]y e o w(eSA*h)dsdh>dz.
Let e!4"h = k. We have
D) == [ gt / ) (1) ¢ VT D)
“‘5 / ihor) (1) e Jo ¥ TA*k)dek)dg

o tA i(k,(z—&)) —fgd)(e’”‘*k)dr
_ (27T)n/Hf(e 3 /He (k1) e k) de.

Let us introduce
¢r(v) =

It is clear that we get

1
(2m)"

/ eik0) (o 1y e Jo veT A R)dr g
H

C
IDES o < 5= o, ¢ € (0,1]

(and so (3.3)) if we are able to prove that

4
(3.4) el ey < fja

where L'(H) = L'(R™) with respect to the Lebesgue measure.
(_2). Let us check (3.4). Using the rescaling property, we have

_ 1 (k) L e e
oy (v) = (%)R/He Mol (K, D) exp{ t/o Yle k)dr} dk

1 h h 1 t X
- W/HGXP {Nm,@} <t17,l> exp{—;/o b(e A h)dr} Jh

1 1 I )
= i/ @yl [ e (it} o) esp {—; | e h)dr} dh.

t € (0,1],
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Since (with the change of variable: v/t'/® = w)

/|¢t )|dv = tl/a T /‘/ itwh) (h 1) exp{——/¢ A dr}dh‘dw

in order to prove (3.4) we need to show that

(3.5) el ey < Ch, t e (0,1],

_ [ it BN A
oi(w) = @) /He (h,1) exp{ t/o (e h)dr} dh.
(3). Let us now show (3.5). Write ¢ = 1, + ¥,

where

() = / (1— cosu, ) vldy), o= — .
{ly|<1}

so that

1 B B
th(w):<2ﬂ_>n/€ iwh) <h l)e tfowl(e A"h)d Te tfowQ Ahdrdh

Now consider the random variable
1 t

Y;f:m

e~ 9D4472 e (0,1],

where Z2 = (Z?2) is a Lévy process having exponent . It is easy to check that

its law pu; has characteristic function et Jo vale 4 mydr

fie(h) = exp {—%/O wg(e”‘*h)dr} . heH.

Now suppose that there exists g; € L'(H), t € (0, 1], such that

(3.6) (k) = (h, 1) exp {—% /0 t ¢1<em*h)dr}.

Then, by well known properties of the Fourier transfom (see Proposition 2.5 in
[34]) we would get

, le.,

Gt * fir = m
and, using the Fourier inversion formula,
pr(w) = (ge * p) (w)

so that [|¢¢|lzr < |lgellrr, t € (0,1]. Thus to prove (3.5) and get the assertion, it
remains to show that (3.6) holds and moreover that

(3.7) gellory < Ch, t € (0,1].
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(4)- Now we show (3.6) and (3.7). Note that

eXp{—l/t@bl(e_”A*h)dr} :exp{—l/tdr /|y<1} (1—cos(<e—TA*h,y>))u(dy)}
o {1 [ ! / b [ et )

eXp
<exp{2v({ly| > 1})} exp{ | —Ah O‘dr} .

h e H, rel0,T], it follows that

—rA* h

Since |h| < cole

(3.8) exp {—;/ ¢1(6_TA*h/)dT} e heH te(0.1]
0

We find easily that ¢y € C*°(H) and so, using also (3.8) we deduce that the
mapping h +— (h,l) e~ 1 o vr(eT A ig iy the Schwartz space S(H), for any t €
(0,1]. It follows that there exists g, € S(H) such that (3.6) holds. By the inversion
formula,

1 : 1 [ .
gi(w) = 2n) /He_’<w’h> (h,l) exp {—;/0 Yy (e h)dr} dh, we H.

Now we show (3.7), by proving that for any multiindex 8 = (f51,...,8,) € Z7,
there exists ¢r such that (with w? := w/" - w?)

(3.9) sup [w?g,(w)| = ¢; < 0o, t€]0,1]

weH

(note that the constant ¢; is independent of ¢). Indeed once (3.9) is proved then

/ 1 "
g¢ll2r < ) . de =c; < 0.

We will check (3.9) only for w® = wj;, i.e. 3=1(0,...,1,...,0) with 1 in the j-th
position. The proof in the general case is similar.
We have, integrating by parts and using estimate (3.8),

wy ) = e [ e G exp{——/w e} an
_ (2;)" /H On. (=) (h, 1) exp{_% /O wl(e_TA*h)dr} dh
:_(2;)n /H emitwh) | exp{—% /0 tzpl(e—““*h)dr} dh

, . 1t —rA* ]- ! * *
_(21) / e~ Hwn) (p 1y =t Jo vrteTH dr (‘ N / (Dipr (e h), e €f>d7”)dh'
)" H

t Jo
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Using (3.8) and the fact the | D (u)| < eslu|, u € H, get easily that

sup |wj g (w)| = ¢1 < 00, t€]0,1].
weH
The proof is complete. O

Step 4. Irreducibility. A Markov semigroup P, is called irreducible at ty > 0 and
x € H if for all non-empty open set I' C H, we have

P, 1r(x) := P(to;z,T") > 0,

where P(to;.,.) : H x B(H) — [0, 1] is the transition probability at the time to.
We also call the underlying process X is irreducible at .

