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Abstract

The paper is devoted to constructing a random exponential attractor
for some classes of stochastic PDE’s. We first prove the existence of an
exponential attractor for abstract random dynamical systems and study
its dependence on a parameter and then apply these results to a nonlin-
ear reaction-diffusion system with a random perturbation. We show, in
particular, that the attractors can be constructed in such a way that the
symmetric distance between the attractors for stochastic and determinis-
tic problems goes to zero with the amplitude of the random perturbation.
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1 Introduction

The theory of attractors for partial differential equations (PDE’s) has been
developed intensively since late seventies of the last century. It is by now
well known that many autonomous dissipative PDE possesses an attractor,
even if the Cauchy problem is not known to be well posed. Moreover, one
can establish explicit upper and lower bounds for the dimension of an attrac-
tor. A comprehensive presentation of the theory of attractors can be found
in [BV92, CV02, Tem88].

The situation becomes more complicated when dealing with non-autonomous
dissipative systems. In that case, there are at least two natural ways to extend
the concept of an attractor. The first one is based on the reduction of the
non-autonomous dynamical system (DS) in question to the autonomous one
and leads to the attractor which is independent of time and attracts the images
of bounded sets uniformly with respect to time shifts. It is usually called a
uniform attractor. A drawback of this approach is that the attractor is often
huge (infinite-dimensional), even in the case when the DS considered has trivial
dynamics, with a single exponentially stable trajectory; see [CV02] and the
references therein for details.

An alternative approach treats the attractor for a non-autonomous system
as a family of time-depending subsets obtained by the restriction of all bounded
trajectories to all possible times. In that case, the resulting object is usually
finite-dimensional (as in the autonomous case), but the attraction becomes non-
uniform with respect to time shifts. Moreover, as a rule, the attraction forward
in time is no longer true, and one has only the attraction property pullback in
time, so that objects are called pullback attractors (or kernel sections in the
terminology of Vishik and Chepyzhov); see the books [CV02, CLR13] and the
literature cited there.

The theory of attractors can also be extended to the case of random dy-
namical systems (RDS) mainly based on the concept of a pullback attractor.
Various results similar to the deterministic case were obtained for many RDS
generated by stochastic PDE’s, such as the Navier—Stokes system or reaction-
diffusion equations with random perturbations. The situation is even slightly
better here since, in contrast to general non-autonomous deterministic DS, in
the case of RDS one usually has forward attraction property in probability;
see [CF94, CDF97]. Moreover, if the random dynamics is Markovian and mix-
ing, then a minimal random attractor in probability can be described as the
support of the disintegration for the unique Markovian invariant measure of the



extended DS corresponding to the problem in question; see [KS04].

However, there is an intrinsic drawback of the theory of attractors; namely,
the rate of attraction to the (global, uniform, pullback) attractor can be arbi-
trarily slow and there is no way, in general, to express or to estimate this rate
of convergence in terms of physical parameters of the system under study. As a
consequence, the attractor is also very sensitive to perturbations which makes
it, in a sense, unobservable in experiments and numerical simulations.

This drawback can be overcome using the concept of an inertial manifold
(IM) instead. This is an invariant finite-dimensional manifold of the phase space
which contains the attractor and possesses the so-called exponential tracking
property (i.e., every trajectory of the considered DS is attracted exponentially
to a trajectory on the manifold). The rate of attraction can be estimated in
terms of physical parameters, and the manifold itself is robust with respect
to perturbations; see [FST88, Tem88] and references therein. Moreover, the
construction can be extended to the case of non-autonomous and random DS
and the resulting inertial manifold resolves also the problem with the lack of
forward attraction: under some natural assumptions, the rate of exponential
attraction to the non-autonomous/random inertial manifold is uniform with
respect to time shifts; see [CG97, BF95, CG95, CS01, CSS05] and the literature
cited there.

Unfortunately, being a kind of center manifold, an IM requires a separation
of the phase space to “fast” and “slow” variables. This leads, in turn, to very
restrictive spectral gap conditions which are violated for many interesting appli-
cations, including the 2D Navier—Stokes system, reaction-diffusion equations in
higher dimensions, damped wave equations, etc. In addition, when a stochastic
dissipative PDE is considered, e.g., with an additive white noise, to guaran-
tee the existence of the IM, one should impose an additional condition that all
nonlinear terms are globally Lipschitz continuous.

To overcome these restrictive assumptions, an intermediate (between the IM
and attractors) object, so-called exponential attractor (or inertial set), was in-
troduced in [EFNT94] for the case of autonomous DS. This is a semi-invariant
finite-dimensional set (but not necessarily a manifold) which contains the at-
tractor and possesses the exponential attraction property, like an IM. Moreover,
the rate of attraction is controlled, which leads to some stability under pertur-
bations. The initial construction of an exponential attractor given in [EFNT94]
was restricted to the case of Hilbert phase spaces only and involved the Zorn
lemma. A relatively simple and effective explicit construction of this object
was suggested later in [EMZ00], and as believed nowadays, the exponential at-
tractors are almost as general as the usual ones and no restrictive or artificial
assumptions are required for their existence; see the survey [MZ08] and the
references therein.

An extension of the theory of exponential attractors theory to the case of
non-autonomous DS (including the robustness) was given in [EMZ05] (see also
[Mir98, EMZ03] for the so-called uniform exponential attractors and [LMR10]
for a slight extension of the result of [EMZ05]). As shown there, a non-autono-
mous exponential attractor remains finite-dimensional as a pullback attractor,



but attracts the images of bounded sets uniformly with respect to time shifts as
a uniform attractor. Thus, like an IM, a non-autonomous exponential attractor
contains the pullback one and possesses the forward attraction property, but in
contrast to the IM, no restrictive spectral gap assumptions are required.

The aim of the present paper is to extend the theory of exponential attractors
to the case of dissipative RDS. Although the theory of random attractors is often
similar to the non-autonomous deterministic one and our study is also strongly
based on the construction given in [EMZ00, EMZ05], there is a fundamental
difference between the two cases. Namely, in contrast to the deterministic case
considered in [EMZ05], a typical trajectory of an RDS is unbounded in time.
For instance, this is the case for a dissipative stochastic PDE with an additive
white noise. Thus, if we do not impose the restrictive assumption on the global
Lipschitz continuity of all nonlinear terms, then all the constants in appropriate
squeezing/smoothing properties (which play a key role in the construction of
an exponential attractor) will depend on time (in other words, will be random),
and a straightforward extension does not work. However, some time averages
of these quantities can be controlled, and this turns out to be sufficient for
constructing an exponential attractor.

As an application of the theory developed in the paper, the following problem
in a bounded domain D C R™ with a smooth boundary 9D will be considered:

i —alu+ f(u) = h(z) +n(t, x), (1.1)

ul,, =0, (1.2)

(0, 2) = up(x). (1.3)

Here u = (u1, ..., ux)? is an unknown vector function, a is a k x k matrix such

that a +a > 0, f € C?(R* R¥) is a function satisfying some natural growth
and dissipativity conditions, h(x) is a deterministic external force acting on
the system, and 7 is a random process, white in time and regular in the space
variables; see Section 2.2 for the exact hypotheses imposed on f and 7. The
Cauchy problem (1.1)—(1.3) is well posed in the space H := L?(D,R*), and
we denote by & = {¢; : H — H,t > 0} the corresponding RDS defined on a
probability space (£, F,P) with a group of shift operators {6; : Q@ — Q,t € R}
(see Section 2.2). We have the following result on the existence of an exponential
attractor for @.

Theorem A. There is a random compact set M, C H and an event 2, C 2

of full measure such that the following properties hold for w € €.

Semi-invariance. ¢f (M) C Mg, for all t > 0.

Exponential attraction. There is § > 0 such that for any ball B C H we have
sup inf |l (u) — vl < C(B)e ™™, >0,

ueB VEMo,w

where C(B) is a constant depending only on B.

Finite-dimensionality. There is a number d > 0 such that dimy(M,,) < d,
where dimy stands for the fractal dimension of M,,.



Let us now assume that the random force 7 in Eq. (1.1) is replaced by en,
where ¢ € [—1,1] is a parameter. We denote by M¢ the corresponding ex-
ponential attractors. Since in the limit case ¢ = 0 the equation is no longer
stochastic, the corresponding attractor M = M0 is also independent of w. A
natural question is whether one can construct M¢, in such a way that the sym-
metric distance between the attractors of stochastic and deterministic equations
goes to zero as € — 0. The following theorem gives a positive answer to that
question.

Theorem B. The exponential attractors MS,, € € [—1,1], can be constructed
in such a way that

d*(ME, M) =0 almost surely as € — 0,

where d° stands for the symmetric distance between two subsets of H.

We refer the reader to Section 4 for more precise statements of the results
on the existence of exponential attractors and their dependence on a parameter.
Let us note that various results similar to Theorem B were established earlier in
the case of deterministic PDE’s; e.g., see the papers [FGMZ04, EMZ05], the first
of which is devoted to studying the behaviour of exponential attractors under
singular perturbations, while the second deals with non-autonomous dynamical
systems and proves Holder continuous dependence of the exponential attractor
on a parameter.

We emphasize that the convergence in Theorem B differs from the one in
the case of global attractors, for which, in general, only lower semicontinuity
can be established. For instance, let us consider the following one-dimensional
ODE perturbed by the time derivative of a standard Brownian motion w:

0 =u—u’+ew. (1.4)

When ¢ = 0, the global attractor A for (1.4) is the interval [—1, 1] and is regular
in the sense that it consists of the stationary points and the unstable manifolds
around them. It is well known that the regular structure of an attractor is very
robust and survives rather general deterministic perturbations, and in many
cases it is possible to prove that the symmetric distance between the attractors
for the perturbed and unperturbed systems goes to zero; see [BV92, CVZ12]. On
the other hand, it is proved in [CF98] that the random attractor A% for (1.4)
consists of a single trajectory and, hence, the symmetric distance between A
and AS, does not go to zero as € — 0 (see also [CS04] for the analogous results
for order preserving stochastic PDEs).

