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Abstract. We present a number of results concerning large-time qualitative be-
havior of solutions for high-order hyperbolic equations and first-order hyperbolic
systems. We discuss the properties of exponential stability and exponential di-
chotomy, construction of stable, unstable, and center manifolds, Grobman—Hartman
type theorems on linearization of the phase portrait, and existence and uniqueness
of time-bounded and almost periodic (AP) solutions.

0. Introduction. The aim of this article is to present, without proof, a number of
results of the authors on qualitative behavior of solutions for linear and nonlinear
hyperbolic PDE’s. To be precise, let us consider the scalar equation

P(t,x, Dy, D )u(t,z) = f(t,x), (t,2) € R" L, (0.1)

where Dy = —id/0t, D, = —id/0z, and P(t,z,D;, D,) is a strictly hyperbolic
operator of order m with smooth coefficients. As is known (see [15, 11, 7, 4]), the
Cauchy problem for Eq. (0.1) is well-posed: for any continuous function f(¢,-) :
[0,00) — L%(R?) there is a unique solution u(t,z) for (0.1) that satisfies the initial
conditions ‘

D}u(0,z) = uj(z), j=0,....,m—1, (0.2)
where u;(x) are given functions belonging to appropriate functional classes. A
natural question arises: what is the rate of growth of solutions as t — +00?

In the case of equations with constant coefficients, an answer to the above ques-
tion is given in terms of the characteristic roots of the full symbol P(7,£) and the
rate of growth of the right-hand side of the equation. For instance, if the L?-norm
of f(t,-) can be estimated by e #! as t — 400 and the roots of the polynomial
P(7,€) in 7 lie above the line Im 7 = p and are separated from it, then any solution
of the Cauchy problem grows at +o0o no faster than e=#*. This result admits a
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generalization to case in which some of the characteristic roots lie in the half-plane
Im7 < p. More exactly, to single out a unique solution growing at +oco no faster
than e™#!, we need to impose as many initial conditions as the number of char-
acteristic roots lying above the line Im7 = u (see Section 4). These two results
are simple consequences of a representation of solutions of equations with constant
coefficients as contour integrals. Roughly speaking, one of the main results of this
paper is that similar assertions are true for linear and nonlinear perturbations of
hyperbolic equations (and systems) with constant coefficients. We also discuss the
behavior of solutions in the neighborhood of a stationary point and construct time
bounded and almost periodic solutions of nonhomogeneous problems.

We note that there is a substantial difference between the Cauchy problem for
hyperbolic PDE’s and the problem of their solvability in spaces of functions with
given exponential rate of growth as time goes to infinity. Namely, the former
contains a natural large parameter—the rate of growth of solutions at infinity—
and is solvable for sufficiently large values of this parameter, whereas the latter has
no “natural large parameter,” and this is the main reason why we have to confine
ourselves to the case of small perturbations of equations with constant coefficients.
Examples show that in the general case qualitative properties of solutions described
in this paper cannot be expressed only in terms of the characteristic roots of the
symbol.

The properties of solutions discussed here in the case of hyperbolic PDE’s were
studied earlier for different classes of ordinary and partial differential equations.
In particular, for the case of ODE’s, many results on exponential stability and di-
chotomy, time-bounded and almost periodic solutions, stable, unstable, and center
manifolds, and the phase portrait in the neighborhood of a stationary point can
be found in [1, 5, 9, §]. Similar questions for abstract evolution equations with
infinite-dimensional phase space are investigated in [2, 13, 12] (see also references
there). Application of these results to hyperbolic PDE’s leads, as a rule, to the
rather restrictive condition that the principal symbol has constant coefficients. We
refer the reader to our papers [17]-[23] for further references concerning qualitative
theory for hyperbolic equations and systems.

This paper deals with high-order scalar equations and first-order systems. As
far as the Cauchy problem is concerned, the results in these two cases are almost
identical, although the methods of proofs differ essentially. On the other hand,
the qualitative behavior of solutions for scalar equations admits more complete
description, and as a rule, we first discuss the case of systems and then indicate
generalizations for scalar equations.

The paper is organized as follows. In Section 1, we consider two simple examples
and use them to reveal the main difficulties arising in the general theory. In the
second section, we recall well-known results on solvability of the Cauchy problem
for linear and nonlinear hyperbolic PDE’s. Section 3 is devoted to energy estimates
for solutions of linear equations. In Section 4, we discuss qualitative properties of
solutions for linear equations and systems. Finally, Section 5 deals with nonlinear
problems.

We note once again that this paper is a survey of the theory developed by the
authors over the last five years, and the emphasis here is on the main ideas only.
We refer the reader to [17, 18, 19, 20, 21, 23] for rigorous (and rather involved)
proofs of the theorems presented in this survey.
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Notation. We denote by ¢t € R and = = (z1,...,z,) € R™ the time and space
variables, respectively, and by 7 € C and £ = (&1, ...,&,) € R™ their dual variables.
To shorten the notation, we set y = (t,z) and n = (7,£). Let 0 = (0, 0,) and
D = (Dy,D,) = (—i0, —i0z).

Let J C R be a closed interval, let X be a Banach space, let 91 C R be a
countable module, and let © C R? be an open set. We will use the following
function spaces.

H®) = H®)(R™) is the Sobolev space of order s with scalar product

(o) = [ T+ I

where w(§) is the Fourier transform of the function w(z). We denote by || - ||(s) the
corresponding norm.

Cg°(92) is the space of infinitely smooth functions on (2 that are bounded together
with all their derivatives.

C(J,X) is the space of continuous functions on J with range in X.

Cy(J, X) is the space of bounded functions f € C(J, X).

C°(R, H>)) is the space of functions u(t, ) such that &/u € Cy(R, H®)) for
any nonnegative integers j and s.

L'(J, X) is the space of Bochner-measurable functions f(¢): J — X such that

£l ) = / /(D) xdt < oo,

L .(J,X) is the space of Bochner-measurable functions f(t): J — X such that
Ilfllz1(z,x) < oo for any finite interval I C J.

AP(X,9) (accordingly, LAP(X,9M)) is the space of Bohr (Levitan) almost
periodic functions on R with range in X whose module of Fourier exponents is
contained in 9.

We will use the same notation for spaces of scalar and vector functions.

1. Two examples. The aim of this section is to consider two simple examples
modeling hyperbolic equations and systems and to reveal the main difficulties aris-
ing in the general theory. We begin with a high-order ODE and study some qual-
itative properties of its solutions. We next turn to a fully nonlinear perturbation
of the damped Klein—Gordon equation and show that the qualitative behavior of
its solutions is similar to the case of an ODE with stable characteristic roots. The
results presented in this section are illustrations of those discussed in §§3-5 for
hyperbolic equations and systems.

1.1. Ordinary differential equations. Let us consider the linear ODE
P(Dy) +eQ(t, Dy)u=0, teR, (1.1)

where D; = —id/dt, e € C is a small parameter, and P(7) and Q(¢,7) are poly-
nomials in 7 of degree m > 1 with constant and bounded continuous coefficients,
respectively. Let us assume that P(7) # 0 for Im 7 = 0 and denote by m4 and m_
the number of roots for P(7) that belong to the half-planes Im7 > 0 and Im 7 < 0,
respectively.

Consider the Cauchy problem for (1.1):

Dlu(0)=u; €C, j=0,...,m—1. (1.2)
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Theorem 1.1. Under the above conditions, there are positive constants C, g9 and p
and subspaces E¥,|E= C C™, depending on e, such that the following assertions hold
for |e| < eo.
(i) A wector [ug, ..., um—1] € C™ belongs to E* if and only if the solution u(t)
of the problem (1.1), (1.2) satisfies the inequality*
m m—1
S IDIu(®) < Cem Y " fuyl, £t > 0. (1.3)
Jj=0 Jj=0

(ii) The phase space C™ can be represented as the direct sum

C"=E"+E".
(iii) There are constants rjik(e) eC™ j=mg,...,m—1,k=0,...,my—1, such
that
my—1
E* = {[uo,...,uml] eC”:u; = Z rﬁ(e)uk, j=mgy,...,m— 1}. (1.4)
k=0

If properties (i) and (ii) hold, then one says that Eq. (1.1) possesses the property
of exponential dichotomy. In the particular case when m_ = 0, the solutions of (1.1)
are exponentially asymptotically stable as t — +o00. Similarly, if m4 = 0, then the
solutions are exponentially stable as t — —o0.

Proof. We will only give the main ideas of the proof. For simplicity, we assume
that the polynomial P(7) has simple roots.

Step 1. We first consider the case when € = 0 and P(7) # 0 for Im7 <0, i.e.,
all the roots of P(7) are stable and lie above a line Im7 = ¢ > 0. In this situation,
an explicit formula for solutions of (1.1), (1.2) implies that

k m—1
> IDIu(t)| < Cre ™Y fuyl, >0, (1.5)
Jj=0 Jj=0
where k > 0 is an arbitrary integer. It follows that the operator P(D;) possesses
Green’s function that is zero for + < 0 and decays as et for t > 0 together with
all its derivatives.
For © > 0 and an integer k > 0, we denote by C/’j(RJr) the space of k times
continuously differentiable functions h: R} — C such that
k .