We cannot argue as in the proof of [31, Theorem 5.3] since the drift F' is only
Holder continuous. Note, however, that if we prove that the Ornstein-Uhlenbeck
process Z4 = (Za(t)),

t
(3.10) ZA(t) = / eAMt=9)dz,
0

(starting at = 0), is irreducible then we can obtain irreducibility for the solution
X7 using the following quite general result of independent interest.

Proposition 3.3. Assume that for each t > 0 the support of Z(t) is the whole
space. Then the process (X[) is irreducible, for any v € H.

Proof. Fix t > 0, a > 0 and let » > 0 be any positive number. Then
t+a t+a
Xt+a = eAaXt + / 6A(t+a_s)F(Xs)d3 + / €A(t+a_s)dZs.
t t

Let z be any element in the support of the distribution of the random variable
e%X,. Then, by the very definition, the event

B = {le"X, — 2| < r/3}

is of positive probability. Since ||F|[o < oo, there exists ¢ > 0 such that for each
t > 0 and for each positive b with probability 1

t+b
‘ / eA“*b*S)F(XS)ds‘ < e,
t
In particular the above inequality holds for b = a. Let us fix z and y in H. Then
t+a t+a
Xiva—y = (eA“Xt —2)+ / eA(t+“_s)F(Xs)ds + </ eAta=s)lqz. —y + z>
t t

Define an event C

t+a
C = {’y—z—/ eA(tJr“_s)dZs‘ <r/3},
t
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which, by the assumption, is of positive probability. The events B and C' are
independent and therefore the probability of BN C'is positive. On this event, and
thus with positive probability, we have the estimate:

r r
Xito Y < =4ca+ —.
[ Xira —yl < 3 +ca+ 3
Starting from number a such that ca < r/3 we have with positive probability
’Xt-&-a - y‘ S T.
To finish the proof we should replace t + a and t with ¢ and t — a. O

By the previous result we know that the proof of Step 4 is complete once the
following theorem has been proved.

Theorem 3.4. Let H = R". Assume that Z = (Z;) is an n-dimensional symmet-
ric non-degenerate a-stable process, a € (0,2). Consider any real n X n matriz
A. Then, for allt > 0, X(t) = ZA(t) (given in (3.10) and starting at x = 0) is
irreducible.

Proof. By the non-degenerate assumption (2.4) there exists n points ay, ...,a, € S
such that a; € supp(p) for 1 < k < n and span{ay,...,a,} = R". Since pu is
symmetric, —ay, ..., —a, € supp(p). It is clear that for any € > 0, u(Bs(£ag,€)) >
0 where By(ag,e) ={y € S; |y — ax| < e}

For each k, let us now consider the affines Fj , = {ras,r > 1} and F;_ :=
{=rag,v > 1}. For any point y; € {rag,—oco < r < oo}, there exist yx €
Fi,+ and yy . € Fj - such that yp = ypq + yr,—. Define F = {(z,7) : © €
By(ay,e), r > 1}, F_ = {(z,r) : © € Bs(—~ax,e),r > 1}, Take ¢ > 0 small
enough to make F;; N F;. = () for i # j and F;. N F;_ = 0 for each i.

Decompose v as the sum of two measures vy, vy such that

V=1V + Vo,

and one of the measures, say v1 = vl n £+ n 7, 1S finite. We can assume
(Upoy Fr V(U1 T )
that the process Z is the sum of two independent Lévy processes Z'and Z?2, with

the Lévy measures v; and v, respectively. Note that
t
Xt) = / eA=9dzl >0,
0

is a compound Poisson process. Since supp(pi) C supp(pi * p2) for any two
measures £, and jie, it is enough to prove the irreducibility of X*.
Let us fix t > 0, y € H and r > 0. It is enough to show that

P(X'(t) —y| <r)>0.
Let M be a number such that for all s € (0, 1):
le*z| < M|z|, (e —I)z| < Ms|z|, z € H.
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Write y = > _, yray where yi,...,y, € R, for cach k we have two points y;, €
Fi+ and yi,— € Fj— and positive number 6 < 1 such that:

.
Ykt + Uk— = Yk, OM (Y| + |yr,-|) < o

Choose ¢ > 0 sufficiently small, the probability that the process Z! will perform
exactly 2n jumps & € Fi_ &y € FiL, .. & € Fpobng € Ff. before t at
moments 7 _ < T4 < Tp- < Toy <...<T,_ <T,y <tsuch that

..,|€k7+—yk’+|< k:].,"',n,

_ r r
AnM’ AnM’

is positive. Therefore, at least with the same probability, the following relations

hold:
t
/ e(t_s)AchS1 — y‘
0

— Z AT g eATE L —y
j=1

=D Mg~y )+ MG —y)

j=1

T,— > t— (5, |€k,— — yk,—l

n

> () — Dy (M — Dy

J=1

<Y M- =i |+ 16 —yi )+ Y 0M (Jy; -
j=1

j=1

_I_

) <.