In conclusion, let us mention that some results similar to those described
above hold for other stochastic PDE’s, including the 2D Navier—Stokes system.
They will be considered in a subsequent publication.

The paper is organised as follows. In Section 2, we present some preliminaries
on random dynamical systems and a reaction-diffusion equation perturbed by
a spatially regular white noise. Section 3 is devoted to some general results on



the existence of exponential attractors and their dependence on a parameter.
In Section 4, we apply our abstract construction to the stochastic reaction-
diffusion system (1.1)—(1.3). Appendix gathers some results on coverings of
random compact sets and their image under random mappings, as well as the
time-regularity of stochastic processes.
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(ANR 2011 BS01 015 01).

Notation

Let J C R be an interval, let D C R" be a bounded domain with smooth
boundary 9D, and let X be a Banach space. Given a compact set £ C X,
we denote by H.(K,X) and dim¢(K) its Kolmogorov e-entropy and fractal di-
mension, respectively; see Chapter 10 in [Lor86] and Chapter V in [Tem88] for
details. Recall that

H (K, X) =InN(K), dimy(K) = limsup In N (K)

emor  Inemt

where N.(K) denotes the minimal number of closed balls of radius ¢ needed
to cover . If Y is another Banach space with compact embedding ¥ € X,
then we write H.(Y, X) for the e-entropy of a unit ball in Y considered as a
subset in X. We denote by Bx(v,r) and Bx(v,r) the open and closed balls
in X of radius r centred at v and by O,(A) the closed r-neighbourhood of a
subset A C X. The closure of A in X is denoted by [A]x. Given any set C, we
write #C for the number of its elements.

We shall use the following function spaces:

LP = LP(D) denotes the usual Lebesgue space in D endowed with the standard
norm || - ||z». In the case p = 2, we omit the subscript from the notation of the
norm. We shall write LP (D, R¥) if we need to emphasise the range of functions.

W#P = W#P(D) stands for the standard Sobolev space with a norm | - ||, In
the case p = 2, we write H* = H*(D) and | - ||, respectively. We denote by
H§ = H§(D) the closure in H® of the space of infinitely smooth functions with
compact support.

C(J, X) stands for the space of continuous functions f : J — X.

When describing a property involving a random parameter w, we shall as-
sume that it holds almost surely, unless specified otherwise. Furthermore, when
dealing with a property depending on w and an additional parameter y € Y, we
say that it holds almost surely for y € Y if there is a set of full measure 2, C Q
such that the property is true for w € Q, and y € Y.



Given a random function f,, : D — X, we shall say that it is (almost surely)
Holder-continuous if there is v € (0, 1) such that, for any bounded ball B C R™,
we have

[ fo(t1) = fu(t2)llx < Cults —t2|”, t1,t2 € B,

where C,, = C,(B) is an almost surely finite random variable. If f depends
on an additional parameter y € Y (that is, f = f¥(¢)), then we say that f is
Holder-continuous uniformly in y if the above inequality holds for f¥(t) with a
random constant C,,(B) not depending on y.

We denote by ¢; and C; unessential positive constants not depending on
other parameters.

2 Preliminaries

2.1 Random dynamical systems and their attractors

Let (2, F,P) be a probability space, {:,¢ € R} be a group of measure-preserving
transformations of €2, and X be a separable Banach space. Recall that a con-
tinuous random dynamical system in X over {6:} (or simply an RDS in X) is
defined as a family of continuous mappings & = {¢¥ : X — X,t > 0} that
satisfy the following conditions:

Measurability. The mapping ({,w,u) — ¢¥(u) from Ry x Q x X to X is
measurable with respect to the o-algebras Br, ® F ® Bx and Bx.

Perfect co-cycle property. For almost every w € €2, we have the identity

Pihs = P 0 @Y, 1,8 >0. (2.1)

Time regularity. For almost every w € €, the function (¢,7) — /" (u),
defined on Ry xR with range in X, is Holder-continuous with some deter-
ministic exponent v > 0, uniformly with respect to u € K for any compact
subsets K C X.

Let us note that the third property of the above definition is stronger than
the usual hypothesis on time-continuity of trajectories (e.g., see Section 1.1
in [Arn98]). This extra regularity will be important when estimating the fractal
dimension of the exponential attractor; see Section 3.3. An example of RDS
is given in the next subsection, which is devoted to some preliminaries on a
reaction-diffusion system with a random perturbation.

Large-time asymptotics of trajectories for RDS is often described in terms of
attractors. This paper deals with random exponential attractors, and we now
define some basic concepts.

Recall that the distance between a point v € X and a subset F' C X is given
by d(u, F) = inf,cp ||u — v||. The Hausdorff and symmetric distances between



two subsets is defined by
d(Fy, Fy) = sup d(u, Fy),
u€eF,
ds(Fl, FQ) = max{d(Fl, Fg), d(FQ, Fl)}

We shall write dx and d% to emphasise that the distance is taken in the metric
of X. Let {M,,w € Q} be a random compact set in X, that is, a family of
compact subsets such that the mapping w — d(u, M,,) is measurable for any
ue X.

Definition 2.1. A random compact set {M,} is called a random exponential
attractor for the RDS {¢;} if there is a set of full measure 2, € F such that
the following properties hold for w € §2,.

Semi-invariance. For any ¢t > 0, we have ¢¥(M,,) C My,,.

Exponential attraction. There is a constant 5 > 0 such that
d(¢f (B), Mp,.) < C(B)e " fort >0, (2.2)

where B C H is an arbitrary ball and C(B) is a constant that depends
only on B.

Finite-dimensionality. There is random variable d,, > 0 which is finite on €,
such that
dims (M,,) < do. (2.3)

Time continuity. The function ¢t — d° (Matw, ./\/lw) is Holder-continuous on R
with some exponent § > 0.

We shall also need the concept of a random absorbing set. Recall that a
random compact set A, is said to be absorbing for @ if for any ball B C X
there is T(B) > 0 such that

o (B) C Ag,, fort>T(B), w e (2.4)

All the above definitions make sense also in the case of discrete time, that is,
when the time variable varies on the integer lattice Z. The only difference is
that the property of time continuity should be skipped for discrete-time RDS
and their attractors. In what follows, we shall deal with both situations.

2.2 Reaction-diffusion system perturbed by white noise

Let D C R™ be a bounded domain with a smooth boundary 0D. We consider the
reaction-diffusion system (1.1), (1.2), in which u = (u1,...,ux)" is an unknown
vector function and a is a k X k matrix such that

a+a' > 0. (2.5)



We assume that f € C?(R*, R¥) satisfies the following growth and dissipativity
conditions:
(f(u),u) = —=C + cluP*, (2.6)
f'(u) + f'(w)* > =CI,
[ (w)] < O+ Jul)P~,

>
>

where (-, -) stands for the scalar product in R¥, f’(u) is the Jacobi matrix for f,
I is the identity matrix, ¢ and C' are positive constants, and 0 < p < Z—i’; As
for the right-hand side of (1.1), we assume h € L%(D,R*) is a deterministic
function and 7 is a spatially reqular white noise. That is,

t2) = (b)) = Dby (0)es ), (2:9)

where {8;(t),t € R} is a sequence of independent two-sided Brownian mo-
tions defined on a probability space (2, F,P), {e;} is an orthonormal basis
in L?(D,R¥) formed of the eigenfunctions of the Dirichlet Laplacian, and b; are
real numbers satisfying the condition

o0

Bi=> b < oo (2.10)
j=1

In what follows, we shall assume that (2, F,P) is the canonical space; that is,
Q) is the space of continuous functions w : R — H vanishing at zero, P is the
law of ¢ (see (2.9)), and F is the P-completion of the Borel o-algebra. In this
case, the process ¢ can be written in the form (“(t) = w(t), and a group of
shifts 6; acts on Q by the formula (6,w)(s) = w(t + s) — w(t). Furthermore, it
is well known (e.g., see Chapter VII in [Str93]) the restriction of {6;,t € R} to
any lattice TZ is ergodic.

Let us denote H = L?(D,R¥) and V = H}(D,R¥). The following result
on the well-posedness of problem (1.1)—(1.3) can be established by standard
methods used in the theory of stochastic PDE’s (e.g., see [DZ92, Fla94]).

Theorem 2.2. Under the above hypotheses, for any ug € H there is a stochas-
tic process {u(t),t > 0} that is adapted to the filtration generated by ((t) and
possesses the following properties:

Regularity: Almost every trajectory of u(t) belongs to the space
X = C(Ry, H) N LRy, V) N IEE (R, x D).

loc

Solution: With probability 1, we have the relation
t
u(t) = ug —|—/ (aAu — f(u) + h) ds+((t), t>0,
0

where the equality holds in the space H=1(D).



Moreover, the process u(t) is unique in the sense that if v(t) is another process
with the same properties, then with probability 1 we have u(t) = v(t) for allt > 0.

The family of solutions for (1.1), (1.2) constructed in Theorem 2.2 form an
RDS in the space H. Let us describe in more detail a set of full measure on
which the perfect co-cycle property and the Holder-continuity in time are true.

Let us denote by z = 2¥(t) the solution of the linear equation
z—alz=h+n(t), (2.11)

supplemented with the zero initial and boundary conditions. Such a solution
exists and belongs to the space Y := C(Ry, H)NL2 (R4, V) with probability 1.

loc
Moreover, one can find a set Q. € F of full measure such that 6;(Q,) = Q. for

all t € R and 2¢ € Y for w € Q.. We now write a solution of (1.1)-(1.3) in the
form v = z + v and note that v must satisfy the equation

0 —alv+ f(z+v)=0. (2.12)

For any w € , and ug € H, this equation has a unique solution v € X issued
from ug. The RDS associated with (1.1)—(1.2) can be written as

“ (ug) = 29(t) +v¥(t) for w € Q,,
¥e o) = 0 for w ¢ Q..