Z |Dh(t)| < const e, t>0.

j=0
In the case k = 0, we drop the corresponding superscript from the notation. What
has been said implies that for any f € CI’j (R), where 0 < p < o, the problem

P(Dyu= f(t), Diu(0)=0, j=0,....,m—1, (1.6)

has a unique solution u € C}f*m (Ry).
Furthermore, using an explicit formula (in terms of Green’s function) for solu-
tions of the inhomogeneous equation

P(Di)u = f(t), (1.7)
Here and henceforth, a formula involving the indices & and F is a brief notation for the two

formulas corresponding to the upper and lower signs. When referring to the formula with upper
(lower) sign, we will use a number with subscript + (—).
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it is not difficult to show that if P(r) # 0 for Im7 > 0, then Eq. (1.7) with

right-hand side f € Cﬁ (Ry), > 0, has a unique solution in the space C’ﬁ*’m (Ry).

Step 2. We now assume that P(7) has roots in both upper and lower half-planes.
Denoting by Tji, j=1,...,mq, the roots lying in the half-plane +Im7 > 0, we
can represent the solution of (1.1) in the form (recall that e = 0)

w(t) = up(t) +u_(t), usr(t)= Z cf exp(rjit). (1.8)

It is clear that uy(t) decays exponentially as ¢ — +o00. Moreover, if u_ # 0, then
u_(t) grows exponentially as ¢ — +o0o. Therefore, if a solution of (1.1) decays as
t — 400, then u_ must be zero identically. Hence, a solution of (1.1) that decays
exponentially on the positive half-line depends on m arbitrary constants c;r. Thus,
to single out such a solution, we need to impose m, initial conditions. Simple
calculations show that it suffices to specify the values of a solution and its first m —
1 derivatives at zero:

Dlu(0) =uj, j=1,...,my. (1.9)

The higher-order derivatives of u(t) at zero can be expressed as linear functionals
of [uog, ..., um, —1]:

m+71

Dlu(0)= > rhur, j=my,...,m—1, (1.10)
k=0

where r;fk € C are some constants. Defining ET by formula (1.4,) in which r;.rk (e) =
r;rk, we see that [ug, ..., Um,—1] € ET if and only if the solution of (1.1), (1.2) decays
exponentially as ¢ — +00. The subspace E~ can be constructed in a similar way.

The fact that C™ can be represented as the direct sum of E* and E~ follows easily
from (1.8).

Step 3. We now consider the general case. Let us rewrite (1.1) in the form
P~ (D) PT(D¢)u +eQ(t, Dy)u =0, (1.11)

where P~ (1) and P*(7) are polynomials corresponding to the roots of P(7) that
belong to the half-planes Im7 < 0 and Im 7 > 0, respectively. We claim that, for
le] < 1, Eq. (1.11) has a unique solution decaying exponentially as ¢ — +oo and
satisfying the initial conditions (1.9).

Indeed, let v (t) be the solution the equation P*(D;)u = 0 supplemented with
the initial conditions (1.9). Clearly, it belongs to the space C*(R,), where o > 0
is the constant in inequality (1.5). We fix an arbitrary pu, 0 < p < o, and seek a
solution of (1.11), (1.9) in the form

u(t) = vy (t) + (GTGRh)(1), (1.12)

where h € Cy(Ry) is an unknown function, G* : ' (Ry) — C'(Ry) is the
resolving operator for the problem (1.6) with m = m, and P = P, and G~ :
Cu.(Ry) — C;' (R4) is the resolving operator for (1.7) with P = P~. It is clear
that u(t) satisfies (1.9).

Substitution of (1.12) into (1.11) results in

h+eBh = —eQ(t,Dy)vy, B=Q(t,D)GTG™. (1.13)
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The operator Q(t,d;)GTG™ is bounded in the space C,(Ry ), and the right-hand
side of (1.13) belongs to C},(R4). Thus, for sufficiently small € € C, Eq. (1.13) has
a unique solution, which can be represented as a Neumann series.

We have thus constructed an exponentially decaying solution u(t) of the prob-
lem (1.1), (1.9). The higher-order derivatives of u(t) at zero can be expressed as
linear functionals of the initial data (cf. (1.10)):

m+71

Dlu(0) = Z r;rk(s)uk, j=m4,...,m—1.
k=0

It is not difficult to show that r;rk(s) = r;fk + sq;fk(s), where r;fk are the constants
in (1.10) and qﬁ(s) are uniformly bounded functions of € € C, |¢| < 1. Defining E*
by (1.44), we can easily verify assertions (i) and (iii) in the case of index +.
Similar constructions can be carried out for solutions on the negative half-
line R_. The fact that C™ is representable as the direct sum of ET and E~ follows
from a similar property in the case of constant coefficients and some simple pertur-
bation arguments. [l

The scheme used in the proof of Theorem 1.1 can be applied to construct stable
and unstable subspaces for linear hyperbolic equations of the form

P(D)u+eQ(t,z,D)u =0, (t,x) € R"*. (1.14)

However, there is a substantial difference between ODE’s and hyperbolic PDE’s. To
show it, we denote by P*(D) and P~ (D) the operators corresponding to the roots
of P(r,&) that lie in the upper and lower half-planes, respectively, and rewrite (1.14)
as

P (D)PT(D)u+eQu=0, Q=Q(t,z,D). (1.15)

Now note that, to represent the solution of (1.13) as a Neumann series, we used
the fact that operators Pt (D;) and P~ (D;) are of order m and m_, respectively,
and the inverse operators G* “gain” m+ derivatives. In the case of a hyperbolic
PDE, one derivative is lost, and the inverse of P gains only m+ — 1 derivatives.
Therefore, if we retain the same notation for analogs of v, G*, and G~ in the case
of Eq. (1.15) and seek its solution in the form (1.12), we obtain (cf. (1.13))

h+eBh=—eQuy, B=QG"G™. (1.16)

Since ord @ = m, the operator B is now of order 2, and the formal Neumann series
diverges because of the loss of smoothness.

To overcome the above difficulty, we need to refine representation (1.15), so that
the remainder term (i.e. @) has order m — 2. This idea can be realized in the
case of linear equations (see [21]), and the corresponding result is formulated in
Section 4.2.

The case in which the operator @ in (1.14) is a nonlinear function of u and
its derivatives up to order m is even more difficult. To handle this case, we used
Petrovskii’s idea for reducing a fully nonlinear equation to a system of quasilinear
equations (see [20]). The main ingredients of Petrovskii approach are presented
in the next subsection, using the example of a fully nonlinear perturbation of the
damped Klein—Gordon equation.
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1.2. Nonlinear perturbations of the damped Klein—Gordon equation. Let
us consider the problem

Ofu+ 0 — (A — Du+eQ(e,t,2,0°u) =0, t>0, z€cR" (1.17)
u(0,2) = up(x) € HETV(R™),  8,u(0, ) = ui(z) € H® (R"), (1.18)

where v > 0 is a constant, ¢ € [—1,1] is a small parameter, s > 0 is an integer,
9? is the set of all partial derivatives up to the second order, and @ is a smooth
function of its arguments. More exactly, we assume that the function Q(e,t,z, p),
which is obtained from the operator Q(e,t,x,8%u) on replacing the set of partial
derivatives 9%u = (0%, |a| < 2) by the variables p = (pa,|a| < 2) € R?, belongs
to the space Cp°([—1,1] x Rf;’fl x B) for any closed ball B C R? and satisfies the
relation Q(e,t,x,0) = 0. Under these conditions, we have the following result:

Theorem 1.2. For sufficiently large integers s > 0 and an arbitrary R > 0 there
is €0 = €o(s, R) > 0 such that for any initial functions ug € HHY) and uy € H®)
satisfying the condition

luoll(s+1) + [[walls) < R (1.19)
the problem (1.17), (1.18) has a unique solution u(t,x) such that
dlue Cy(Ry, HET1=D) 5 =0,... s+1. (1.20)
Moreover, there are positive constants o0 = o(s, R) and C = C(s, R) such that
s+l
S 107t Mosa—s) < Ce (luollosny + llutll ), t20.  (1.21)
3=0

Proof. We will only give the main ideas of the proof, which consists of the following
three steps:

1. A priori estimates for solutions of the problem (1.17), (1.18) in the case
when @ is a linear differential operator:

Qe t, x, 82u) =Q(e, t,x,0)u = Z qa (e, t, x)0%u; (1.22)

laf <2

2. Reduction of the fully nonlinear equation (1.17) to a quasilinear system;
3. Construction of a solution of the reduced problem, using the Leray—Schauder
fixed point theorem and a priori estimates of Step 1.

Steps 1 and 3 will only be sketched, since they are rather well-known, whereas
Step 2 will be discussed in more details.

Step 1. We assume that the operator @) has the form (1.22) and rewrite Eq. (1.17)
as

OPu+you — (A — Du+¢ Z qa(g,t,2)0% = 0. (1.23)
|| <2

The main observation is that for any integer s > 0 the solution of (1.23), (1.18)
satisfies inequality (1.21), where o and C are positive constants depending on s and
some appropriate norms of the coefficients ¢,. The proof of this assertion in the case
of linear high-order hyperbolic operators is based on Leray’s separating operator
technique. In the case of second-order equations, the corresponding argument is
rather simple, and we will now establish (1.21) for s = 0.