+ |5+

This finishes the proof. 0

The proof of Theorem 2.4 is now complete.

4. ESTIMATES OF THE SOLUTION, DIM H = oo

This section contains some preparation for the proof of Theorem 2.8, giving
some estimates for the solution (2.6). Recall that the Ornstein-Uhlenbeck process
is defined by

t
(4.1) ZA(t) = / GA(t_S)dZS = Z ZAJC(t)Gk
0 E>1

where

t
ZAJg(t):/ B_Vk(t_s)ﬁkdzk(s).
0



EXPONENTIAL ERGODICITY AND REGULARITY 17

For any ¢ > 0, define

Hf = {x = Zxkek € H: nyiﬂxk\z < oo}.

k>1 E>1

Note that H® coincides with the domain of (—A)® and that H = H. Denote
further by | - | the norm of H*. For x € H® and R > 0, we denote by B.(z, R)
the closed ball in H¢ of radius R centered at z. We shall write B.(R) := B.(0, R)
and B(z, R) := By(z, R).

Lemma 4.1. The following assertions hold:
(i) Z4(t) € H® a.s. for allt > 0.
(ii) For any p € (0, ), we have

(4.2) E|Zs(t)]? < C (Z | B #) )

>1 avg

5]

where C' = C(a, p) > 0.
Proof. (i). By (4.7) in [31] we have

E[eiAZAyk(t)] = eI ®)

aYg

for all k > 1 where {&;}r>1 are i.i.d. with E[e?*¢1] = =", We shall use Proposi-
tion 3.3 in [31], which claims that

—ayt 1/0{ . . .
where ¢ (t) = By <1_e—k> . Hence, Z4 ;(t) has the same distribution as ¢ (t)&

(qkfk)kzl € l2 a.s. < Z \qk|a < 00,
E>1

where ¢, € R for all k. From this it is easy to check that

> () * [a®]* <00 as. = 16_12);5 <00

k>1 k>1 Tk

Since Z4(t) has the same distribution as (cx(t)&)k>1, (1) is clearly true.

(ii). We follow the argument in the proof of [31, Theorem 4.4]. Take a Rademacher

sequence {7y }r>1 in a new probability space (', F, '), i.e. {ry} x> are i.i.d. with
P{r, =1} = P{r, = -1} = % By the following Khintchine inequality: for any

p > 0, there exists some C(p) > 0 such that for arbitrary real sequence {hy }r>1,

1/2 p\ 1/p
(Z hi) <C(p) (E/ ZTkhk ) :

k>1 k>1
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By this inequality, one has

p/2
E|Za(t) (ka | Zak(t) 2) < CEE

k>1
E Z Ve Zax(t)
E>1

where C' = C?(p). For any A € R, by the fact of |rx| = 1 and formula (4.7) of [31],
one has

t
E exp {MZT‘WEZAN)} = exp {—|A| > 1Bel*i / ‘W”—S)ds}

k>1 k>1

= exp {—IM PR AT }

k>1

p

Z YR Zak(t)

k>1

(4.3)

p

Y

Now we use (3.2) in [31]: if X is a symmetric random variable satisfying E [e
e for some a € (0,2) and any A € R, then E|X|? = C(a,p)o? for all
€ (0,a). Since Yo, 7 cg(t) < o0, it is clear to see

1 — et
E|S" riZas(t)] = Clap (Z Bl — ) ,

k>1 k>1

from which and (4.3) we get (4.2). O

AX] =

Lemma 4.2. Let (X}) be the solution to Eq. (1.1) with x € H®. For any p €
(0, @), there exist some constants C1 = Cy(p) > 0 and Cy = Ca(p,,v, 5, || Fllo) > 1
such that

(4.4) E|X7|P < Cie Pzt + Cy, V>0,

where C1(p) <1 for p € (0,1] and C1(p) = 3*~! otherwise.
Proof. By (2.6), we have

t
X, =Mz + / A R(X,)ds 4+ Za(t).
0

It is easy to see
lez|. < e |z,

By the easy inequality |(—A)7e* | < C(0)t™,t >0, 0 > 0, one has
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/ A(t— S)F
0

/ | 5 At s)/2’ (H)|6A(t—s)/2F(XS)|dS

<Cl(e )/ (t— ) fe 7 2ds| Flo
0
< CC 7)1 Fllo-
forallt >0,z € H and w € Q. Furthermore, from (4.2),
E’ZA(t)Va) < O(p>a757778>7 vpe (0,0é)-
Now we use the following trivial inequality: for any a, b, ¢ > 0,
(a+b+c) <(P+VP+"), p<I;
(a+b+e)P <3P 1"+ +c), p>1.