Then & = {¢:,t > 0} is an RDS in the sense defined in the beginning of
Section 2.1, and the time continuity and perfect co-cycle properties hold on €2,.

3 Abstract results on exponential attractors

3.1 Exponential attractor for discrete-time RDS

Let H be a Hilbert space and let ¥ = {¢{, k € Z, } be a discrete-time RDS in H
over a group of measure-preserving transformations {0y } acting on a probability
space (2, F,P). We shall assume that ¥ satisfies the following condition.

Condition 3.1. There is a Hilbert space V' compactly embedded in H, a ran-
dom compact set {A,}, and constants m,r > 0 such that the properties below
are satisfied.

Absorption. The family {A,} is a random absorbing set for ¥.
Stability. With probability 1, we have

P (0r(Ay)) C Agyeo- (3.1)

Lipschitz continuity. There is an almost surely finite random variable K, > 1
such that K™ € L'(Q,P) and

195 (u1) = 1 (u2)llv < Kolluy —uglla for ui,up € Or(Ay).  (3.2)

10



Kolmogorov e-entropy. There is a constant C' and an almost surely finite random
variable C,, such that C, K" € L'(Q,P),

H(V,H) < Ce™, (3.3)
Ho (A, H) < Ce™.

The following theorem is an analogue for RDS of a well-known result on the
existence of an exponential attractor for deterministic dynamical systems; e.g.,
see Section 3 of the paper [MZ08] and the references therein.

Theorem 3.2. Assume that the discrete-time RDS W satisfies Condition 3.1.
Then ¥ possesses an exponential attractor M,,. Moreover, the attraction prop-
erty holds for the norm of V:

dy (V¢ (B), Myyw) < C(B)e ™% for k >0, (3.5)

where B C H is an arbitrary ball and C(B) and 8 > 0 are some constants not
depending on k.

The proof given below will imply that (3.5) holds for B = A, with C(B) = r,
and that in inequality (3.5) the constant in front of e~5* has the form

C(B) =2T®B)p, (3.6)

where T'(B) is a time after which the image of the ball B under the mapping ¢}’
belongs to the absorbing set A,,,,. Furthermore, as is explained in Remark 3.4
below, under an additional assumption, the fractal dimension dimy(M,,) can
be bounded by a deterministic constant.

Proof. We repeat the scheme used in the case of deterministic dynamical sys-
tems. However, an essential difference is that we have a random parameter and
need to follow the dependence on it. In addition, the constants entering various
inequalities are now (unbounded) random variables, and we shall need to apply
the Birkhoff ergodic theorem to bound some key quantities.

Step 1: An auziliary construction. Let us define a sequence of random finite
sets Vi (w) in the following way. Applying Lemma 5.1 with §,, = (2K,)~!7 to
the random compact set A,,, we construct a random finite set Up(w) such that

s (3.7)
(4/r)™C, K™,

ds (.Aw, Uo (w )

<
ln(#Uo(w)) <2MC,o,™ <

Since K, > 1, we have 0, < r/2, whence it follows that Up(w) C O,(A,).
Setting Vi (o1w) = ¥ (Up(w)), in view of (3.1), (3.2), and (3.7), we obtain

Q/JT(Aw) - U Bv(u,r/2) = Cl(‘*")a V1(01w) C Or/Z (wT(Aw)) NAgyw-

ueVi (o1w)

11



Now note that C;(w) is a random compact set in H. Moreover, it follows
from (3.3) and (3.8) that

8)
He(Cr(w), H) n(#Vl(Ulw)) + Haeyr(V, H)

<1
< (4/r)"CLKD + (r/2)"Ce™, (3.9)

Applying Lemma 5.1 with &, = (4K,,,) ' to C1(w), we construct a random
finite set Uy (w) such that

ds (Cl((JJ), Ul(w)) S 5wa
In(#U; (w)) < Hs, j2(Cr(w), H) < (4/r)"CLK]' + 2" CK!

o1w"’

Repeating the above argument and setting Va(oaw) = 7'* (U1 (w)), we obtain

W) | Brlur/4) = Caw),

UGVQ(UZW)

Va(oaw) C Op s (V7 (C1(w)) N Aoy

Moreover, Co(w) is a random compact set H whose e-entropy satisfies the in-
equality (cf. (3.9))

Ho(Co(w), H) < In(#Va(02w)) + Hae)r(V, H)

<
< (4/r)"C K™+ 2mCK™ , + (r/4)™Ce™™.

o1w

Iterating this procedure and recalling that o : 2 — Q is a one-to-one transfor-
mation, we construct random finite sets Vi (w), k > 1, and unions of balls

Cr(w) := U By (u,27%r)

u€Vy (O’kw)

such that the following properties hold for any integer k > 1:

U (Aw) C Cr(w), (3.10)
Vk(w) C (’)217@(wf’lw(ck,l(a,kw))) NA,, (3.11)
k—1
In(#Vi(w)) < (4/r)"Co_ K", +2"CY K. (3.12)

Step 2: Description of an attractor. Let us define a sequence of random
finite sets by the rule

El(w) = Vi(w), Ek(w) = Vk(w) U ¢f71w(Ek_1(U_1w)), k Z 2.
The very definition of Ej implies that

Y (Ex(w)) C Egg1(o1w). (3.13)

12



and since #V(w) < #Vjq1(01w), it follows from (3.12) that

In(#E,(w)) < Ink + In(#Vi(w))

k—1
<lnk+ (4/r)"Co_ K], +27C > KD . (3.14)
j=1
Furthermore, it follows from (3.10) that
dv (V% (Ay), Vi(oww)) < 27Fr, k> 0. (3.15)
We now define a random compact set M, by the formulas
o0
My =[M],, M, =] Erw). (3.16)
k=1

We claim that M, is a random exponential attractor for &. Indeed, the semi-
invariance follows immediately from (3.13). Furthermore, inequality (3.15) im-
plies that

dy (Vg (Au), M) < 27Fr  for any k > 0.

Recalling that A, is an absorbing set and using inclusion (2.4), together with
the co-cycle property, we obtain

dv(w‘lg(B)7M0kw) S dV( Z.Z";"(AUTW)aMUk,T(UTw)) S 2T7k’r7

where T = T(B) is the constant entering (2.4). This implies the exponential
attraction inequality (3.5) with 8 = In2 and C(B) = 27(F)r. It remains to
prove that M, has a finite fractal dimension. This is done in the next step.

Step 3: FEstimation of the fractal dimension. We shall need the following
lemma, whose proof is given at the end of this subsection.

Lemma 3.3. Under the hypotheses of Theorem 3.2, for any integers I > 0,
k €Z, and m € [0,1], we have

l

dy (Ex(0sw), 075 (Ag, _0)) <2200 T Koy (3.17)
j=1

Inequality (3.17) with m = and w replaced by o_xw implies that
!
dy (Er(w), ] " (Ar_w)) <22 * 00 [T Ko, (3.18)
j=1

where k > 1 is arbitrary. On the other hand, in view of (3.15) with £ = [ and
w replaced by o_;w, we have

dy (V7" (As_10), Vi(w)) <277

13



Combining this with (3.18), we obtain

dv< U Ex(w), w(w)) < T(27l + 22-(n=D) li[ngw), (3.19)

k>n

where n > 1 and [ € [1,n] are arbitrary integers. Since {Ej(w)} is an increasing
sequence and Vj(w) C Ej(w) C M,, for any [ > 1, inequality (3.19) implies that

n l
5 <Mw, U w(w)) <r inf (2*1 + 220 T K ﬂ.w) —en(w),  (3.20)
=1 j=1

l€[1,n]

where n > 1 is arbitrary. If we denote by N, (w) the minimal number of balls of
radius € > 0 that are needed to cover M,,, then inequality (3.20) implies that
Ny (w) < 3k #Vi(w). Since Vi, C Ej, and #Vi(w) > #Vi—1(0-1w), it
follows from (3.12) that

N, ()(w) < In(n#E,(w)) < In(n® #V,(w))

O_Ww"

n—1
<2n+ (4/r)"Co_, K}, +2"C > K (3.21)
k=1

Since K™ € L(£,P), by the Birkhoff ergodic theorem (see Section 1.6 in [Wal82]),
we have

ol e
nlggo E kz_:lKa,kw - gw; (322)

where £, is an integrable random variable. This implies, in particular, that
nilK;"_nw — 0 as n — oo. By a similar argument, nilC,,_nng”_nw — 0 as
n — oco. Combining this with (3.22) and (3.21), we derive

In N, () (w) <2"CEun + o, (n), (3.23)

where, given a € R, we denote by o,(n%) any sequences of positive random
variables such that n=%0,(n%) — 0 a.s. as n — oco. On the other hand, since
the function log, = is concave, it follows from (3.22) that

1 1
1
% E logy Ko, < log, (Z E K;’ijw) =log, (& + 0w (1)), (3.24)
Jj=1 j=1

whence we conclude that the random variable €, defined in (3.20) satisfies the
inequality
enlw) <7 nf (2714427 (E 4 0u(1))1).
(SR

Taking | = mn(2m + logy (&, + ow(l)))fl, we obtain

mnln 2 ) (3.25)

En(w) < 56Xp(— 2m + 10g2(£w + Ow(l))

14



Combining this inequality with (3.23), we derive

N, ) (@) _ 2"Cé(Ing&, +2m)

=:d,.
n—00 11187:1(0\)) - mln2
It is now straightforward to see
In N,
dimy (M) = limsup ——= < d,. (3.26)
e—0+ Ine
The proof of the theorem is complete. O

Remark 3.4. Tt follows from (3.26) that if the random variable &, entering the
Birkhoff theorem is bounded (see (3.22)), then the fractal dimension of M,,
can be bounded by a deterministic constant. For instance, if the group of shift
operators {0} is ergodic, then &, is constant, and the conclusion holds. This
observation will be important in applications of Theorem 3.2.