Let us fix sufficiently small A > 0 and set

E(t,u) == ||0wu||® + |[Vul|® + |Jul® 4+ 2X(0su, u),
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where || - || and (-,-) are the norm and scalar product in L?(R"). It is clear that,
for sufficiently small A > 0, the functions E(t,u) can be estimated from below and
from above by the expression ||0;ul|? + ||u||?. Taking the scalar product of (1.23)
and 2(9; + A)u and performing some simple transformations, we obtain

O E(t,u) + AE(t,u) + 2e(Q(e, t, -, 0)u, (O + Nu) =
= — (27 = 3N 0wul* = M Vul* = AlJul]® = A2y = 1)(u, u).  (1.24)

The right-hand side of (1.24) is nonpositive for 0 < A < 1. Moreover, it is not
difficult to show that the third term on the left-hand side can be represented in
the form 5(8tF1 (t,u) + Fa(t, u)), where I} and F5 are some quadratic forms with
respect to u that can be estimated from above by E(t,u). Therefore, for sufficiently
small € > 0, the required estimate (1.21) with o = A/4 and s = 0 follows from the
Gronwall inequality.

To establish (1.21) for s > 1, it suffices to apply the above argument to equations
resulting from differentiation of (1.23) with respect to ¢ and x.

Step 2. We follow Petrovskii’s argument [15] to reduce the problem (1.17), (1.18)
to a quasilinear system.

Let us set

where z = (¢,t,2), dy = 0, and 9; = 0, for j = 1,...,n. Differentiating (1.17)
with respect ¢ and x;, we obtain the following system for the functions v; = d;u,
1=0,...,n:

PO)i+e Y qalz,0°u)0; +Qi(z,0%u) = 0. (1.25)
| <2
Let By,..., B, be some sets of multi-indices of length < 1 such that
&% = (830 (Dow), . ..,0Pn (8nu),u) = (830110, .., 0P, u), (1.26)

where we used the notation 9% = (9°,8 € B;). Replacing 9%*u in Eqgs. (1.17)
and (1.25) by the right-hand side of (1.26) and setting vp,4+1 = u, we obtain the
following system of n + 2 quasilinear equations of the second order for the vector
function V' = [vo, ..., Upy1]:

P)i+e Y qa(z,0°V)0%; +£Qi(2,0°V) =0, i=0,...,n,  (1.27)
le|<2
P(0)vns1 +€Q(2,0%V) =0, (1.28)
where we set B = (By, ..., B,) and 08V = (9P°vy, ..., 05" v, vp11).
Let us consider the Cauchy problem for system (1.27), (1.28):
v;(0,2) = vio(z), O (0,z) =vi1(x), i=0,...,n+1 (1.29)
We will say that the set of initial functions (v;p,v;1) satisfies the compatibility
condition if
Vo0 = Un+1,15  Ujo = OjVUn41,0, Yj1 = OjUny1,1, J=1,...,n,
Vo1 + YVoo — (A — 1)vn+170 =+ 6@(5, 0, x, (83‘/)(0,33)) =0.
Roughly speaking, the above relations mean that the initial conditions for v;, j =

1,...,n, are obtained by differentiation of (1.18), and Eq. (1.17) is satisfied for
t=0.
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The proposition below establishes link between the problems (1.27)—(1.29) and
(1.17), (1.18). (To simplify the presentation, we do not give exact formulation.)

Proposition 1.3. Suppose that vn11,0 = uo and vp41,1 = w1 and that the ini-
tial functions (vip,vi1) satisfies the compatibility condition. Then for any smooth
solution V. = [vg,...,vn41] of (1.27)—(1.29) the function u = v,41 is a solution
of (1.17), (1.18).

For the proof of this assertion in the case of general hyperbolic systems, see [15];
the case of almost periodic solutions is analyzed in [20].

Thus, it suffices to construct a solution for (1.27)—(1.29), and this is done in the
next step.

Step 3. Let us take an arbitrary smooth vector function V= [Dgy .-, Unt1] and
denote by V' = [vg, ..., vp+1] the solution of the linear system
POwit+e Y qalz,0%V)0%; = —£Qi(2,0°V), i=0,...,n,
| <2

P(a)anrl = _EQ(Zaan)a

supplemented with the initial conditions (1.29). The function V is well-defined for
sufficiently small €. It is not difficult to choose a compact convex set B in the
space of exponentially decaying smooth functions, with an appropriate topology,
such that the operator F : V — V is continuous from B into itself. In view of
the Leray—Schauder theorem [16, Theorem V.19], the operator F has a fixed point,
which is the required solution of (1.27)—(1.29). O

2. Hyperbolic equations and systems: Cauchy problem. In this section, we
recall some important results on well-posedness of the Cauchy problem for linear
and nonlinear hyperbolic equations and systems. We will use the same notation for
spaces of scalar and vector functions; the context will tell us which space is meant.

2.1. High-order hyperbolic equations. We begin with the case of linear equa-
tions. Let us consider the problem

P(y, D, DJu= Y pa(y)DfoDu=f(y), y=(tx) eR™,  (21)
la|<m

Dlu(0,z) = uj(z), j=0,....,m—1, (2.2)

where a = (g, '), and p, (y) are smooth functions, bounded together with all their

derivatives. We assume that the operator P(y, D) is uniformly strictly hyperbolic,

i.e., the coefficient of D} is identically equal to 1, and the roots Tf(y,f), j =
1,...,m, of the principal symbol

Py, 7€) ==Y paly)T™€”
|a]=m

are real and satisfy the inequalities

170(y, &) — R (W, )| > 5¢], j#k, (3,6 e Ry xRE,

where > > 0 is a constant not depending on (y, £). The proof of the following result
on well-posedness of the Cauchy problem for strictly hyperbolic equations can be
found in [15, 11, 7, 4].
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Theorem 2.1. For any s € R, any right-hand side f € L%OC(R, H(S)), and an arbi-
trary set of initial functions u; € Hm=1573) §=0,....,m—1, the problem (2.1),
(2.2) has a unique solution u(t,x) that satisfies the inclusions

Diue C(R,HM1+5=0y  j=0,...,m—1. (2.3)

Moreover, for any T > 0 we have the estimate

m—1 m—1
Z | Dfult, M m-14s—5) < C(Z sl m—1+4s-7) + ”f”Ll(JT,H(S)))’ It <T,
=0 =0
(2.4)
where Jp = [=T,T], and the constant C = C(s,T) > 0 does not depend on f

and uy;.

The Cauchy problem is also well-posed for nonlinear strictly hyperbolic equa-
tions, although the existence can only be guaranteed on a sufficiently small time
interval. For simplicity, we will formulate the corresponding result for small non-
linear perturbations of Eq. (2.1). More exactly, let us consider the equation?

P(y, 01, 0p)u +eQ(e,y,0™u) = f(y), y=(t ), (2.5)
where 0 = (0¢, 0;), ™ is the set of all partial derivatives of order < m, P is a strictly
hyperbolic operator of order m, and € € [—1, 1] is a small parameter. Concerning the
nonlinear term, we assume that the function Q(e, y, p), obtained from the nonlinear
operator Q(e,y, 0™u) on replacing the partial derivatives 0™u = (0%u, |a| < m) by
the variables p = (pa, la| < m) € R?, belongs to the space Cg°([—1,1] x RpT x B)
for any closed ball B ¢ R%. Moreover, Q(e,y,0) = 0. We have the following result
(see [15, 3]).

Theorem 2.2. Under the above conditions, for any sufficiently large integer s > 0
and an arbitrary R > 0 there are positive constants €9 = €o(s, R) and T = T(s, R)
such that the following assertion holds: for any right-hand side f(t,x) satisfying
the conditions

8tf S C([_Ta T]7 H(Sik))v sup ||8ff(ta )H(sfk) < Ra k= 0; EEEED (26)
[t|<T

and any set of initial functions

U’] € H(m—1+8—j)7 ||uj||(m71+57j) S Ra .] :07"'am_17
the problem (2.5), (2.2) has a unique solution u(t,x) defined on (—T,T) and satis-
fying the inclusions

dlue C((-T,7), Hm =), j=0,....m—1+s.

2.2. First-order hyperbolic systems. We now turn to the first-order linear sys-
tem

P(y,D)u := Dyu — P(y, D)u = f(y), y=(t,x) € R"" (2.7)
where D = (D¢, D), P(y,D,) is an m x m matrix of first-order operators with
coefficients in Cp°(Ry*!). Let P%(y,&) be the principal symbol for P(y, D,). We
recall that P is said to be strongly hyperbolic if the two properties below hold for
all (y,w) € RPFT x ¥,

2In our study of nonlinear equations we write the derivatives 9 = (94,9, ) without the complex
factor —i, because all the functions here are assumed to be real-valued. In this case, the symbol
of an operator is obtained on replacing the derivatives 9; and 9z by i7 and i€, respectively.
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(a) the matrix P°(y,w) has elementary divisors of degree no higher than 1, the
number of coinciding elementary divisors does not depend on the choice of
the point (y,w);
(b) the characteristic roots TJQ (y,w), j =1,...,m, of P°(y,w) are real.
The class of systems satisfying properties (a) and (b) was introduced by Petro-
vskii [15]; the term strongly hyperbolic is taken from [10].

The above properties imply, in particular, that the number of pairwise distinct
roots of P°(y,w) and their multiplicities do not depend on (y,w). Let us denote
these roots by o;(y,w), j =1,...,1. We say that P is uniformly strongly hyperbolic
if

|0j(y,w) —on(y,w)| > 5 for (yw) ERYF' x Ty, j#K  (28)
where 3¢ > 0 does not depend on (y,w).