Combining the above three estimates and the inequality, we can easily see that
(4.4) is true. O

Lemma 4.3. Let (X7) be the solution to Eq. (1.1). For any p € (0,«), we have
(4.5) E[X7E < C (P |of” + "] F[[§ + 1)

for all t > 0, where C = C(p,a, B,7,¢€).
Proof. By (2.6) and (4.2), we have

t p
BIXE < O [l4%eap + B ([ 14eh Dyl FXE)ds) + BIZa(o
0

< G (TP + | FIE + 1)

< C, [ |z + ( t(t — s)—eds>p | FI5 + 1}
(t
)

where Cy = C1(p) and C; = Ci(p, o, 5,7,¢) (1 =2,3). O

5. PROOF OF THEOREM 2.8 BY HARRIS’ APPROACH, DIM H = oo
Let us split the proof into the following three steps.

Step 1. The existence of an invariant measure was established in [29]. Let us
prove that any invariant measure y has finite p'" moment (p < «a):

(5.1) my,(p) = /H |z|Pp(dr) < oo for any p € (0, ).
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Indeed, by (2.6) and the trivial inequality
(a+b)Ac<aAc+bAc, a,bceR"

for all t > 0 and n € N, we have
p

¢
IXFPPAn < | (Cre P zfP) An+ C, / AIE(X,)ds
0

Using a similar calculation as in Lemma 4.2, we obtain
E(|X7|P An) < (Cpe ™ zf’) An+ C,

where C' = C(«, 8,7, p, ||[Fllo). Integrating this inequality against pu(dz), we get
w(lzP An) < p[(Cpe P |zfP) An] + C.

Passing to the limit first as ¢ — oo and then as n 1T oo, we complete the proof
of (5.1).

Step 2. To prove the uniqueness of an invariant measure and inequality (2.9), it
suffices to show that

(52) || Pir(z1,) = Per(zz,)lvv < C(L+ |21 P + |zoP)e™*T, 21,25 € H,

where C' and ¢ are positive constants not depending on x1, x9, and k. Indeed,
if (5.2) is established, then for any measures vy, v, € P(H) with finite p™ moment
we derive

(5.3) | Pipvn — Pipwa|lrv < C (14 my(v1) +my(1n))e ", ke N.

This implies, in particular, that an invariant measure is unique. Moreover, writing
any t > 0 in the form ¢t = kT + s with 0 < s < T and using inequalities (5.3)
and (4.4), we obtain

| Pivi — Piallry = || Pep(Piv1) — Pip(Pive)|lry
< C (14 my(Pin) +m,(Pivy))e "
S 01(1 -+ mp(l/l) -+ mp(yg))efct.

+ c,,|ZA(t)|P] .

This estimate readily implies the required inequality (2.9).

Note that (5.2) holds if we are able to apply Theorem 2.10 to equation (1.1)
with V(z) = |z|? and p € (0,«). Indeed, once this is done, we obtain that there
exists T' > 0 such that

[ Prr (21, +) = Prr (22, ) lrv < / (14 V(@) Pirde, — Birda,|(d)
H

<6t [ V@)l - Sl
H
<2814 |z + |z2f?), k> 1.
This immediately implies (5.2).
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Step 3. It remains to check the conditions (i) and (ii) in Theorem 2.10. Choosing
V(z) = |x|P with p € (0, @) and applying Lemma 4.2 with ¢ = 0 and T, > %,
one immediately get (i).

To prove (ii), we shall use the following auxiliary lemma, which has been proved
in [31].

Lemma 5.1 (Theorem 5.4, [31]). Let (X[) be the solution to Eq. (1.1). Then
(X[) is irreducible on H, i.e., for any t > 0 and B(y,r) with arbitrary y € H and
r > 0, we have

(5.4) P (X} € B(y,r)) > 0.

Let x and y satisfy |z|P + |y[’ < R. By Lemma 4.3 we know that, for any fixed
Ty > 0,
B[l X7, [2] + E[[ X7, [2] < C(lzl” + [yl +1) < C1.
It follows that there exists some R; > 0 such that

P(IXf |- < Ri) >1/2, P(|X}]- < Ri)>1/2.

Since v — 00, B.(M) is compact in H. By Lemma 5.1, for any r > 0 we have
some 6(r) > 0 such that

(5.5) inf P (X7 € B(r)) > 26.