Proof of Lemma 3.3. The co-cycle property (2.
T ) D U Ay ) for m <
lish (3.17) for m = 1.
We first note that inequality (3.2), inclusion (3.11), and the definition of Cy (w)
imply that !

1) and inclusion (3.1) imply that
[. Hence, it suffices to estab-

dV (Vn(w)a (filw(vnfl(gflw)) S 227“TK¢7_1¢07

where n > 1 is an arbitrary integer, and we set Vy(w) = Up(w). Combining this
with (3.2) and the co-cycle property, for any integers n > 1 and ¢ > 0 we derive

q

dy (V% (Ve (), 0511 (Vaoa (0-w)) <227 [ Ko,y (3.27)
=0

Applying (3.27) to the pairs (n,q) = (k—14,4), 1 =0,...,l — 1, with w replaced
by or_;w, using the triangle inequality, and recalling that K, > 1, we obtain

dv (Vk(akw)a djzmilw(vk*l(ak*lw))) s Z 22kt H thkﬂurjflw

where k > 1 and p € [1, k] are arbitrary integers. A similar argument based on
the application of (3.27) to the pairs (n,q) = (k—s—i,s+14),i=0,...,l—s—1,

Hn the case n = 1, the left-hand side of this inequality is zero.
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with w replaced by oj_sw, enables one to prove that for any integer n € [1, k|
we have

!
dy (7 (Vi—s(0p—sw)), 0] (Vimi (0p—w))) < 22= (k=0 H Ko\ jw,

j=1

(3.28)
where s € [0,1 — 1] is an arbitrary integer. Recalling that V,,(w) C A, for any
n > 1 (see (3.11)), we deduce from (3.28) that

l
dy (P75 (Vims(0h—sw)), 07" (Agy_1)) < 227 F 00 [ Kopyo (3:29)

j=1
for any integer s € [0,k — 1]. Since
k-1
Ex(oww) = | ¥79 (Vi—s(0k—sw)),
s=0
inequality (3.29) immediately implies (3.17) with m = 1. O

3.2 Dependence of attractors on a parameter

We now turn to the case in which the RDS in question depends on a parameter.
Namely, let Y € R and 7 C R be bounded closed intervals. We consider a
discrete-time RDS WY = {4} : H — H,k > 0} depending on the parameter
y € Y and a family? of measurable isomorphisms {6, : @ — Q,7 € T}. We
assume that 6, commutes with o7 for any 7 € T, and the following uniform
version of Condition 3.1 is satisfied.

Condition 3.5. There is a Hilbert space V' compactly embedded in H, almost
surely finite random variables RY, R, > 0, and positive constants m, r, and
o <1 such that RY < R, for all y € Y, and the following properties hold.

Absorption and continuity. For any ball B C H there is a time T(B) > 0 such
that

vl (BYyc AY fork>T(B),yeY,7eT,we, (3.30)

where we set AY = By (RY). Moreover, there is an integrable random
variable L, > 1 such that

RS = By < Lo (lyn — wol® +|m1 = 7|®) (3.31)

for y1,92 €Y, 11,72 € T, and w € Q.

2This family of isomorphisms is needed to describe the regularity of dependence of random
objects on w. In the next subsection, when dealing with continuous-time RDS, we shall take
for 6 the underlying group of measure-preserving transformations.
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Stability. With probability 1, we have

VP (O (AY)) Cc AY, foryeY. (3.32)

Holder continuity. There are almost surely finite random variables K¥, K, > 1
such that K% < K, for all y € Y, (RK)™ € L*(Q,P), and

,0- 10
9777 () =™ 2 () [l < KEHY2 (Jyn —yal * +[m — 7ol * + | us —ual| i)
(3.33)
for y1,y2 €Y, 1,72 € T, up,uz € Op(AY U AY2), and w € 2, where we
set K¥1¥2 = max(KY', K¥?).

Kolmogorov e-entropy. Inequalities (3.3) holds with some C not depending on ¢.

In particular, for any fixed y € Y, the RDS WY satisfies Condition 3.1
and, hence, possesses an exponential attractor MY. The following result is
a refinement of Theorem 3.2.

Theorem 3.6. Let WY be a family of RDS satisfying Condition 8.5. Then there
is a random compact set (y,w) — MY with the underlying space Y x Q and a
set of full measure QU € F such that the following properties hold.

Attraction. For any y € Y, the family {MY} is a random exponential
attractor for @Y. Moreover, the attraction property holds uniformly in y and w
in the following sense: for any ball B C H there is C(B) > 0 such that

sup dy (¥1*(B), MY, ,) < C(B)e ™% for k>0, we Q,, (3.34)
yeY
where 3 > 0 is a constant not depending on B, k, y, and w.

Holder continuity. There are finite random variables P,, and 7, € (0,1]
such that

Ay (MU MY2) < Plyr — 2| foryi,ye €Y, w € Q.. (3.35)

If, in addition, the random variable £, entering (3.22) is bounded, then ~, can
be chosen to be constant, and we have the inequality

dy, (Mg boo) S Qulmi =1 foryeY,m,meT,we, (3.36)

0r W’ Oryw
where v € (0,1], and Q. is a finite random constant.

In addition, it can be shown that all the moments of the random variables P,
and @, are finite. The proof of this property requires some estimates for the rate
of convergence in the Birkhoff ergodic theorem. Those estimates can be derived
from exponential bounds for the time averages of some norms of solutions. Since
the corresponding argument is technically rather complicated, we shall confine
ourselves to the proof of the result stated above.
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Proof of Theorem 3.6. To establish the first assertion, we repeat the scheme
used in the proof of Theorem 3.2, applying Corollary 5.3 and Lemma 5.5 instead
of Lemma 5.1 to construct coverings of random compact sets. Namely, let us
denote by U} (w), V! (w), and C}(w) with y € Y the random sets described in
the proof of Theorem 3.2 for the RDS ¥¥. In particular, U}(w) is a random
finite set such that

& (UY(w),CY(w)) < (2" Kpp) 7, k>0, (3.37)
where C§(w) =AY and

Clw = |J Bvw2™*r), V(ow)=v]"" (UL (w)  (3.38)

ueVy (opw)

for k > 1. We apply Corollary 5.3 to construct a random finite set R — Up g
satisfying (5.14)~(5.16) with § = 57 and then define Ug(w) := Uy gy. The
subsequent sets UY(w), k > 1, are constructed with the help of Lemma 5.5.
What has been said implies the following bound for the number of elements
of UY(w) (cf. (3.12)):

k
Y 32\ ~y rm m m
In(#U}(w)) <4(2)"CYKT +4mCY K},
j=1

where C¥ = C(RY)™. This enables one to repeat the argument of the proof

of Theorem 3.2 and to conclude that the random compact set defined by rela-

tions (3.16) is an exponential attractor for ¥ (with a uniform rate of attrac-
tion).

We now turn to the property of Holder continuity for MY,. Inequalities (3.35)
and (3.36) are proved by similar arguments, and therefore we give a detailed
proof for the first of them and confine ourselves to the scheme of the proof for
the other. Inequality (3.35) is established in four steps.

Step 1. We first show that

k J
& (V8 (@), Vi (@) <y — 92| D ][ Koo (3.39)
j=1

i=1

where |y; —y2| < 1. The proof is by induction on k. For k = 1, the random finite
set Ug(w) does not depend on w. Recalling that V’(w) = 177 (UJ (0,_,w))
and using (3.33), for |y; — y2| < 1 we get the inequality

d€/ (Vlyl (w)’ ‘/'1312 (LU)) < K071w|y1 - y2|o¢7

which coincides with (3.39) for £ = 1. Assuming that inequality (3.39) is estab-
lished for 1 < k < m, let us prove it for K = m + 1. In view of Lemma 5.5, the
random finite set UY, (w) satisfying (3.37) can be constructed in such a way that

d*(US (w), U2 (w)) < d° (VI (omw), V22 (0mw)).

m m m ’ m
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Combining this with (3.33), we see that
dy (Vi1 (@), Vil (@) < Ko_ywdlyn — v2l™ + dy (Vi (0-1w), Vi (o-1w)) }-

Using inequality (3.39) with & = m and w replaced by o_jw to estimate the
second term on the right-hand side, we arrive at (3.39) with k = m + 1.

Step 2. We now prove that
n k
dy (M M) < 22, (@) + g1 — ol S R Koo (340)
k=1 i=1

where n > 1 is an arbitrary integer and e,(w) is defined in (3.20). Indeed,
inequality (3.20), which was proved in the case of a single RDS, remains true in
the present parameter-dependent setting:

n

& (M U vky"(w)) <enw) p=1L.2

k=1
Combining this with (3.40) and the obvious inequality
dy (A1 U As, By U By) < dj, (A1, B1) + di, (A2, Bs),

we derive
Ay (MY, MP) < 26 (w) + > dy (V2 (w), V2 (W)
k=1

Using (3.39) to estimate each term of the sum on the right-hand side, we arrive
at (3.40).

Step 3. Suppose now we have shown that

n k
Z kHKLiw <exp((yn), n>1, (3.41)
k=1 i=1

where ( > 1 is a sequence of almost surely finite random variables such that

lim ¢ =: (, < oo with probability 1.

n—o0

In this case, combining (3.40) with (3.25) and (3.41), we derive
di (M, M) < 10exp(=nfn) + exp(¢Zn)|yr — ya|*, (3.42)

where we set
mIn2

~ 2m +logy (6w + 0 (1)
We wish to optimize the choice of n in (3.42). To this end, first note that

e

I " mlIn2 50
im =n,=— .
n— 00 M L 2m + 10g2 £w

19



Let n1(w) > 1 be the smallest integer such that
<2, N> %‘“ for n > ny(w), (3.43)

and let no(w,r) be the smallest integer greater than 2117, Inr~!, where the
small random constant v, > 0 will be chosen later. Note that if

nl(w)nw ) ,

r< T, i= exp(— 2

then na(w,r) > ni(w). Combining (3.42) and (3.43), for |y; — y2| < 7, and
n = na(w,|y1 — y2|), we obtain
dy (MY, MY2) < 10exp(—n,n/2) + exp(2¢un)|y1 — y2|*
<10 |yy — ya|" + |y1 — yo| 86w /M,

Choosing
an,

= 3.44
Nw + 8Cw (344)

Yw
we obtain
dy (ME, MP) <11 |y1 —yo|™ for |y1 — y2| < 70

This obviously implies the required inequality (3.35) with an almost surely finite
random constant P,,.