Let us consider the Cauchy problem for a uniformly strongly hyperbolic system
of the form (2.7):
where ug € H(*). The result below can be derived using the methods of [10, 4].

Theorem 2.3. For any s € R, any right-hand side f € Llloc(R,H(s)), and an
arbitrary initial function ug € H®) the problem (2.7), (2.9) has a unique solution

u(y) € C(R, H®), which satisfies the following inequality for any T > 0:
lu(t, sy < Clluollsy + 1 Fllrr men)s < T, (2.10)

where Jp = [=T,T), and the constant C = C(s,T) > 0 does not depend on f
and ug.

Finally, we consider a quasilinear perturbation of (2.7):

81‘,“_P(yaam)u_EQ(€ayvuaam)u: f(y)a (2'11)

where ¢ € [—1,1] is a small parameter and Q(e,y,u, ;) is an m x m matrix of
first-order linear operators with smooth coefficients that depend on ¢, ¢, x, and u.
In contrast to strictly hyperbolic equations, strongly hyperbolic systems are not
stable under small perturbations. Therefore, to ensure that the Cauchy problem is
well-posed for (2.11), we have to require that the perturbed (nonlinear) operator
P + eQ be strongly hyperbolic. Namely, we assume that the matrix function P; :=
P(y,iw) +eQ(e, y, u, iw) satisfies conditions (a) and (b) for all (¢, y,u,w) and that
the pairwise distinct roots of P. are separated from one another uniformly with
respect to € € [-1,1], y € R w € ¥, 1, and u € B, where B is an arbitrary
bounded ball in R (cf. (2.8)).

Under the above conditions, we have the following theorem on existence and
uniqueness of solutions. Its proof can be carried out using the results in the linear
case and some standard fixed point arguments (for instance, see [15, 3, 10]).

Theorem 2.4. For any sufficiently large integer s > 0 and any R > O there are
positive constants g = €o(s, R) and T = T(s, R) such that the following assertion
holds: for any right-hand side f(t,x) satisfying (2.6) and any initial function

ug € H(S); ||UOH(5) S R7
the problem (2.11), (2.9) has a unique solution u(t,x) defined on (—T,T) and sat-
isfying the inclusions

due C((-T,7), H*), j=0,...,s
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3. Energy estimates. In this section, we present some energy estimates that serve
as a basis for analysis of linear equations and systems. We begin with the case of
stable characteristic roots and show that a two-sided estimate for an appropriate
quadratic form related to the problem in question implies the exponential decay
of solutions for homogeneous equations. We next turn to the case when there are
both stable and unstable roots. The proofs of the energy estimates presented here
can be found in [17, 18]. We conclude this section by some examples to which the
results can be applied.

3.1. The case of stable characteristic roots. We begin with the case of scalar
equations of the form

P.(y,Dyu = P(D)u+eQ:(y, Dyu = f(y), y=(t,z) eR"™,  (3.1)

where D = (Dy, D), € € [—1,1] is a small parameter, P(D) is a strictly hyperbolic
operator of order m with constant coefficients, and Q.(y, D) is an operator of
order m with real principal part. We will assume that the coefficients of ()., which
are functions of (e,y), belong to the space Cg°(R™1). The fact that we restrict
ourselves to small perturbations of an operator with constant coefficients is essential:
counterexamples show that for general hyperbolic equations the results are no longer
true.

We note that the class of strictly hyperbolic operators is stable under small
perturbation by an operator with real principal part, and therefore the operator P.
is also strictly hyperbolic. Thus, the Cauchy problem is well-posed for (3.1).

Our first result concerns the case of stable characteristic roots. More exactly, we
assume that the following condition is satisfied:

Condition 3.1. There is § > 0 such that
P(r,6) #0 for (Rer, &) € R™™ ImT <4, (3.2)
where 7 and £ are the variables dual to ¢ and z, respectively.

For any two operators R;(y, D), i = 1,2, a function u(y), and real numbers s € R
and p > 0, we set

TR Ry (U 1) = / L DRy (0, D)u(6, ), Ro(6. - DYu(0, e b (3.3)

— 00

We also introduce the seminorm
t

E?nfl,s,u(qh R_ (t)) = Erznfl,s(ua t) + / e—2/t(t—9)E;71’8(u7 9) dav (34)

— 00

where R_(t) = (—o0, t] and
m—1
Ep 1 o(ut) =Y IDIult, ) - 145 (3-5)
=0

Theorem 3.2. Under the above conditions, for any p, 0 < u < §, and sg > 0 there
are positive constants K and €y such that

KﬁlEfn—l,s,u(uﬂR* (t)) S Im Js_./L.Pg.R(U‘?t) S KE?n—l,s,/L(uﬂR* (t)), te R7
o (3.6)
where |e| < g, |s| < so, R(1,&) = —0-P(71,§) is the Leray separating polynomial,
and u € Cp° (]R,H(DQ)).
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Inequality (3.6) implies that
t
E2,_ ((u,t) < C sup||P-u(b, ')”(s)/ e 20(=0) || (6, Nl s) dO. (3.7)
’ o<t — 00

In particular, if P.u(t,z) = 0 for ¢ > 0, then the energy Efn_Ls(u, t) decays expo-
nentially as t — +o0.

A similar result is true for first-order hyperbolic systems with nearly constant
coefficients. Namely, let us consider the the problem

Pe(yv D)'LL = Dyu — Pe(ya Dm)u = f(y)a Yy= (ta {E) € Rn+1a (38)

where u is now a vector function with m components, e € [—1,1] is a small pa-
rameter, and P.(y, D,) is a strongly hyperbolic matrix operator whose coefficients
do not depend on t and x for ¢ = 0. We assume that P. satisfies the following
assumption (cf. Condition 3.1):

Condition 3.3. There is § > 0 such that
Im7;(e,y,&) >0 for (e,y,€) €[-1,1]x RZH xRY, j=1,...,m,
where 7;(e, y,€) are the characteristic roots of P.(y, §).

In contrast to scalar equations, an appropriate quadratic form for systems in-
volves pseudodifferential operators (?DQ’s), and we now introduce the necessary
class of symbols.

We denote by S7 the space of functions p(e,y,£) € C®([-1,1] x RZ“ x RE)
such that

sup |8?8§p(z,§)|<€>‘o‘|_j < oo for any multi-indices o and 3,
z€Q, (ER™
where z = (e,t,2), @ = [-1, 1] x R™1, (€) = (1 4+ [¢]*)/%, [¢* = (£,€), and ()
is the standard scalar product in R™. Let S7(m) be the space of matrix symbols
P(z,6) = Hpik(z,é)HTkzl whose elements belong to S7.

As was mentioned in Section 2.2, the class of strongly hyperbolic systems is not
stable under small perturbations. This results in that an analog of the operator
R(D) (see Theorem 3.2) is not a YDO with constant symbol. However, we can
choose it to be close to a constant symbol. More exactly, we say that a symbol
R(z,€) is nearly constant if it does not depend on (¢, z) for ¢ = 0.

For any R € S7(m), s € R, and p > 0, we set (cf. (3.3) and (3.4))

t

J;u,R(uv t) == / 672/1(7579) (R(97 ) DT)(PEU)(Ha ')a R(@, R DT)U,(G, '))sd97

—o0
t

2, (u, R () = [lu(t, )IIZ,) +/ e~ Dlu(g, )|, db.

— 00

We can now formulate an analog of Theorem 3.2 for first-order systems.

Theorem 3.4. Under the above conditions, for any &' < & there is a Hermitian
symbol R(z,€) € S%(m) depending on &' such that the following assertions hold:

(i) The symbol P*R? — R2P belongs to S°(m), and for all (z,£) € Q x R2, we
have

i(P*(2,€)R*(2,€) — R*(2,€)P(2,£)) > 26'R?(2,9),
M~ < R*(2,6) < MI,

where M > 1 is a constant depending on ¢§'.
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(il) For any p, 0 < p < &', and so > 0 there are positive constants K and o such
that
K168, (u,R_(t) <ImJ_, plu.t) < KE,(u,R_(t), teR, (3.9)
where |e| < eg, |s| < so, and u € CF°(R, H>)),
As in the case of scalar equations, the a priori estimate (3.9) implies the expo-
nential decay of solutions as ¢t — +oc.

3.2. The general case. We now turn to the case when there are both stable
and unstable characteristic roots. We begin with the case of scalar equations and
assume that the following condition is satisfied:

Condition 3.5. There is § > 0 such that
P(1,&) #0 for (Rer,&) € R™™ |Im7| < 4. (3.10)

Let m4 and m_ be the number of roots of the symbol P(7,£) that lie in the
half-planes Im7 > § and Im 7 < —4, respectively. Condition 3.5 implies that m
and m_ do not depend on £ and that P is representable in the form

P(Ta f) = P+(T7 f)P_(T, 5); (3'11)

where Py (P-) is a polynomial of degree m4 (m_) corresponding to the roots in
the half-plane Im7 > § (Im7 < —§):

Pi(r,&) =" + Y pr(&r . (3.12)
j=1

It is not difficult to show that pj[ (€) are smooth functions belonging to the class S7.
Let us set (cf. (3.3) and (3.4))

“+o0
I om0 t) = / e =0(R (8, -, DYu(6, -), Ra(0, -, D)u(8, ) db,
t

Ep—1,s(u) =sup Epn_1,s(u, ).
ter

Theorem 3.6. Under the above conditions, let

Ry(n) =—P-(n)0-Pr(n), R-(n)=—Pi(n)0-P-(n),

where n = (1,€). Then for any u, 0 < p < §, and so > 0 there are positive
constants K and g such that

K 'E;p14(u) < suﬂg Im(JS_%PaR+ (u,t)+J:}L7P€7R_ (u,t)) < K Ep—1,5(u), (3.13)
te

where || < o, |s| < so, and u € C3° (R, H>)).
It follows immediately from (3.13) that
Epo1s(u) < KSUPH(PEU')(ta')H(S)' (3.14)
teR
In particular, the homogeneous equations has no time-bounded solutions.