.Z‘EBg(Rl)
By Markov property and the above three inequalities,
P (X35, € B(r)) >4, P (X3, € B(r)) > 0.

Without loss of generality, in the next computations we assume that X and X/
are independent (this is true if the driven noises of X7 and X} are independent).
By Markov property and Theorem 2.5,

* * 1 x
||P3T05x - P3T05y||TV = B IISFIil |E[PT0¢(X2TO) - PTogb(XgTo)”
0>

< P{X3p, & B(r)} + P{X3y, & B(r)}
1
+ §E {zﬁlgl |PTO¢(X§:T0) - PTO¢(X3T0)|7 X;TO S B(T)’ XgTo € B(T)}
0>
<2-P{X3y, € B(r)} —P{XJy, € B(r)} + CrP{X3;, € B(r)}P{X}, € B(r)}
S 2— 57
as r > 0 is sufficiently small. This finishes the proof.

6. PROOF OF THEOREM 2.8 BY COUPLING, DIM H = oo

In this section, we shall prove Theorem 2.8 by the Doeblin coupling argument,
which gives much more intuitions for understanding the way that the dynamics
converges to the ergodic measure.
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6.1. Construction of the coupling chain. Let us first give some preliminary
about maximal coupling.

Definition 6.1. Let 1, po € P(H). A pair of random variables (1, &) defined on
the same probability space is called a coupling for (p1, o) if D(&) = p; fori = 1,2,
where D(+) denotes the distribution of random variable. A coupling (&1, &) is said
to be mazimal if

(6.1) P{& # &} = [l — poflrv,

and the random variable &; and & conditioned on the event N := {& # &} are

independent. The latter condition means that, for any Ay, Ay € B(H), one has
P({& € Ai}N{& € A} |[N) =P(& € A [ N)P(& € A | N).

In what follows, we shall the need the following lemma whose proof can be found
in [39, 18, 17].

Lemma 6.2. For any two measures pi, ps € P(H), there exists a mazximal cou-
pling. Moreover, if (&1,&) is a mazimal coupling, then we have '

(6.2) P& € A& € A) > P(6 € A)P(& € A), Y Ae B(H).

Now let us construct an auxiliary Markov chain in the extended phase space H X
H. Let T > 0 be some fixed real number to be chosen later. For any x := (z, z3) €
H x H, denote by M(x) = (Mi(x), Ms(x)) the maximal coupling of (Pr)*d,, and
(Pr)*6,,. Let us define a transition function Pp(z, ) on the space H x H such that

PT(iEl,Al N Ag) if T, = Ta,
Pr(x; Ay x Ag) = { D(My(x), My(x))(Ay X Ay) if @1, 29 € B(r) with zy # x5,
Pr(xq1, A1) Pr(xq, As) otherwise,
where Ay, Ay € B(H) are arbitrary sets, Pr(z;,-) is the transition probability of
X7t for i = 1,2, and D(-) denotes the distribution of a random variable. For
any A € B(H x H), pT(x,A) is uniquely defined by a classical approximation
procedure. Now the transition function Pr(z,-) is well defined.

6.2. Hitting times 7° and 7. We denote by (X;(kT), Xo(kT'))rez+ the Markov

chain whose transition function is equal to Pr(z,-); here ZT = {0,1,2,...}.
Clearly, for each ¢ = 1,2, (X;(kT)) is also a Markov chain and has the same
distribution as (X;). We shall write X (kT) = (X1 (kT'), Xo(kT)) for k € Z™.

For any r, M > 0, define the hitting times
(6.3) ¢ = inf{kT; | X1 (kT)|c + | X2(kT)|. < M},
(6.4) 7 =1inf{kT; | X, (kT)| + | Xo(kT)| < r},

nequality (6.2) is true for any pair of random variables that are independent conditioned on

the event {&; # &2}
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where € € (0,1) is the constant in Assumption 2.2. Recall that the infimum over
an empty set is equal to 4o00.

6.2.1. Estimates of the hitting time 7. The main result of this subsection is the
following theorem, which is in fact a step for estimating 7.

Theorem 6.3. For any p € (0,«) and sufficiently large T > 0 there is a constant
M= Mp,T,«a,p,v,e) such that, for any x = (x1,29) € H X H,

(6.5) E,[e7] < C(1+ |z1]P + |z2|?)
where n > 0 is sufficiently small, and C = C(p, T, o, 5,7, &, || Fllo,n)
To prove Theorem 6.3, we first establish two auxiliary lemmas.
Lemma 6.4. For anyp € (0, «), the Markov chain (X (kT)) satisfies the inequality
E, (|X:1(T)[2 + [Xo(D)[E) < Cre™™ T (Ja1 |2 + |22]2) +2Cs,
where C and Cy are the same as in Lemma 4.2.