Step 4. It remains to prove (3.41). In view of (3.24), we have

k
[[ %o o < (& +0u(1)™ fort<k<n. (3.45)

i=1
It follows that
;kgmwsg)@wmm) "

whence we obtain (3.41) with

G =Cwtou(), = %lngw. (3.46)

This completes the proof of (3.35). It is straightforward to see from (3.44) and
the explicit formulas for (,, and 7, that if £, > 1 is bounded, then ~, can be
chosen to be independent of w.

We now turn to the scheme of the proof of (3.36). Suppose we have shown
that (cf. (3.39))

dy (VY (0rw), VY (0r,w)) < Dp(w)|m —12|* fory €Y, |m —m| <1, (3.47)
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where we set
k

k
Di(w) =cLo_yo [ [ Koo+

i=1 j=1i

Ko'_qjuh (348)

J
=1

and ¢ > 1 is the constant in (5.12). In this case, repeating the argument used
in Step 2, we derive (cf. (3.40))

d?/(MlewMy ) < enl(0r,w) + en(br,w) + Dn(w) |11 — 72|, (3.49)

Orow

where n > 1 is an arbitrary integer and e, (w) is defined in (3.20). If we prove
that (cf. (3.41))

D, (w) <exp({ln), nh_)n;o ¢ =CeR; a.s, (3.50)

then the argument of Step 3 combined with the boundedness of &, implies the
required inequality (3.36). To prove (3.50), note that, by the Birkhoff theorem,
there is an integrable random variable A, > 1 such that

n

ZLU—kUJ :n)\w+0w(n), nz 1.
k=1

Combining this with (3.41), we obtain inequality (3.50) (with larger random
variables (7).

Thus, it remains to establish inequality (3.47). Its proof is by induction on k.
It follows from (5.16) and (3.31) that

d (UO<'971W)7U0<972W>) <c |R971"-’ - RGQ“” < CLwlTl - 7—2|0‘_

_ Y 0—1w

Since V{(w) = 9{ (Up(0-1w)), using (3.33) we derive the inequality
dig/ (Vly(oﬂw)v Vly(emw)) g Kcr_lw(]- + CLa_lw) |Tl - 7_2|a,

which coincides with (3.47) for k = 1. Let us assume that (3.47) is true for
k = m and prove it for k = m + 1. In view of (5.23), the random finite
set UY (w) satisfies the inequality

d’ (U;v}m(wl)7 Ugl(w2)) <d’ (Vnz(amwl)v Vrz(am(*&))’
where w; = 0w for i =1,2. It follows that
dy (Vs (Wi), Vi (w2)) < Koo yo{m = 7l +d° (Vi (0mw1), Vi (0mw2)) }-

The induction hypothesis now implies inequality (3.47) with & = m + 1. The
proof of Theorem 3.6 is complete. O

As in the case of Theorem 3.2, inequality (3.34) holds for B = A, with
C(B) = r. Furthermore, if the group of shift operators {0} is ergodic, then
the Holder exponent in (3.35) is a deterministic constant (cf. Remark 3.4).
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Finally, if ¢, RY, and K¥ do not depend on w for some y = yo € Y, then the
exponential attractor MY constructed in the above theorem is also independent
of w. Indeed, MY, was defined in terms of ¢}, RY, K¥ and the random finite
sets U} (w) that form d-nets for the random compact sets C} (w). As is mentioned
after the proof of Lemma 5.5, these §-nets are independent of w if so are the
random compact sets to be covered. Using this observation, it is easy to prove
by recurrence that C}°(w) and U}°(w) do not depend on w, and therefore the
same property is true for the attractor MY°.

3.3 Exponential attractor for continuous-time RDS

We now turn to a construction of an exponential attractor for continuous-time
RDS. Let us fix a bounded closed interval ¥ C R and consider a family of
RDS &Y = {¢}"” : H — H,t > 0}, y € Y. We shall always assume that the
associated group of shift operators ; : Q —  satisfies the following condition.

Condition 3.7. The discrete-time dynamical system {0y, : @ — Q. k € Z} is
ergodic for any 79 > 0.

Given 15 > 0, consider a family of discrete-time RDS WY = {4} k € Z}
defined by
() =9 (uw), uweH, k>0, we
with the group {0y = Ok, k € Z} as the associated family of shift operators.
The following theorem is the main result of this section.

Theorem 3.8. Suppose there is 19 > 0 such that the family {¥Y,y € Y} satis-
fies Condition 3.5, in which T = [—70,70] and the measurable isomorphism 6,
coincides with the shift operator. Furthermore, suppose that Condition 3.7 is
also satisfied, AY, = By (RY) is a random absorbing set for &Y, and the map-
ping

(t, 7 yu) = @' (), Ry x [—70,70] x Y x V — H, (3.51)
s uniformly Hdélder continuous on compact subsets with a universal determinis-
tic exponent. Then there is a random compact set (y,w) — MY in H with the
underlying space Y x Q such that the following properties hold.

Attraction. For any y € Y, the random compact set MY is an exponen-
tial attractor for @Y. Moreover, the fractal dimension of MY is bounded by a
universal deterministic constant, and the attraction property holds for the norm
of V' uniformly with respect toy € Y:

dy (¢} (B), M}, ) <C(B)e ?, t>0, yeY. (3.52)

Here B C H is an arbitrary ball, C(B) and § are positive deterministic con-
stants, and the inequality holds with probability 1.

Hoélder continuity. The function (t,y) — Mgtw is Holder-continuous from
Y x R to the space of random compact sets in H with the metric df;. More
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precisely, there is v € (0,1] such that for any T > 0 and an almost surely finite
random variable P, r we have

B (MY ME ) < Puits 6+l —sal)  (359)

é)f,lo.ﬂ
foryi,ya €Y, t1,te € [-T,T], and w € Q.

Proof. By rescaling the time, we can assume that 7 = 1. Let us denote
by {M¥} the random compact set constructed in Theorem 3.6 for the fam-
ily of discrete-time RDS ¥¥ and define

My = | erte (MY ). (3.54)

7€[0,1]

We shall prove that { MY} possesses all the required properties.

Step 1: Measurability. Let us show that (y,w) — MY is a random compact
set. We need to prove that, for any u € H, the function

w)r— inf ||lu—w
() inf flu ol

is measurable. To this end, we shall apply Proposition 5.6 to the family of
compact sets

(y,w) = Koy = {(rou) €[0,1] x H:ue My}
and the random mapping

Vi) : 10,1] x H— H, (7,u) = @%@ (u).
It is straightforward to see that MY = ¥y, (K(y.w)). If we prove that ¢, .
and K, ) satisfy the hypotheses of Proposition 5.6, then we can conclude
that MY is a random compact set in H.

For any fixed (y,w), the mapping (7,u) + %y, (7,u) is continuous. On
the other hand, the measurability in w and the continuity in y of the mapping
go?’e”w(u) imply that, for any fixed (7,u), the mapping v, (7, u) is measur-
able. Furthermore, for any (7,u) € [0, 1] x H, the mapping

W) inf 77|+ lu—-7|)= inf ( inf u—u’)
(y ) (T/7u/)€)c(y1w)(‘ | || ||) 7/€QN[0,1] U/EM‘Z_ " || ||

is measurable, so that K, . is a random compact set. Thus, the application of
Proposition 5.6 is justified.

Step 2: Semi-invariance. Since {Mf}} is an exponential attractor for the
discrete-time RDS WY, for any y € Y with probability 1 we have

e (MY) C Mg,

k> 0.
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It follows that, for any rational s € R and y € Y, the inequality

PPl (MY ) C MY, k>0, (3.55)

+sw?

takes place almost surely. The continuity in (s,y) of all the objects entering
inequality (3.55) implies that it holds, with probability 1, for all s € R, y € Y,
and k > 0. The semi-invariance can now be established by a standard argument.
Namely, for any 7 € [0,1] and ¢ > 0, we choose an integer k& > 0 so that
o=t+717—ke|0,1) and write

PP (ML) = ekl (ML)
R )
C O (MY )

0k_7w

— U0 (0n) (Mo,c,(otw)) C My

where we used (3.55) to derive the first inclusion. Since the above relation is
true for any 7 € [0, 1], we conclude that MY is semi-invariant under ¥ .

Step 3: Exponential attraction. We first note that, with probability 1,

ka

sup dy (o (Au), MB ) <re ™ k>0,
yey

cf. discussion following Theorem 3.2. It follows that

sup dy (" (o) M, ) e, k20, (3.56)
ye

where the inequality holds a.s. for all rational numbers s € R. The continuity
in s of all the objects entering inequality (3.56) implies that, with probability 1,
it remains true for all s € R. We now fix an arbitrary ball B C H and denote
by T(B) > 0 the instant of time after which the trajectories starting from B
are in Ag,,,. For any t > T'(B) + 1, we choose s € [T'(B),T(B) + 1) such that
k :=t — s is an integer and use the cocycle property to write

dy (p}“(B), M§ ) = dv (9L (¢¥*(B)), M}, ,))
< dy (o7 (Ag,w)s MY )

Taking the supremum in y € Y and using (3.56), we obtain

sup dy (¢ (B), My ) < re Pk < el (B)Hle=ht,
yey
This proves inequality (3.52) with C(B) = reT(B)+1,
Step 4: Fractal dimension. As was established in the proof of Theorem 3.2,
the fractal dimension of MY, admits the explicit bound (see (3.26))
27 g (g, + 2m)

dim (MY) <
imy (M) < .

b
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where &, is the random variable defined in (3.22). Since the group {oj} is
ergodic, &, is constant, and dim;(MY) can be estimated, with probability 1, by
a constant not depending on y and w. Since the function 7 +— wg’e’fw(u) and

T = Myng are Holder continuous with a deterministic exponent, it is easy to
prove that the fractal dimension of MY is bounded by a universal constant.