Finally, we consider a first-order system whose characteristic roots satisfy the
following assumption (cf. Condition 3.3):

Condition 3.7. There is § > 0 such that
[Im7j(e,y,8)| =6 for (e,9,8) € [-1, 1 xRy xRy, j=1,...,m. (3.15)
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For any R € S7(m), s € R, and p > 0, we set

“+o0
jSTM,R(u’ t) = / e—2/1.\f,—9| (R(aa ) DT)(PEU)(H; ')a R(Ha ) DT)U'(97 ))gde
t
The assertion below is an analog of Theorem 3.6 for systems.

Theorem 3.8. Under the above conditions, for any &', 0 < & < &, there are
nonnegative Hermitian symbols Ry(z,&) € S%(m) depending on &' such that the
following assertions hold:

(i) The symbols P*R3. — R3.P belong to S°(m), and for all (z,£) we have

i((P*(2,O)RY(2,6) — RY(2,6)P(2,€)) = 26' R (2,€), (3.16)
(P R (5,6) — B2 (5, OP(:,8) > 2R (5,6).  (3.17)

(ii) There is a constant M = M(6") > 1 such that
M7 T <RY(z,6) + R (2,§) <M. (3.18)

(iii) For any p, 0 < u < &', and so > 0 there are positive constants K and € such
that

K_l sup ||u(t7 )”%s) < Sup Im(jSTH,R+ (U, t) + JSJ,F/J,,R, (U, t)) <
teR teR

< Ksuplu(t, )|, (3.19)
teR

where |e| < eg, |s| < so, and u € CF°(R, H(>)),

3.3. Examples. We now construct some examples of hyperbolic operators satis-
fying Conditions 3.1, 3.3, 3.5, and 3.7.

Example 3.9. Let a > 0, b, and v be real constants and let ¢ € R™. Then the
operators

Py (D) = Dy + (¢,D;) —ib, Pyo(D) = Di —2iyDy — a*(|Dy|* + 1)

are strictly hyperbolic. Moreover, the root of the polynomial P, .(7,§) lies on the
line Im7 = b for any £ € R™, while the roots of P, ,(7,&) satisfy the inequality
|Im7 — 7| < /p < |v], where p = max{0,7* — a®}. Therefore, if b > 0 and v > 0,
then the operators Py (D) and P, (D) satisfy Condition 3.1.

Example 3.10. Taking products of the operators in the foregoing example, we can
construct high-order operators satisfying Conditions 3.1 and 3.5. Namely, let a; >
0, b5, v4, 3 = 1,...,k, be nonzero real constants, let ¢ € R", and let a; # a; for
j#1land |c] <aj for j =1,..., k. In this case the operators

k k
H Pajv’)’j (D)v Pb,c(D) H P(lj,’yj (D)
j=1 j=1

are strictly hyperbolic and satisfy Condition 3.5. Moreover, if the constants ;
and b are positive, then Condition 3.1 holds.

Ezample 3.11. Let m+ be positive integers and let P*(D) be strictly hyperbolic
polynomials of order m4 whose principal symbols have no common roots for & # 0.
For instance, if P(7,£) is a strictly hyperbolic polynomial of order m, then P* = P
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and P~ = 0. P satisfy this condition with my = m and m_ = m — 1. It is well
known that (e.g., see [17, Section 2.2]) there are real numbers v such that

PE(1,6) #0 for (Rer, &) € R™ +(Im7 — 1) < 0.
It follows that the operator

P(D) = PY(Dy+i(vyy —0),Dy) P~(Dy + i(y- — 0), Dy)
is strictly hyperbolic and satisfies Condition 3.5.

Example 3.12. The operators constructed in Examples 3.10 and 3.11 are products
of lower—order operators. The existence of strictly hyperbolic operators that satisfy
Condition 3.1 or 3.5 and do not admit such a factorization follows from the stabil-
ity of these conditions under small perturbations (see [17, Section 3.3]). Namely,
let P(D) be a strictly hyperbolic operator of order m for which (3.10) holds and
let Q(D) be an operator of the same order with real principal part. Then, for
sufficiently small real v, the operator P + v(@Q satisfies Condition 3.5.

Ezxample 3.13. Using arguments similar to those in Example 3.11, it is not difficult
to construct matrix operators satisfying Condition 3.3 or 3.3. For instance, let
P (t,z,D,;) and P=(t,z, D,) be first-order strongly hyperbolic matrix operators.
Then, as is known (see [18, Section 5.2]), the characteristic roots of their symbols
lie in a strip |[Im7| < 5. It follows that the matrix operator below is strongly
hyperbolic and satisfies Condition 3.7:

P6+ —Z(’}/+(5)I+ 0
0 P +i(y+9)I-

where I and I_ are identity matrices whose sizes coincide with those of P and P,
respectively.

4. Linear equations and systems: stability, dichotomy, and AP solutions.
In this section, we present a series of results on asymptotic behavior of solutions for
linear hyperbolic PDE’s. We begin with the case of stable characteristic roots and
study the solvability of inhomogeneous equations and systems on the positive or
negative half-line. We next turn to the case when there are both stable and unsta-
ble roots and investigate the property of exponential dichotomy for homogeneous
problems. Finally, we discuss the invertibility of hyperbolic operators in spaces of
time-bounded and almost periodic functions. As a rule, we will confine ourselves
to the case of systems, since for scalar equations the results are almost identical.

4.1. Exponential stability. Let us consider the inhomogeneous problem
Dyu — Pe(t,x, Dy)u = f(t, x), (4.1)
u(0, ) = up(x), (4.2)
where P.(t,z,D,) is a uniformly strongly hyperbolic matrix operator with nearly
constant coefficients (i. e., the coefficients do not depend on (¢, z) for ¢ = 0.) We
will need the following functional spaces.
Let R_ = (—00,0] and Ry = [0,00). For any real numbers p and s, we denote
by Fy [, (Re) and L, (R4 the spaces of functions u(y) € C(Ry, H®)) and f(y) €
LL (Ry, H®)), respectively, such that

loc
Fugpa(wRe) 1= sup (#flu(t, )s) < 00, Lagg(£,Ra) < oo,
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where, for any interval J C R, we set

Loga(£.T) = sup(e [ 17(6.:) ]t < o).
teJ [t t+1]NnJ

Theorem 4.1. Suppose that a strongly hyperbolic matrix operator P satisfies Con-
dition 3.3. Then for any sg > 0 and p < § there are positive constants €9 and C
such that the following statements hold for |e| < e¢ and |s| < so.

(i) For any right-hand side f € L1,/ (Ry) and initial function ug € H®) the
Cauchy problem (4.1), (4.2) has a unique solution u € F, (R} ), which satisfies
the inequality

lu(t, i) < Ce ™ (luolls) + Ls,py (£, [0,2]), ¢ > 1. (4.3)

In particular, the zero solution of the homogeneous equation is exponentially asymp-
totically stable as t — +o0.

(ii) For any right-hand side f € Ly, (R-), Eq. (4.1) has a unique solution
u € Fy [, (R_), which satisfies the inequality

ut, s < Ce "Ly (f,R2), t<0. (4.4)

In particular, the homogeneous equation has mo nontrivial solution bounded for
t<0.

A similar result holds in the case of scalar equations. See [17, Section 6] and [18,
Sections 2—4] for proofs.

We note that the zero solution of the homogeneous problem may be unstable
if the coefficients of the hyperbolic operator are not close to being constant. A
counterexample proving this observation is constructed in [17, Section 6.3].

4.2. Exponential dichotomy. We now consider the problem of exponential di-
chotomy (ED) for homogeneous problems. Let us begin with the case of systems.

Theorem 4.2. Suppose that a strongly hyperbolic matrix operator P satisfies Con-
dition 3.7. Then for any so > 0 and p, 0 < p < 9, there are positive constants g
and C and closed subspaces B (¢),E; () € H®) not depending on p such that the
following assertions hold for |s| < so and |e| < &o.

(1) A wvector function ug € H) belongs to BE(e) if and only if the solution of
the problem (4.1), (4.2) with f = 0 satisfies the inequality

u(t, )les) < Ce M ug||(5), £t > 0. (4.5)
(i1) The phase space H® can be represented as the direct sum
H® =E}(e) + E; (¢). (4.6)

Moreover, the norms of the projections in H'®) that correspond to the direct decom-
position (4.6) are bounded uniformly with respect to € and s.