Proof. By definition of coupling and Lemma 4.2, we have

B, [ X,(T)[? = B|XZ[? < Ci(p)e ™ T|asl? + Co

for © = 1,2. From the above inequality, we complete the proof. ([l

Lemma 6.5. For any p € (0,«) and sufficiently large T > 0, there exist positive
constants ¢ = q(p,~y) € (0,1) and M = M(p,T, e, B,7, || Fllo,€) such that

(6.6) P.(r° >kT) < ¢ (14 |x1]? + |z2ff)  for any x = (z1,22) € H® x HE.

Proof. The proof follows the idea in [8]. Let us take 7' > 0 so large that the
coefficient in front of |z|? in inequality (4.4) is smaller than 1. In this case, setting
P=P, E=E,, and

]2 = [ [2 + [af2,
we can write

(6.7) E[|X(KT + 1) |Fir] < ¢ |X(KT)|2 4 2C,
where ¢ > 0 is defined by the relation ¢ = Cie ?"T < 1. By Chebyshev inequality,

2
q 2C
(6.8) P(IX(KT +T)le > M| Fir) < 7| X(RT)E + Mf
Denote
By = {|X(T)|. > M;j = 0,....k}
and

P = P(Bk), € — E(|X(1€T>|§ 1Bk)7
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integrating (6.8) over By, one has

2
q 2C.
(6.9) Prt1 = T ﬁjpk-

Moreover, by integrating (6.7) over By,
(6.10) et <E(|X (KT +T)[P1p,) < ¢’er, + 2Copy.

From (6.9) and (6.10), one has

2 2C
Pr+1 vE e Pk

which clearly implies

2C.
(6.12) et + 205ppi1 < (q2 + Vj) (¢%er, + 2Cop;)

We can choose M = M (p,T,«, B,7,¢, || Fllo) so that
¢* +2C,/MP < q.
Thus we clearly have from (6.12)
¢er, + 2Copy, < " (¢Peo + 2Capo)

This inequality, together with the easy fact py = P,(7° > kT'), immediately implies
the required estimate (6.6) since Cy > 1 in inequality (4.4). O

Proof of Theorem 6.3. By the definition of coupling and (4.5), for any p € (0, «)
we have

(6.13)  E,(|X1(D)]+|Xo(T)P) = EIXF 2+ E[X72 2 < Cy (1+ |21 [P + |22]7)

where 04 = 04(197 Taauﬁa’7757 ||F||0)

For any = = (z1,22) € H x H, by Markov property, (6.6) and the above in-
equality, we easily have

B, [¢7] = Bq (€7 Lipecry) + Eo (€7 1iresmy)
< e+ B {1re>mBxr [ ]}
< e 4+ G5B, [1+ [X1(T) [P + [ Xo(T) Y]
< Co(1+ 1] + [22]")

(6.14)

where Cz = Ci(paoé7077757€7 HFHO7T) (Z = 576)
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6.2.2. Estimates of the hitting time T.

Theorem 6.6. For any p € (0,«) and sufficiently large T > 0, there exist positive
constants A = AT, p, @, 3,%,||Fllo,r) and C = C(p, a, 3,7, | Fllo, 7, T) such that

(6.15) E.[e] < C(1 + |2y [P + |22]?).

The key point of the proof is to use Theorem 6.3 and Lemma 6.7 below. The
argument is quite general, for simplicity, let us give its heuristic idea by using
(Xkr), (note the difference between Xy and X (kT)), as follows:

(i) Since B.(M) is compact in H, by irreducibility and uniform strong Feller
property we have that inf.cp. o) Pr(z, B(r)) = p > 0. Therefore, as long
as Xgr is in B.(M), it has the probability at least p to jump into B(r) at
(k + 1)T.

(ii) Suppose that (Xyr) enters B.(M) for j times before it jumps into B(r), by
strong Markov property and (i) this event happens with some probability
less than (1 — p).

(iii) If 7 = kT for some large kT (i.e. the process first enters B(r) at kT'), j is

also large. Thus P(7 = kT) < (1 — p)? is small.

Let us now make the above heuristic argument rigorous for (X (k7")). We first
need to establish the following lemma.

Lemma 6.7. For any compact set K C H x H and any R > 0, there exists some
constant 6 = §(K, R) > 0 such that

(6.16) inlfCIP’x{X(T) € B(R) x B(R)} > 0.
Te
Proof. To show (6.16), we split the argument into the following three cases.

(i) As x ¢ B(r) x B(r) with 1 # x9, X1(T) and X5(T) are independent.
Therefore, by Lemma 5.1 one has

P.(X(T) € B(R) x B(R)) =P, (X:(T) € B(R)) P, (X2(T) € B(R))
=P (X% € B(R))P(X# € B(R)) > 0.