Step 5: Time continuity. Since mapping (3.51) is Holder continuous, the
required inequality (3.53) will be established if we prove that (3.53) is true
for Mvzfu However, this is an immediate consequence inequalities (3.35), (3.36)
and the ergodicity of the group of shift operators {o}. The proof of the theorem
is complete. O

As in the case of discrete-time RDS, if ¢!*“, RY, and the random objects
entering Condition 3.5 do not depend on w for some yg, then the exponential
attractor MY0 is also independent of w. This fact follows immediately from

representation (3.54), because @14“’9*’“ and ./T/l/'giw do not depend on w.

4 Application to a reaction—diffusion system

4.1 Formulation of the main result

In this section, we apply Theorem 3.8 to the reaction-diffusion (1.1) in which the
amplitude of the random force depends on a parameter. Namely, we consider
the equation

4 —alAu+ f(u) = h(z) +en(t,z), =€ D, (4.1)

where D C R" is a bounded domain with smooth boundary and € € [—1,1] is
a parameter. Concerning the matrix a, the nonlinear term f, and the external
forces h and 7, we assume that they satisfy the hypotheses described in Sec-
tion 2.2, with the stronger condition p < # for n > 3. Moreover, we impose
a higher regularity on the external force, assuming that

h € Hy(D,R*) N H*(D,R¥), B3:=) Mbp? < o0, (4.2)
j=1

where ); denotes the jth eigenvalue of the Dirichlet Laplacian. This condition
ensures that almost every trajectory of a solution for Eq. (4.1) with f = 0 is
a continuous function of time with range in H>. The following theorem is the
main result of this section.

Theorem 4.1. Under the above hypotheses, for any € € [—1,1] problem (4.1),
(1.2) possesses an exponential attractor ME,. Moreover, the sets ME, can be
constructed in such a way that MC does not depend on w, the fractal dimension
of M¢, is bounded by a universal deterministic constant, the attraction property
holds uniformly with respect to €, and

d;I(Mi,l,Mff) < Pw|<€1 _€2|'y fO’f’ £1,E9 € [—1, 1], (43)

where v € (0,1] is a constant and P,, is an almost surely finite random variable.
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To prove this result, we shall apply Theorem 3.8. For the reader’s conve-
nience, let us describe briefly the conditions we need to check, postponing their
verification to the next subsection.

Recall that H = L2 V = H{, and the probability space (2, F,P) and
the corresponding group of shits operators 0; were defined in Section 2.2. The
ergodicity of the restriction of {6;} to any lattice 79Z is well known (see Condi-
tion 3.7), and the Kolmogorov e-entropy of a unit ball in V regarded as a subset
in H can be estimated by Ce~", where n is the space dimension (see the fourth
item of Condition 3.5). We shall prove that the following properties are true for
a sufficiently large 79 > 0.

Absorbing set. There are random variables RS, R, > 0 such that RS, < R,
for all e € [-1,1], R € L1(Q,P) for any ¢ > 1, and for any ball B C H and a
sufficiently large T'(B) > 0 we have

w9 (t;ug) € By (Rj,,) fort>T(B),|r| < 7o, e] <1, ug € B, (4.4)

where 4 (t; ug) denotes the solution of (4.1), (1.2), (1.3). Moreover, RS satis-
fies inequality (3.31) with y; = &; € [—1, 1] for an integrable random variable L,
and a deterministic constant « € (0, 1].

Stability. There is r > 0 such that

UE’W(T();U()) S BV(RZTOw) for |€| < 1, ug € OT (BV(R:Z)) (45)

Hoélder continuity. There is a > 0 such that, for any 7' > 0 and any random
variable r, > 0 all of whose moments are finite, one can construct a family of
random variables K > 1 satisfying the inequalites

[t 971 (t15 w01 ) — w972 (23 ugo) |

S K (ler — ea] + |11 — 72| + |luor — wozll + [t1 — 2]*),  (4.6)

51,971:,\1( 52,972w(

[|lu To; Up1) — U 705 Uo2) |1

< Kb (ley — ea| + |11 — 72| + |01 — dGoz)), (4.7)

where |g;| <1, || < 719, 0<t; <T, up; € By(ry), tio; € Bu(ry), and we set
Kive2 = max{KZ', K&'}. Moreover, there is a random variable K, belonging
to LI(Q2,P) for any ¢ > 1 such that K¢ < K, for all € € [-1,1].

We shall also prove that the random variables R? and K¢ are constants.
If these properties are established, then all the hypotheses of Theorem 3.8 are
fulfilled, and its application to the RDS associated with problem (4.1), (1.2)
gives the conclusions of Theorem 4.1.

4.2 Proof of Theorem 4.1

Step 1: Absorbing set. Let U=“(t) be the unique stationary solution of the
equation
u—alAu=cen(t,z), teR, (4.8)
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supplemented with the Dirichlet boundary condition (1.2). It is straightforward
to see that, with probability 1,

U@ty =eU%(t+71), t,7€eR, (4.9)

where U%¥(t) = UY¥(t). Using the It6 formula and the regularity assump-
tion (4.2), one can prove that 3

t
Ee® 5P M & oo My(w) = ||Uw(t)||§+‘/0 U ()3 ds| — C(1+t]), (4.10)

where 6 > 0 and C > 0 are deterministic constant, and the supremum is taken
over t € R. Moreover, by Proposition 5.8, inequality (5.29) holds for U.
Solutions of (4.1), (1.2) can be written as

uSI(t,z) = U (t+ 7, 2) + 05Tt @), (4.11)

where v = v ™% is the solution of the problem

0—alv+ flo+eU“(t+ 7)) = h(x), (4.12)
v|,p =0, (4.13)
v(0,x) = vo(x), (4.14)

where vg(x) = up(x) — e U¥(1,z). In what follows, we shall often omit the sub-
scripts € and w to simplify notation. We wish to derive some a priori estimates
for v. Since the corresponding argument is rather standard, we only sketch it.

Taking the scalar product of (4.12) in L? and carrying out some transfor-
mations, we derive

1 1
Oellol® + ex (ol + lolif + loll7ss:) < Cr(L+ [Il2y + leUlT),  (4.15)

where U = U¥ (- +7), and we used inequalities (2.5), (2.6), and (2.8). Let us fix
any ¢ € (0,c1). Applying the Gronwall inequality, using the continuity of the
embedding H! C LPT!, and recalling that |7| < 75, we obtain

Orw?

t
lo()]1? + 01/ e = (o]} + [[vll7Fh) do < e lug|® + R, (4.16)
0
where we set

0
R =0 [T+ U ) de

— 00

We now derive a similar estimate for the H' norm of v. Taking the scalar
product of (4.12) with —2(t — s)Awv in L?, after some transformations we derive

0 ((t = s)IVol®) + ca(t = 5) [lv]13
< [IVo)|? + Cat — s) (1 + IRl + ol + e UIET).

3For instance, see Proposition 2.4.10 in [KS12] for the more complicated case of the Navier—
Stokes system.
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Integrating in ¢ € (s, s + 1), we obtain
s+1
||Vv(s—|—1)|\2—|—62/ (0 — 8)||Av||*do
° s+1 s+1
<Cos+ [ (IVolP + Callolfih)do + Co [ (VI o

where C3 = Co(1 + ||h||?). Taking s =t — 1 and using (4.16) to estimate the
second term on the right-hand side, we obtain

[o@®)[1? < Cs + Ca(e™|vo|> + RL) + CoR5>, > 1, (4.17)

—= 0w Orw?

where we set 4 0
Rt = [ STIere (ot )l o
— 00

Let us define R, by the relation

(RS)? = 8(14 Cy + CuRS' + CoRS? + sup (&7 [ U (0 + 7o) 12)) (4.18)

and set R, = RL. Tt is clear that R < R,, for all € € [—1,1]. Relations (4.11)
and (4.17) imply that

= (0)[3 < 2Cae™ ([luoll* + 1| U“(r) ) +47 (Rp ) =1, ¢ 1, (419)

whence we see (4.4) holds for any ball B C H and a sufficiently large T'(B) > 0.
Moreover, it follows from (4.10) and (4.18) that all the moments of R,, are finite.
Finally, Proposition 5.8 and the stationarity of U imply that RZ, satisfies (3.31)
with a constant o € (0,1/2) and an integrable random variable L.

Step 2: Stability. Tt follows from (4.18) that the stability property (4.5) with
parameters r > 0 and 79 > 0 will certainly be satisfied if

204 (RS + 1) + e UX(T)|?) + 471 (R5, L)* — 1 < (Rp, )7 (4.20)

Orow

Let us note that
(Rj,..)* > e (RS)?, t>0. (4.21)

91,(4.)

We now take an arbitrary r > 0 and choose 79 > 0 so large that
4Ce ™02 < 1, 16C e~ (17970 < 1,

In this case, inequality (4.20) holds, so that the stability condition is fulfilled.

Step 3: Holder continuity. Representation (4.11) implies that it suffices to
establish analogues of (4.6) and (4.7) for solutions of problem (4.12)—(4.14).