For a proof of Theorem 4.2, see [18, Section 1].
We note that a similar result holds for strictly hyperbolic scalar equations:

P.(y,D)u := P(D)u+ eQ:(y, D)u =0, (4.7)
Dlu(0,2) = uj(zx), j=0,....,m—1, (4.8)
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Moreover, in this case the stable and unstable subspaces E} () and E; (¢) admit
an “explicit” description as graphs of some operators acting in the phase space

m—1
Em-1.:= [ H™ (R (4.9)
j=0
To formulate the corresponding result, we introduce some notations.

We first note that if P(7,£) is a strictly hyperbolic polynomial satisfying con-
dition (3.10), then there are ¢ > 0 and §; > 0 such that for |¢|] < &; the roots
of P.(y,7,&) lie outside the strip |Im7| < ;. Let my and m_ be the number
of roots in the half-planes Im7 > é; and Im7 < —§;, respectively. We have the
factorization (cf. (3.11) and (3.12))

Pe(yaTaf) :Pe+(ya7',€)Pe_(yaTa€)7 (410)

my
PEy, 7,0 =7+ pi(e,y, om0
j=1
where P. (P-) is a polynomial of degree my (m_) with roots in the half-plane
Im7 > 6; (Im7 < —471). It is a matter of direct verification to show that the
coefficients p; belong to S7.3
Let us denote by
m4—1
C.]:l:(57y)7-)€): Z c;%(}(57y’€)7-k7 j:mi)"')m_17
k=0
the remainder after division of 7/ by PE(t,z,,£). It is not difficult to see that
ey, €STF, j=ma, . om—1, k=0, ms—1

In particular, the ¥DO’s cﬁ(e,y,Dm) are continuous from H() to H =3tk for
any ¢ and ¢t. Recall that the energy E,,_1 s(u,t) of a solution for (4.7) is defined
by formula (3.5).

Theorem 4.3. Suppose that P(D) is a strictly hyperbolic operator of order m and
that Condition 3.5 is satisfied. Then for any so > 0 and u, 0 < p < 6, there are
positive constants g and C' depending on sg and p and continuous operators

Rﬁ(s) L glm—lts—h) H(m_l"'s_j), j=mg,....m—1, k=0,...,my — 1.
such that the following assertions hold for |s| < sg and |e| < ep.

(i) The energy Epy_1 s(u,t) of a solution of the Cauchy problem (4.7), (4.8) with
[uo, .. s um—1] € Ep_1,5 is bounded for £t > 0 if and only if

my—1
Uj = Z ,R'Jj;k(g)ukv jzmi,...,m—l. (411)
k=0
In this case, we have
m—1
Ep—_1s(u,t) < Ce It Z lwill m—14s—j), Ft=>0.
j=0

3This assertion is not quite accurate since in the definition of S7 it was assumed that the domain
of variation of the parameter ¢ is the interval [—1, 1]. Factorization (4.10) holds for |¢| < 1. The
above statement will be correct if we modify the definition of S7, assuming that e varies in the
interval [—e1,e1].
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(ii) The phase space Ey,_1 s can be represented as the direct sum
Ep-1,s = Er—:—l,s(‘g) + Er_n,—Ls(E)? (4.12)
where we set
Eifl’s(s) = {[uo, ..., Um—1] € Em_1s : relations (4.111) hold}.

Moreover, the norms of the projections in E,,_1 s that correspond to the direct
decomposition (4.12) are bounded uniformly with respect to € and s.
(iii) There are continuous linear operators

di(e) : HOmm ikl o gOmbs=i) o j—my o om =1, k=0,...,ms — 1,
whose norms are bounded uniformly with respect to € and s such that
,R’;tk (E) = C;‘tk(€7 Oa T, Da:) + Ed;tk (E)
For a proof of Theorem 4.3, see [21].

4.3. Hyperbolic operators in spaces of time-bounded and almost periodic
functions. We will confine ourselves to hyperbolic systems, since the results in the
case of scalar equations are exactly the same.

Let us introduce a linear manifold

Dy = {u € Cp(R,H®) : Dyu — P-(y, Dy)u € Cp(R, H®))} (4.13)
and consider the closed linear operator
P.: D, — Cy(R,HY), w— Dyu— P.(y,D,)u. (4.14)

Theorem 4.4. Under the conditions of Theorem 4.2, for any so > 0 there is
a constant €9 > 0 such that, for |s| < so and |e| < eo, the operator P. has a
continuous inverse whose norm is bounded uniformly in s and €.

A trivial consequence of Theorem 4.4 is the following result: if the coefficients
of the operator P.(t,z,D,) and the right-hand side f € Cy(R, H®)) are periodic
in time with period T' > 0, then, for sufficiently small e, Eq. (4.1) has a unique
periodic solution u € Cy(R, H®)).

Assertions similar to Theorem 4.4 hold true if the space Cy,(R, H®)) is replaced
by some spaces of almost periodic (AP) functions in time. To formulate the corre-
sponding results, we introduce some notations.

Let 9 = {A\x} C R be a countable module, i.e., a countable subset of the real
line that is a group with respect to addition. We assume that 9t does not coincide
with any set of the form {kX : k € Z}. Let us introduce a new metric on R by the
formula

dgm(tl, tg) = Z 2_k| exp(i/\k(tl — tg)) — 1|7 t1,to € R,
k=1
and denote by Rgy the set of real numbers endowed with the metric dgy.
Let X be a metric space and let f(t) € C(R, X). Since Rgn and R coincide in
the set-theoretic sense, f(t) can be regarded as a function from Rgy into X.

Definition 4.5. A continuous function f: R — X is said to be Bohr AP with
module contained in M if f(t) is a uniformly continuous function from Rgy into X.
The space of these functions is denoted by AP(X,9).
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Definition 4.6. A continuous function f: R — X is said to be Levitan AP with
module contained in I if f(t) is a continuous function from Rgy into X. The space
of these functions is denoted by LAP(X, ).

In particular, since Cp°(R7) is a polynormed space, we can define the classes
AP(Cge(RY),9) and LAP(Ce(RZ),9M) of almost periodic functions.

Theorem 4.7. (i) Suppose that the conditions of Theorem 4.2 are satisfied and that,
for any fized ¢ € [—1,1], the coefficients of the operator P-(t,xz,D,), regarded as
functions of t with range in Cp°(RY), belong to AP(Cy°(RY), M) for some countable
module M C R. Let R. be the inverse of P. constructed in Theorem 4.4. Then R.
maps the space AP(H®) 9M) into itself.

(i) Assertion (i) remains valid if we replace the spaces AP(Cg°(RZ), M) and
AP(H® 9 by LAP(C{°(RY), M) and LAP(H®) 9N), respectively.

The proofs of Theorems 4.4 and 4.7 and of their analogs for scalar equations can
be found in [17, 18].

5. Nonlinear equations and systems: stable, unstable, and center man-
ifolds, linearization, and AP solutions. This section is devoted to nonlinear
problems. We first study the existence of stable and unstable manifolds for homo-
geneous first-order quasilinear systems and high-order fully nonlinear scalar equa-
tions. We next turn to inhomogeneous problems and discuss their solvability in
spaces of time-bounded and almost periodic functions. For semilinear equations
and systems, we formulate two results on linearization of the phase portrait. The
sections is concluded by a theorem on the existence and different properties of a
center manifold for scalar equations.

5.1. Stable and unstable manifolds and almost periodic solutions. Let us
begin with the quasilinear system

Oru = P:(y,u, 0 )u, (5.1)

where P is an m X m matrix of first-order partial differential operators in & whose
coefficients depend on € € [-1,1], y = (t,z) € R""! and u € R™. We assume
that P. satisfies the following three conditions.

(H1) The operator P. is a perturbation of an operator with constant coefficients,
i.e., it can be represented in the form
P.(y,u,0z) = P(0:) + €Qe(y, u, O),
where the coefficients of Q). (which are functions of (g,y,u)) belong to the space
Cy°([=1,1] x Ry*t x B) for any bounded ball B C R}}".

(H2) The operator P. is uniformly strongly hyperbolic in the sense specified
before Theorem 2.4.

(H3) For any R > 0 there is § = g > 0 such that the characteristic roots of the
full symbol P.(y,u,i€) are outside the strip |Re7| < § for e € [-1,1], y € R*T}
u € Bgr, £ € R", where Bp C R™ is a closed ball of radius R centered at zero (cf.
Condition 3.7).

Let us consider the Cauchy problem for Eq. (5.1):
u(0, ) = uo(x). (5.2)
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By Theorem 2.4, the problem (5.1), (5.2) is locally well-posed, i.e., for any ug €
H®) s> 1, and |¢] < 1 it has a unique solution defined on a small time-interval.
We wish to study the existence of global solutions.

Let us consider the linearization of (5.1) on the function u = 0:

Oru = Pe(t,2,0,0; )u. (5.3)

We note that (5.3) satisfies the conditions of Theorem 4.2. Therefore, for any
integer s € R and sufficiently small values of € we can construct stable and unstable
subspaces Ef (¢) and E; (). We denote by B,(R) a closed ball in H®) of radius R
centered at zero and set EZ (e, R) = EX(¢) N B,(R).