(ii) As & = (x1, x2) with 21 = x9, we have X, (T') = Xo(T). Hence,
P.(X(T) € B(R) x B(R)) =P (X7 € B(R)) > 0.

(iii) As z € B(r) x B(r) with x; # x5, by the maximal coupling property (6.2)
one has
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P,(X(T) € B(R) x B(R)) = P,(M(z) € B(R) x B(R))
> P, (My(z) € B(R))P,(Ma(z) € B(R))
= P(X% € B(R))P(X2 € B(R)) > 0,

where M(x) = (Mi(x), Ms(zx)) is the maximal coupling of (P}, , Prd.,)-
From (i)-(iii) it is clear that

P,(X(T) € B(R) x B(R)) > P(X# € B(R))P(X3* € B(R)).

By Feller property of Pr and Lemma 5.1, for any open subset O C H the function
x — Pr(z,0) is positive and lower semi-continuous. Hence, it is separated from
zero on any compact subset. Therefore, there is a constant § = §(z, R,T) > 0 so
that

(6.17) in’{;IP’(er,”} € B(R))P(X;?* € B(R)) > 0.
BAS
From the above two inequality, we complete the proof. 0

Proof of Theorem 6.6. Take M = M (p, T, «, B,7,¢, || F|lo) defined in Theorem 6.3,

and simply write
|z|P = |x1|P + |22|?,  x = (x1,22) € H X H.

Let us prove the theorem in the following four steps:
Step 1. Write 75 = 0, 77 = 7° and define

Topr = f{JT > 755 [ X0 (JT) [ + | Xo(JT)|e < M}

for all integer £ > 1. Since (X (kT")) is a discrete time Markov chain, it is strong
Markovian. By Theorem 6.3 and Poincare inequality |z| < Vig|z|E for any z € H°,
1

we have
(6.18) Ex(rz) [0 7] < C(1+ | X () P) < e(1+ MP),

where ¢ = C (1 +27/+F) and C = C(p, o, 8,7, ||F|lo, 7, T) is the same as in Theo-
rem 6.3. The above inequality, together with strong Markov property, implies

E,["%] = E, [emeX(Tf) [en(T§—Tf) By ) [N - ”

(6.19)
< F(1 4+ MPYFEHL 4 |2 fP).

Step 2. Since B.(M) CC H, by Lemma 6.7 we have



EXPONENTIAL ERGODICITY AND REGULARITY .
inf P,(X(T) € B(r) x B(r)) = o,
ye B (M) x B (M) y(X(T) (7) (r) =o

for all » > 0, where 0 = o(e, M, r,T") > 0. Therefore, for some o € (0, 1),

(6.20) inf P,(X(T) € B(r) x B(r)) > o,

lyle<M

where [y|e = [y1]c + |yl
Step 3. Given any k € N, define

pr = sup{j; 77 < kT}.
Clearly, 7, ., > kT For any k € N, one has

k
P,(t =kT) =Y P,(r =kT,p = j)

=0
(6.21) l k
=Y Pu(r=kT,pp =)+ > Pulr = kT, pp = j)
j=0 j=l+1
= [1 -+ IQ

where [ < k is some integer number to be chosen later.

Step 4. Let us estimate the above I} and I5. By the definition of pj, Chebyshev
inequality and strong Markov property, we have

Po(r = kT, pi = §) < Bo (] > RT/2) + Po (77 < KT/2, pi = j)
<P, (75 > kT/2) + P, (7 <kT/2, 75,1 > kT)
< e ™R, [¢77] + K, []P)X(Tf) (15— 75 > k:T/Q)]

By (6.19) and (6.18), the above inequality implies

Po(7 = kT, pp = j) < (1 + MPY Y1+ |2P)e™ T2 4 (1 + MP)e "T/2,
Hence,
< [N+ MPYTH L+ |2fP) + le(1 + MP)] e /2

6.22
( ) C (1+Mp)l+2<1+‘x’p)e r]kT/Q

Now we estimate I,. For 7 > [, by the definitions of 7 and py, strong Markov
property and (6.20), we have

P, (1 = kT, py = j) <P, (|X(75)| >, |1 X(7)) >r) < (1-o).
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Hence,
1

(6.23) L < =(1—-o)"
o

Taking 7 = ey and [ = [7kT], we have

b

Combining the above estimates of I; and I, and taking 2\ = 1 A 7jlog %, we
have

1 1
L < e PTA(1 + |2fP), I, < —exp{ — kTqlog -
o

1
P.(r=kT) < (02 + —) e 2T (1 |z|P)
o
From the above inequality, we immediately obtain the desired estimate. 0

6.3. Final part of the coupling proof. It is divided into two steps.

Step 1. By the same reason as in Steps 1 and 2 in Section 5, to prove the
uniqueness of an invariant measure and inequality (2.9), it suffices to show that