4To have an absorbing set, one could take for RS? the integral of || U% (o + 7'())|\127'~_1 in
o € [-3,0]. However, in this case the stability condition may not hold, and therefore we

define R5? in a different way. Our choice ensures that (4.21) holds for the radius of the
absorbing ball.
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Namely, we first prove that for any random variable r,, > 0 with finite moments
there is a family of almost surely finite random variables K such that

o1 (8) — va ()| < K422 ([en U — eaU? || oo 0,750 + llv01 — voz ),
(4.22)

[v1(70) = va(70) 1 < K2 (61U — e2U* || oo 0,705 mr2) + Vo1 — vozll)
(4.23)

where |g;| < 1, |7 < 70, 0 <t < T, vy; € B(ry), and we set w; = 6w,
vi(t) = v¥oT% and K12 = max{KZ', K&2}. Moreover, our proof will imply

that K& < K, for all ¢ € [~1,1], where the random constant K belongs to
Li(Q,P) for any ¢ > 1. Once these properties are established, the Holder
continuity of U“(t) and relations (4.10) and (4.11) will prove inequalities (4.6)
and (4.7) with ¢; = t2. We shall next show that the solutions of (4.12)—(4.14)
with vg € By () satisfy the inequality

||’UE’T’w(t1;”U()) 7U€’T’w(t2;’l}0)” S I?Z|tl 7t2|a, tl,tQ € [O,T], (424)
with possibly a larger random constant I?f, with the same property. This will
complete the proof of the property of Hélder continuity and that of Theorem 4.1.

We begin with (4.22). To simplify the presentation, we shall assume that
n > 3. In what follows, we denote by {K% e € [~1,1]} (where i > 1) families
of random variables that can be bounded by a random constant belonging to
L1(Q,P) for any ¢ > 1. The difference v = v — vo satisfies the equation

v —alAv+ f(uy) — f(uz) =0 (4.25)

and the boundary and initial conditions (4.13) and (4.14), where u; = v; +e, U
and vy = vg1 — vo2. Taking the scalar product of (4.25) with 2v in L? and using
the “monotonicity” assumption (2.7), we derive

Aulvlf” + 2¢3]|Vol* < —(f(ur) = f(uz),v)
< Clloll? + Cs ([€llpe + lfua [P~ €l Lo + lual"~ Ellza) [lv]l1
2(p—1 2(p—1
< Ollo* + esl|Voll” + Co (1 + lluall 757" + lua 755 ) 111,
where q = nQ—erQ and £ = e;U“ — goU%2. Applying the Gronwall inequality, we
obtain
t
IIU(t)H2+63/ eV |*do < e“|vg||*+Cr max{ K", KS*HENT o (07,111
0
(4.26)

where 0 <t < T, C7 = C7(T), and we set

T
Kot = / (1+ [u=(0)|[EHL,) do.
0
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Inequality (4.26) immediately implies (4.22).

To prove (4.23), we first note that, in view of (4.26), there is a measurable
) 37’0

function s :  — R such that, with probability 1, we have s,, € [, =12] and

IVo(su) 1 < Cs(llvoll® + K IENT < (0.70:m1))- (4.27)

Let us take the scalar product of (4.25) with —2Awv in L2. After some transfor-
mations, we obtain

-1 -1
OulIVl®+2e4 [|Av]? < Cs (1 lluallcy oy +luallf i ) lo+€l all Avll, (4.28)

where ¢ = % Since H' ¢ L9 and H* ¢ L™®=Y  applying the interpolation

and Cauchy—Schwartz inequalities, from (4.28) we derive

4(p—1 4(p—1
VOO + ea | Avl® < Co(t+ fua [ + ual i) (ol + 1€])-
Integrating in t € [s,, 0] and using (4.26), (4.27) and (4.19) (we can assume

that 7o > 4), we obtain (4.23).

It remains to establish inequality (4.24). We shall only outline its proof.
Taking the scalar product of (4.12) with —2Av and using some standard argu-
ments (cf. derivation of (4.17)), we obtain

T
/ |Av||*do < Crolluwoll? + K52
0
Combining this with (4.10) and (4.12), we see that
T
/ l6l2do < K5°.
0

It follows that v is Holder continuous with the exponent 1/2. Since U is also
Holder continuous in time, in view of (4.11) we arrive at the required result.
Finally, it is not diffucult to see that the random variables R? and KO are
constant. The proof of the theorem is complete.

5 Appendix

5.1 Coverings for random compact sets

In this section, we have gathered three auxiliary results on coverings of random
compact sets by balls centred at the points of random finite sets. The first of
them establishes the existence of a “minimal” covering with an explicit bound
of the number of balls in terms of the Kolmogorov e-entropy of the random
compact set in question.
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Lemma 5.1. Let {A,} be a random compact set in a Hilbert space H. Then
for any measurable function § = 4, satisfying the inequality 0 < § < 1 one can
construct a random finite set Us(w) C H such that for

d*(Aw, Us(w)) < 6w (5.1)
In(#Us(w)) < Hs, j2(Aw, H).

Moreover, if 6, = 0 is constant, then one can replace 0,,/2 in the right-hand
side (5.2) by 4.

Note that inequality (5.1) is equivalent to the inclusions

Ao U Buwd.), Usw)C Os,(Ad). (5.3)

u€Us (w)

Proof. We first assume that §,, = §. Let {ux} C H be a dense sequence. For
any k = {ki1,...,k,} C N, define the random varable

Zuky— | b A U Blu,0),

0, otherwise.

Since A, is a (random) compact set, for any w there is a finite subset k C N
such that Z, (k) = 1. Let §,, be the set of those w € Q for which there is an
n-tuple k C N such that Z,(k) = 1 and Z,(k’) = 0 for any subset k" C N
containing less than n elements. Then we have Q = U,>1(,. Furthermore,
since 2, is the intersection of the measurable sets

() {Zo(k)=0} and | J {Zu(k) =1},

#k=n—1 #k=n

we have Q,, € F for any n > 1. Thus, it suffices to construct Us on each
subset €Q,,.

Indexing the set of all n-tuples k C N in an arbitrary way, it is easy to
construct measurable functions Iy : Q, — {0,1} such that, for any w € §,,, we
have

#k(w)=n, A,C |J Bul(ur,6), Bu(u,d)NA,#2, (5.4)

kek(w)

where k(w) = {k € N: I};(w) = 1} and k € k(w) in the third relation. We claim
that Us(w) = {ug, k € k(w)} satisfies the required properties. Indeed, for any
u € H, we have

d(u,Us(w)) = min{||u — ug|| : Ip(w) =1}, w € Qy,

whence it follows easily that Us(w) is a random finite set. Furthermore, inclu-
sions (5.3) (which are equivalent to inequality (5.1)) are consequences of the
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second and third relations in (5.4). Let us prove that inequality (5.2) holds
with d,,/2 replaced by d,; that is,

Inn < Hs( Ay, H) forw e Q,. (5.5)
To see this, note that the set A, admits a covering by balls {B;} such that
In(#{B;}) < Hs(Au, H), diam(B;) < 6.

Choosing arbitrary points ug; in every ball B;, we see that one can cover A,, by
the balls { B (ug,,d)}. The choice of n now implies that n < #{B;}, whence
it follows that (5.5) holds.

We now turn to the case of an arbitrary function d,, such that 0 < 4, < 1.
Let us define Q%) = {w e Q:27% < §, < 2'7F}, so that Q = Ukzlﬂ(’“). In
view of what has been proved above, on each Q%) one can construct a random
finite set Uy (w) such that, for w € Q*) we have

d’ (.Aw,Uk(w)) < 27k, 1n(#Uk(w)) < Ho-r(Ay, H).

Setting Us(w) = Uy (w) for w € Q*) | we obtain the required covering. The proof
of the lemma is complete. O

The second result shows that, if a random compact set depends on a param-
eter in a Lipschitz manner, then the random finite set constructed above can
be chosen to have a similar dependence on the parameter. To prove it, we shall
need the following auxiliary construction.

Let us denote by A, C R™ the set of vectors § = (61,...,6,) such that
6; > 0and ) ,0; =1. Given subsets W; C H, 1 <i < n, a vector § € A,,, and
a number « > 0, we define

[Wl,...,Wn]g = {Zgﬂtl tU; € Wi, ||u1 *UjHH § « for 1 § i,j S n}
i=1
It is straightforward to check that
In(#[Wh,...,W,]5)
(Wi, Walg, W, .., Walge)

where 87 = (#,...,67) and |#" — 62| = max; |6} — 62|. Moreover, if A C H and
r; > 0 are such that

AcC U By (u,r;), 1<i<n,
ueW;

then for any 6 € A,, we have

AC U By (u,max{r;,1 <i<mn}), (5.8)
uE[W1,<-~7Wn]§

where r = max{r; +r;,1 <4,j <n}.
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Proposition 5.2. Let Y C R be a closed interval and let {AY%,y € Y} be a
family of random compact sets in a Hilbert space H such that

d*(AY,AZ) < Clyr —y2| foryi,y2 €Y, (5.9)

where C > 1 is a finite random constant. Then there exists a random finite set
(0,y,w) = Us y(w) with the underlying space (0,1] x Y x Q such that

d*(AY, Us,y(w)) <6, (5.10)
I (#0;(w)) < 4 Hy15(AL, H), (5.11)
d’ (U51,y1 (w)’ U527y2 (w)) <c (|61 - 52' +C |y1 - y2|)a (5'12)

where y,y1,y2 €Y, 0,081,052 € (0,1], and ¢ > 1 is an absolute constant.

In particular, taking a measurable function § = ¢, with range in (0, 1], we
can construct a random finite set (y,w) — Usy(w) such that

d® (U5’ZI1 (w>7 U5,y2 (W)) < cC |y1 - :UQl, (513)

and inequalities (5.10) and (5.11) hold with § = §,, in the right-hand side.

The proof given below will imply that if AY, does not depend on w for some
Yy = Yo, then the random set Us,(w) satisfying (5.10)—(5.12) can be chosen in
such a way that Us,, (w) is also independent of w. Furthermore, if AY, does
not depend on w for all y € Y, then Us, is also independent of w. The latter
observation implies the following corollary used in the main text.

Corollary 5.3. Let V' C H be two Hilbert spaces with compact embedding. Then
there is a random finite set (6, R) — Us r with the underlying space (0,1] x R4
such that

dy (Bv(R),Us,r) <6, (5.14)
In(#Us r) < 4Hs/6r(V, H), (5.15)
Ay (Us,ry, Us,r,) < c| Ry — Ry, (5.16)

where R,R1, Ry > 0 and § € (0,1] are arbitrary, and ¢ > 0 is an absolute
constant.