Theorem 5.1. Suppose that conditions (Hy) — (Hs) are satisfied. Then for an

arbitrary R > 0, sufficiently large integers s > 0, and any p, 0 < p < 4§, there are

positive constants €9 and C such that the following statements hold for |e| < eg.
(i) There are weakly continuous injective operators

Ry(e): Ef(e,R) — HY (5.4)

such that for any ug € MZE(e, R) = Image(RE(¢)) the solution u(t,z) of the
problem (5.1), (5.2) is defined on the half-line Ry and satisfies the inequality

Do lldfult, Y-y < CeMuolls), %t > 0. (5.5)
§=0

(ii) The sets M¥ (e, R) and M; (¢, R) intersect only at zero. Moreover, the op-
erators R (e) and Ry () are weakly differentiable at zero, and their derivatives
are equal to the identity operators in EY (¢) and E; (), respectively. In particu-
lar, the manifold M* (e, R) has a tangent space TMZE(g) at zero, which coincides
with BE(¢), and hence H®) = TMT (¢) + TM; (¢).

The sets M7 (e, R) and M (g, R) are called stable and unstable manifolds for
system (5.1). The proof of the above theorem is sketched in [18, Section 4.1]

Similar results are true for fully nonlinear scalar equations. Moreover, in this
case the stable and unstable manifolds admit an “explicit” description as graphs of
some nonlinear operators in the phase space (cf. Theorem 4.3).

More exactly, let us consider the homogeneous equation

P(O)u+eQ.(t,z,0™u) =0, (t,x) € R" T (5.6)
supplemented by the initial conditions
Au(0,z) =uj(z), j=0,...,m—1. (5.7)

Here P(0) is a strictly hyperbolic operator of order m with constant coefficients
and Q. (t,x,0™u) is a nonlinear operator that satisfies the conditions mentioned
after formula (2.5). We also assume that the symbol P(ir,i{) of the operator
P(0, 0,) satisfies Condition 3.5 and denote by my and m_ the number of its roots
that lie in the half-planes Im7 > ¢ and Im 7 < —§, respectively.

Let us recall that the space E,,_1 s is defined by (4.9) and (3.5). We en-
dow E;,_1,s by the metric

m—1

1/2
HUH(m—l,s) = <Z |uj|%m—1+s—j)> , U= [UO’ .- 'vumfl] S IEJmfl,sv
j=0
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and denote by B,,_1 s(R) a closed ball in E,,_1 s of radius R centered at zero. We
also set

s
EX(u,t) = Y 110]u(t, ) IFsy)-
§=0

The assertion below is an analog of Theorem 4.3 for nonlinear equations.

Theorem 5.2. Under the above conditions, for any u, 0 < p < 9, sufficiently large
integers s > 0, and an arbitrary R > 0 there are positive constants €9 and C =
Cs..(R) and nonlinear weakly continuous operators

Rjj:(57 ) Bmi—l,s—i-m;; (R) - H(m_1+s_j), j = M+,...,M — 1,

such that the following assertions hold for |e| < eq.
(i) The solution u(t,z) of the Cauchy problem (5.6), (5.7) with initial set of
functions [ug, . .., um—1] € Bym_1,s(R) satisfies the inequality

Em,—l-{—s(u; t) S Cs,/L(R); +t Z 07
if and only if
uj:Rf(a;uo,...,umi_l), j:mi,...,m—l. (58)

In this case, we also have the estimate

m—1

Em,—l-{—s(u; t) S Ce—/l‘ﬂ Z HujH(mflJrs—j); =+t Z 0
j=0

(ii) The manifolds
Mﬁt(s, R) = {[uo, ooy Um—1] € By 5(R) : relations (5.84) hold}

intersect only at zero and are weakly differentiable at that point. Moreover, the
corresponding tangent spaces TMT () and TM; (g) coincide, accordingly, with the
stable and unstable subspaces constructed for the linearized equation

P@u+e Y (9p,Qc)(t,x,0)0%u = 0.
|| <m
In particular, in view of (4.12), we have the direct decomposition

Ep-1s = TMI(e) + TM; (e).
For a proof of the above theorem in the quasilinear case, see [21, Section 7].
We now turn to inhomogeneous problems. We will confine ourselves to the case
of systems:
Ou — P.(t,x,u,0y)u = f(t,x). (5.9)
For any integer s > 0 and any countable module 9t C R we set
AP (M) = {u(t,x): &lu € AP(HED) M), j=0,...,s},
LAP, () = {u(t,z) : Ju € LAP(HE=9 M), j=0,...,s},

where the spaces AP(X,9M) and LAP(X,9M) are defined in Section 4.3. The fol-
lowing result is an analog of Theorems 4.4 and 4.7 in the nonlinear case.
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Theorem 5.3. Suppose that conditions (H1) — (Hs) are fulfilled. Then for any
R > 0 and sufficiently large integers s > O there are positive constants C and €g
such that the following assertions hold for |e| < e¢ and any right-hand side f(t,x)
satisfying the conditions

0l f € Coy(R,H ™), sup |0} f(t, )(s—jy <R, j=0,....s.
teR

(i) System (5.9) has a unique solution u(t,x) such that
du e Cy(R,HE), sup | f(t, M=) £C, j=0,...,s.
teR

If the coefficients of P. and the function f are periodic in time with period T > 0,
then so is the solutions u(t, x).

(ii) Let f € APs_1 (M) for some countable module M and let the coefficients of Pe
belong to the space AP(Cg® (Rfjl x B), M) for any closed ball B C RY'. Then u €

AP,_1(9M). This assertion remains true if we replace the spaces AP(C° (RZ? X
B), M) and APs_1(9N) by LAP(CZS’O(RZjl x B), M) and LAPs_1 (9), respectively.

A similar result holds for fully nonlinear scalar equations; see [20, Sections 5
and 6] for details.

5.2. Grobman—Hartman type theorems. Theorems 5.1 and 5.2 describe the

asymptotic behavior of solutions for homogeneous problems in the case when the

initial conditions lie on the stable or unstable manifolds. We now formulate two

results concerning the whole phase portrait in the neighborhood of the zero solution.

To simplify the presentation, we will confine ourselves to the autonomous case.
We begin with a semilinear strongly hyperbolic system of the form

0w = P.(x,05)u + Qe (z,u), (5.10)

where P. is an m X m matrix of first-order differential operator with nearly constant
coeflicients and Q). is a real-valued function belonging to the space Cp°([—1,1] x
R™ x B) for any ball B C R™. We denote by 7;(¢, z,§) the characteristic roots of
the full symbol P.(z,i€) and assume that they are outside an open strip |Re 7| < 6,
d > 0. (cf. Condition 3.7).

We wish to compare the solutions of (5.10) with those of the linear system

O = P.(x,04)v. (5.11)
We denote by
U(t,) : HO — HE) g - u(t, ),
Vo(t) : H® — H®) . ug — ot ),
the resolving operators of the Cauchy problem for Egs. (5.10) and (5.11), respec-
tively. Here u(t,x) and v(t,z) are the solutions of (5.10) and (5.11) starting from
the initial function ug € H®). Thus, U.(t,-) is defined in a small neighborhood of

zero, while V. (t) exists for all t € R (see Theorems 2.2 and 2.4).
Let us set

Omax = Sup | RETj(Eax7£)|a Omin = inf | ReTj(€,x,f)|,

where the supremum and infimum extend over ¢ € [-1,1], z € R*, £ € R", j =
1,...,m. It is clear that omax > omin > 0.

Let By(R) € H®) be an open ball of radius R centered at zero. The following
result is an analog of the Grobman—Hartman theorem for hyperbolic systems.
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Theorem 5.4. Under the above conditions, for any 7, 0 < v < Omin/Omax, Suffi-
ciently large integers s > 0, and an arbitrary R > 0 there are positive constants C
and g such that the following statements hold for |e| < ep.

(i) There exists an open neighborhood of zero Or(e) C H) and a homeomor-
phism D : BS(R) — OpR such that for any ug € BS(R) we have

@6 (ue(taUO)) = Ve(t)@e(UO) as long as us(taUO) € BS(R)

(ii) The operator ®. and its inverse &1 are uniformly Hélder continuous with
exponent vy, i. €.,

|| P (uo) — @E(UO)H(S) < Clluo — volly, uo, vo € By(R),

||Q56—1(u0) — @e_l(vo)H(s) < CHUQ - UO”Zs)’ Ug, Vo € OR(E).

A similar result holds for semilinear scalar equations. Moreover, in this case it
can be proved that the phase portrait is homeomorphic to that of the unperturbed
equation with constant coefficients.

More exactly, let us consider the linear equation (with real constant coefficients)

PO)u(t,z) =0, (t,z)€c R"™ (5.12)
and its semilinear perturbation

PO)u+e Z Ga(e,2)0% +eq(e,2,0™  u) =0, (t,2) € R, (5.13)

la|<m

Here € € [—1,1] is a parameter, P(9) is a strictly hyperbolic operator satisfying
Condition 3.5, and ¢, (g, ) and q(¢, z,p), p = (Pa, |a| < m—1) € R?, are real-valued
functions that belong to the spaces Cp°([—1,1] x R?) and Cy°([—1,1] x R} x B),
respectively, for any closed ball B C R?. Moreover, we assume that q(c,z,0) = 0,
so that the function v = 0 is a solution of (5.13).