(6.24)  |[Pyr(z1,-) = Par(2, ) lov < C (14 [P+ |oP)e™ ', a1, 25 € H,

where C' and ¢ are positive constants not depending on zi, x5, and k. Let
(X1(t), Xa(t)), t € TZ, be the chain constructed in Section 6.1. Define the stopping
time

p=min{kT : k € N, X, (kT) = Xo(kT)},

where the minimum over an empty set is equal to +00. Suppose we have proved
that

(6.25) P.{p > kT} < Ce ™I (1 + |2y |P + |22P),

where x = (x1,29) € H x H is arbitrary, and the positive constants n and C' do
not depend on z. In this case, using the fact that X;(kT) = Xo(kT) for k > [ as
soon as X (IT") = Xy(IT), we can write

| Por(21,T) = Per(z2,T)| = [Eo1r (X1(kT)) — Eolp (X2(KT))|

= B, (1(poiry [ 10 (X1 (KT)) = 11 (X2(kT)) )
<P {p>kT}.
Using (6.25), we obtain
| Per(21,T) = Prr(z2,T)| < Ce™™ (1 + |21 [P + |22]7).
Taking the supremum over all I' € B(H ), we arrive at the required inequality (5.2).

Step 2. Thus, it remains to establish (6.25). To this end, we first note that
if r > 0 is sufficiently small, then

(6.26) P, {X:1(T) # X2(T)} <1/2 for any x € B(r) x B(r).
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Indeed, by Theorem 2.4, for any function f € B,(H) with || f]lo < 1 we have
|(Pr(z1,-), /)= (Pr(x2,-), f)| = |Prf(z1)—Prf(x2)| < Cilwi—xs| for zy,20 € H.
Recalling the definition of the total variation distance, we see that
| Pr(z1,-) = Pr(ve,)|ltv <1/2, 21,29 € B(r),

where r > 0 is sufficiently small. Since (X;(T'), X5(T)) is a maximal coupling for
the pair (Pr(z1,-), Pr(z2,)), by (6.1) we arrive at (6.26).

We now introduce the iterations {7,,} of the stopping time 7 defined by (6.4):
=1, Tor1 =f{jT >, | Xi(T)|+ | Xo(jT)| <7r}.
An argument similar to that used in Step 1 of the proof of Theorem 6.6 shows that
E e’ < K™(1+ |z1|P + |zo|P),

where K > 1 and A > 0 do not depend on x1, x5 € H and n > 1. By the Chebyshev
inequality, it follows that

(6.27) P {7, > kT} < e TK™(1 + |21 + |z2]P).
Let us define the events
L ={X1(tm +T) # Xo(t;, + T) for 1 <m <n}
and set P,(z) = P,(I',). By (6.26) and the strong Markov property, we have
Po{Xi(rn +T) # Xo(r + 1) | Fr, } < Pxrp {X1(T) # Xo(T)} < 1/2
It follows that

P,(z) = Px(rnfl N{Xi(rn +T) # Xo(70 + T>})
= By (1n, Po{ X (r + T) # Xo(r + T)| Fo.}) < %Pnl(:v),

whence, by iteration, we get P,(x) < 27" for any n > 1. Combining this
with (6.27), for any integers n,k > 1 we obtain
PA{p>kT}y =P {p> kT, 1, <kT}+P.{p> kT 7, > kT}
<P, (T,) +P.{r, > kT}
<27 4 e MR+ |3y [P+ 2o ).

Taking n = ek with a sufficiently small ¢ > 0, we arrive at the required inequal-
ity (6.25). The proof of Theorem 2.8 is complete.
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7. PROOFS OF EXPONENTIAL MIXING WHEN DIM H < +o00

First of all, by Theorem 2.5 of [29], the system in (3.1) has at least one invariant
measure. To prove Theorem 2.7, we can use the Harris method or the coupling
argument.

In both approaches we need also the decay estimates for solutions given in
Lemmas 4.2 and 4.3. These can be easily adapted to the strong solution X; in (3.1)
(indeed by the Gronwall lemma, starting from (3.1), we get that E|Z4 ()P < oo
for any p € (0, @)).

For the first Harris approach, in order to verify the two conditions in Theorem
2.10 we can repeat the same argument given in Section 5.

For the coupling approach, the key point is irreducibility and gradient estimates
of Theorem 2.4. Using a similar (but easier) argument as in Section 6, we can
prove Theorem 2.7 in the following three steps:

(1) constructing the coupling and defining the stopping time 7 exactly as in
Section 6.1;

(2) proving the exponential estimate (6.15);

(3) using the same argument as in Section 6.3 which involves the coupling time.
Finally, let us emphasize that unlike the infinite dimensional setting, we do not
need to introduce H® and 7° to get some compactness, since any finite-dimensional
closed ball is automatically compact.
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