To prove this result, it suffices to apply Proposition 5.2 to the non-random
compact set By (R) depending on the parameter R € R,..

Proof of Proposition 5.2. Without loss of generality, we assume that the random
variable C' is constant, since one can represent {) as the union of the subsets
O ={we:1<C <Il+1} and construct required random finite sets on
each ;.

Let us fix an integer £ > 1 and denote by v}, < C~127%~4 the largest number
such that N := z/k_l is an integer. We now set yf = juy, for j € Z,. In view of
Lemma 5.1, there are random finite sets U jk (w) C H such that

d° (A%, UF(w)) <27%73, (5.17)
In(#UF (w)) < Ho-r-s (A%, H), (5.18)
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where we write y; instead of yf to simplify the notation. We now need the
following lemma, whose proof® is given at end of this section.

Lemma 5.4. Let Ay,..., Ay be the vertices of a rectangle I1 C R?. Then there
are Lipschitz functions 6; : I1 — [0,1], 1 <14 < 4, such that

4 4
> 0:(A)=1, Y 6:(A)Ai=A for AcTL

=1 i=1

Let 0;,(A), 1 < i < 4, be the functions constructed in Lemma 5.4 for the
rectangle IT = [27% 217%] x [y;,y;11]. For 27F < § < 217F and y; < y < y;41,
denote by As, € II the point with the coordinates (d,y). Let us define

g—k—1

U&y(w) = [U]k7 UJ]?+1’ U]]'C-i-l? U]krll]e(ziy) ’

where 6(6,y) = (0:(As,y),1 < i <4) € Ay. We claim that Us,(w) satisfies the
required properties.

Indeed, it follows from the choice of y; that
d*(AY, AY) <2751 for y; <y <y (5.19)
Combining this with (5.17), we see that
d*(AY, UF(w)) <27%72. (5.20)
Inclusion (5.8) now implies that
d(AY, Us,y(w)) <2772 < §/4. (5.21)
On the other hand, the definition of Us ,(w) and inequality (5.20) imply that
d(Usy(w), A%) <277 < 4.

Combining this with (5.21), we obtain (5.10).
Inequality (5.19) implies that an e-covering for AY, with y; <y <y,11 is an
(e +27*F=*)-covering for A% . Taking ¢ = 2754 we see that

Ho—r—s (‘Ag;] ) H) < Ho-r-a (A’ZL{;’ H)
Combining this with (5.18) and (5.6), we obtain (5.11):
ln(#U(;,y(w)) <AHo-r-3(AY H) < AdHy-r-1(AY, H) < 4Ho-15(AY, H).

Finally, inequality (5.12) follows from (5.7) and the explicit form of the func-
tions 6;(A) (see (5.24)):

d (U‘Sl’yl’ U52’y2) < 2_k_1‘9(A51,y1) - 9(‘452,?;2)'

<27 270 T (61 — Ga| + 27 [y — wa)
< % |61 — 2| + 8C'|y1 — yal.

The proof of the proposition is complete. O
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II, IT;

113 11,

Ay Ay

Figure 1: Division of II into four rectangles

And, finally, our third result refines Proposition 5.2 in a particular case.

Lemma 5.5. Let Y be an arbitrary metric space, let K C H be a compact
subset, let (y,w) — VY(w) be a random finite set, and let

A= ] w+Kk).
veVY(w)

Then there is a random finite set (6,y,w) — Usy(w) with the underlying space
(0,1] x Y x H such that (5.10) holds, and

In(#Usy(w)) < In(#VY(w)) + Hs/2(K, H), (5.22)
ds (U57y1 (wl), Uv(;,y2 (LUQ)) S ds (Vyl (wl), Vy2 (LUQ)>. (523)

Proof. Applying Lemma 5.1 to the random compact set § — §KC with the un-
derlying space (0, 1], we construct a random finite set § — Us such that

d*(6KC, Us) < 6%, In(#Us) < Hsz/2(6K, H) = Hso(K, H).
It is straightforward to see that the random set

Usy(w)=0"t0Us + V¥(w) = {6 u+v:u e Us,ve V¥(w)}
possesses all required properties. O

As is clear from the proof, if V¥(w) does not depend on w for some y = yo,
then the random set Us,,(w) constructed in Lemma 5.5 is also independent
of w.

Proof of Lemma 5.4. Given a point A € II, we divide the rectangle II into four
smaller rectangles II; (see Figure 1). It is easy to prove that the functions

~ Area(Il;)

; = — <1<
6:(4) Area(TI) ’ 1=i=d

— )

(5.24)

possess the required properties. O

5We thank A. Iftimovici for the simple geometric argument proving Lemma 5.4.
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5.2 Image of random compact sets

Proposition 5.6. Let X and Y be Polish spaces, let (Q, F) be a measurable
space, let {Ky,w € Q} be a random compact set in X, and let ¥, : X - Y
be a family of continuous mappings such that, for any u € X, the mapping
w = Yy (u) is measurable from Q to Y. Then {¢,(K,),w € Q} is a random
compact set in'Y .

Proof. By Proposition 1.6.3 in [Arn98], a mapping w — K, from Q to the
family of closed subsets of X defines a random closed set if and only if there is
a sequence of random variables &, : Q — X such that K., = [{,(w),n > 1}]X.
Since K, is compact for any w € 2, we have

$ulKw) = Yo ([{6n(@),n > 1}] ) = (o ({&n(w),n > 11)],,
= [{¢w(fn(w))7n > 1}]Y'

It remains to note that 1, (£, (w)) are Y-valued random variables, and therefore
the right-hand side of the above relation defines a random compact set in Y. O

5.3 Kolmogorov—Centsov theorem

The Kolmogorov—Centsov theorem provides a sufficient condition for Holder-
continuity of trajectories of a random process. We shall need the following
qualitative version of that result, which is a particular case® of Theorem 1.4.4
in [Kun97].

Theorem 5.7. Let X be a Banach space and let {&,0 <t < T} be an X -valued
random process with almost surely continuous trajectories that is defined on a
probability space (2, F,P) and satisfies the inequality

E|& — §S||§f < Cplt =P forany t,s € [0,T], p>1, (5.25)

where C), > 0 is a constant not depending on t and s. Then for any v € (0,1/2)
there is a constant K, > 0 and an almost surely positive random variable t,
such that

[§0(w) = &s(w)llx < K|t =57 for |t — s| <ty (w), (5.26)
Et 9 <oo foranyq>1. (5.27)

Let us emphasise that we assume from the very beginning the continuity of
almost all trajectories of &, so that we do not need to modify our process.

Sketch of the proof. We repeat the argument used in Section 2.2.B of [KS91].
Without loss of generality, we can assume that 7' = 1. Let us fix any v € (0,1/2)
and introduce the events

on

O = {we Q:||&2n (W) = Eyyor @W)llx 2277}, Q= [ P,
k=1

6We need, however, the additional inequality (5.27), which is not mentioned in [Kun97].
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where n > 1 and 1 < k < 2™ It follows from (5.25) and the Chebyshev
inequality that
]p(lek)) < Cpg—np(l—%).

Summing up over k =1,...,2" we derive
P(Qn) < 27", ay, = —1 4 p(1 — 29).

Choosing p > 1 so large that o, > 0 and applying the Borel-Cantelli lemma,
we construct an almost surely finite random integer ng > 1 such that w ¢ Q,
for n > ng(w) and w € Q,,,—1 if no(w) > 2. In particular, we have

1€k y2n (W) = E—1yj2n (W)||x > 277" for n # no(w), k=1,...,2".  (5.28)

As is shown in the proof of Theorem 2.8 of [KS91, Chapter 2], inequality (5.28)
implies (5.26) with K, = 2/(1 —277) and ¢y = 27™°. Thus, the theorem will
be proved if we show that E 29" < oo for any ¢ > 1.

To this end, note that {ng = m} C Q,,—1 for any m > 2. It follows that

29" < 29 4 Z 29mP(Q,, 1) < 274 C, Z gam—ap(m—1)
m=2 m=2

Choosing p > 1 so large that oy, > ¢, we see that the series on the right-hand
side of the above inequality converges. O

Note that one can rewrite (5.26) and (5.27) in the form
1€6(w) = &s(W)llx < Gy (W) [t =] t,5 € [0,T],

where C, is a random variable with finite moments. We now apply the above
result to establish a time-regularity property for the process U defined in the
beginning of Section 4.2.

Proposition 5.8. For any v € (0,1/2) and any T > 0 there is a random
variable Cy 7 > 0 all of whose moments are finite such that

U@ —U(s)|le < Cyrlt—s|" fort,se[-T,T). (5.29)

Proof. In view of the remark following the proof of Theorem 5.7, it suffices
to check that U satisfies inequality (5.25) with [0, 7] replaced by [T, 7] and
X = H'. Since U is stationary, we can assume that s = 0. Equation (4.8)
implies that

Ut) — U(0) = /O aAU(r) dr + C(8),

whence, applying the Holder inequality, it follows that
t P
0@ - v < 2l ( [ adulBar )+ e
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Using (4.10), we see that the mean value of first term on the right-hand side
can be estimated by C|t|P. Thus, the required inequality will be established if
we show that

E (I3 < Gyt (5.30)

To this end, we note that [|([|3 = > ¢5B2(t), where ¢; = bjA;. The mono-
tone convergence theorem and the Burkholder inequality (see Theorem 2.10
in [HH80]) imply that

n P n 2p
E ()% - lgn;oE(Zc?/ﬁ(t)) <0y lim B[S 6,80
Jj=1 j=1
_ nl;n;(\t|20> < C5(p) P,
j=1

where we used the fact that 3, c;3;(t) is a zero-mean Gaussian random vari-

able with variance ¢ ; cf This proves (5.30) and completes the proof of the
proposition. O
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