By Theorem 2.2, the Cauchy problem for Eq. (5.13) is well-posed. Let

Us(t, ) Eppm1 s = Bt sy (W05 -+ Um—1] = [ult, ), Qeult, ), . .., 8{"‘_1u(t, I,

be the corresponding resolving operator. Here u(t,z) is the solution of (5.13),
(5.7), and t varies in some interval (—7,T) on which the solution is defined. For
e =0, Eq. (5.13) coincides with the linear equation (5.12), and therefore Uy(t) is a
bounded linear operator in E,,_1 s defined for all ¢ € R.

Let Bm,lﬁs(R) be an open ball in E,,_; s of radius R centered at zero. The
following theorem establishes conjugacy between U (¢, -) and Uy(t) in the neighbor-
hood of zero.

Theorem 5.5. Under the above conditions, for sufficiently large integers s > 0
and an arbitrary R > 0 there is a constant €9 > 0, an open neighborhood of zero
Ogr(e) CE,—1s, and a homeomorphism

ée : IBrnfl,s(]%) - @R(E)v |€| S €0,
such that for |e| < &g and any Uy € I['Bm,lys(R) we have
P (U-(t,Up)) = Uo(t)®-(Us) as long as U:(t,Up) € By 5(R).

We refer the reader to [23, Chapter I] for the proof of Theorems 5.4 and 5.5 in the
case of nonautonomous semilinear scalar equations and for some further discussion
and examples concerning the Grobman—Hartman theorem.
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5.3. Center manifold theorem. Up to now, we have discussed the situation
when the characteristic roots of the equation or system under study are either
stable or unstable. In this subsection, we will consider the case when some of the
roots are neutral. For brevity, we will confine ourselves to scalar equations.

We consider the semilinear equation (5.13), where P(0¢,0;) is a strictly hy-
perbolic operator of order m whose full symbol P(it,i{) satisfies the following
assumption (cf. Conditions 3.1 and 3.5):

Condition 5.6. There are 6 > v > 0 such that
P(it,i€) #0 for (Rer,&) € R™M v < |Im7| <.

We will denote by m,. the number of roots of P(i7,i£) that lie in the strip | Im 7| <
v and assume 1 < m, < m — 1. Let m;, = m — m.. Concerning the functions g,
and ¢, we suppose that they satisfy the conditions formulated after (5.13).

Let X and Y be Banach spaces and let Q C X be an open subset. For v € (0,1)
and any integer [ > 1, we denote by C7(£,Y) the space of I times continuously
differentiable functions from 2 to Y whose /th derivative is uniformly Holder con-
tinuous with exponent ~.

The following theorem provides some information on the behavior of solutions
in the neighborhood of the stationary point u = 0.

Theorem 5.7. Suppose that the above conditions are fulfilled. Let~ € (0,1) and an
integer | > 1 satisfy the inequality lv+~ < 6. Then for any R > 0, u € (v,0/1), and
sufficiently large integers s > 0 there are positive constants € and C and continuous
operators

Rji(€;u0s-- s Ume—1): Bmo—1,54m, (R) — H(m_1+s_j), j=mey...,m—1,

such that R;(e;0) = 0, and the following assertions are true for || < go.
(i) Local invariance. The manifold

Mc(e,R) = {[uo, ..., um—-1] € Bp_1,5(R) : uj = Rj(g;u0, -, Umo—1), > me}

is invariant under the action of the resolving operator U.(t, ), i.e., if Uy € M.(e, R),
then U (t,Uy) € Mc(e, R) as long as U:(t,Up) € By—1 s(R).

(ii) Attraction property. Suppose that Us(t,Up) € B—1,5(p) for t > 0 and some
p < R. Then there is a constant T > 0 and a vector function V. € M.(e, R) such
that

||u€(ta UO) - ue(ta VO S C@ip’t, t 2 T.

A similar assertion holds for solutions defined on the half-line t > 0. Moreover, if
the phase trajectory U(t) = [u(t,-),..., 0" tu(t,-)] of a solution u(t,x) belongs to
the ball B,,,—1,s(R) for allt € R, then U(t) € Mc(g,R) fort € R.

(iii) Smoothness. For any fized e, the operators R;(e;-) belong to the class
CYY (B, —1,5+mn (R), Hm=1Fs=0)).

)H(m—l,s)

The infinite-dimensional surface M.(e, R), which is embedded into the phase
space E,,,_1 g, is called a center manifold for Eq. (5.13). It can be proved that the
operators R;, defining M, (e, R), are small perturbations of some pseudodifferential
operators whose symbols can be expressed in terms of the symbol of the original
equation. Moreover, the dynamics on the invariant manifold M.(e, R) is described
by a nonlocal perturbation of a hyperbolic equation. We refer the reader to [23,
Chapter II] for proofs and further details.



542 ARMEN SHIRIKYAN AND LEONID VOLEVICH

1
2
3

[4

5
6
(7
(8
[9
[10
[11
12
(13
[14

[15

[16
(17
[18
[19
[20
21

[22

[23

REFERENCES

] E.A. Coddington and N. Levinson, “Theory of Ordinary Differential Equations,” McGraw-
Hill Book Company, New York—Toronto—London, 1955.

] Ju.L. Daleckil and M. G. Kreln, “Stability of Solutions of Differential Equations in Banach
Space,” Translations of Mathematical Monographs, Vol. 43, AMS, Providence, RI, 1974.

| P.-A. Dionne, Sur les problémes de Cauchy hyperboliques bien posés, J. Analyse Math. 10
(1962/1963), 1-90.

] S.G. Gindikin and L. R. Volevich, “Mixed Problem for Partial Differential Equations with
Quasihomogeneous Principal Part,” Translations of Mathematical Monographs, 147, Ameri-
can Mathematical Society, Providence, RI, 1996.

| P. Hartman, “Ordinary Differential Equations,” John Wiley & Sons, New York-London—
Sydney, 1964.

| D. Henry, “Geometric Theory of Semilinear Parabolic Equations,” Lecture Notes in Mathe-
matics, 840, Springer-Verlag, Berlin—-New York, 1981.

] L. Hérmander, “The Analysis of Linear Partial Differential Operators III. Pseudo-Differential
Operators,” Springer-Verlag, Berlin—Heidelberg—New York—Tokyo, 1985.

| U. Kirchgraber and K. J. Palmer, “Geometry in the Neighborhood of Invariant Manifolds of
Maps and Flows and Linearization,” John Wiley & Sons, New York, 1990.

| M.A. Krasnoselskii, V.Sh. Burd, and Yu.S. Kolesov, “Nonlinear Almost Periodic Oscilla-
tions,” Halsted Press, New York-Toronto, 1973.

| H.-O. Kreiss and J. Lorenz, “Initial Boundary Value Problems and the Navier—Stokes Equa-
tions,” Pure and Applied Mathematics, vol. 136, Academic Press, Boston, 1989.

| J. Leray, “Hyperbolic Differential Equations,” The Institute for Advanced Study, Princeton,
N.J., 1953.

] B.M. Levitan and V.V. Zhikov, “Almost Periodic Functions and Differential Equations,”
Cambridge University Press, Cambridge—New York, 1982.

| J.L. Massera and J.J. Schéffer, “Linear Differential Equations and Function Spaces,” Aca-
demic Press, New York—London, 1966.

] A.A. Pankov, “Bounded and Almost Periodic Solutions of Nonlinear Operator Differential
Equations,” Mathematics and its Applications, vol. 55, Kluwer, Dordrecht, 1990.

| 1. G. Petrovskii, On Cauchy’s problem for systems of partial differential equations in the
domain of non-analytic functions; On Cauchy’s problem for a system of partial differential
equations, in “Selected Works. Part I: Systems of Partial Differential Equations and Algebraic
Geometry,” Gordon & Breach, Amsterdam, 1996.

| M. Reed and B. Simon, “Methods of Modern Mathematical Physics I. Functional Analysis,”
Academic Press, New York, 1980.

] A.R. Shirikyan and L. R. Volevich, Bounded and almost periodic solutions of linear high-order
hyperbolic equations, Math. Nachr. 193 (1998), 137-197.

| A.R. Shirikyan and L.R. Volevich, Exponential dichotomy and time-bounded solutions for
first-order hyperbolic systems, J. Dynam. Differential Equations 14 (2002), no. 4, 777-827.

| L.R. Volevich and A.R. Shirikyan, Quasilinear hyperbolic equations: solutions bounded in
time and almost periodic in time, Russian J. Math. Phys. 4 (1996), no. 4, 527-538.

| L.R. Volevich and A.R. Shirikyan, Bounded and almost periodic in time solutions to non-
linear high-order hyperbolic equations, Trans. Moscow Math. Soc. 58 (1997), 89-135.

] L.R. Volevich and A.R. Shirikyan, Exponential dichotomy and exponential splitting for hy-
perbolic equations, Trans. Moscow Math. Soc. 59 (1998), 95-133.

] L.R. Volevich and A.R. Shirikyan, Some problems for strictly hyperbolic equations on the
entire time-axis, Appendix in the Russian edition of the book: L. R. Volevich, S. G. Gindikin,
Mixed Problems for Partial Differential Equations with Quasihomogeneous Principal Part,
URSS, Moscow, 1999, 227-266.

] L.R. Volevich and A.R. Shirikyan, Local dynamics for semilinear hyperbolic equations of
high order, Izv. Math. 64 (2000), no. 3, 439-485.

Received July 2001; revised May 2002.
E-mail address: Armen.Shirikyan@math.u-psud.fr, Volevich@spp.keldysh.ru



