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Abstract

The paper is devoted to the description of a coupling method that
enables one to study ergodic properties of random dynamical systems
associated with stochastic PDE’s. This approach was developed in re-
cent years by several authors. We first establish a general criterion for
uniqueness of stationary measure and an exponential mixing property.
We next illustrate the method on the example of a complex Ginzburg—
Landau equation.
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0 Introduction

The method of coupling was introduced in the famous work of Doeblin [Doe40)
to study ergodic properties of Markov chains. To make the main idea of this
paper more transparent, let us briefly describe the Doeblin approach in the
simplest situation.

Let X be a compact metric space and let (ug,P,) be a family of Markov
chains in X parametrised by the initial point u € X. We shall denote by Py (u,I")
the transition function associated with the Markov family, that is,

Py(u,T) =Py{ux, €'} fork >0,T € By,

where Bx stands for the Borel og-algebra on X. Recall that a probability mea-
sure p on the space (X, Bx) is said to be stationary for (ug,P,) if

w(l) = / Py (u,T)p(du) for any I' € Bx. (0.1)
X
Suppose there is a constant v < 1 such that

HPl(U'a ) - Pl(u/a ')”var < Y (02)

for any u,u € X, where || - |lvar denotes the total variation distance. In this
case, one can use the following argument to prove that the family (ug,P,) has
a unique stationary measure. !

Let (R(u,v’,-), R (u,u,-)) be a pair of random variables depending on
u,u’ € X such that the laws of R and R’ coincide with Pj(u,-) and Py (u/,-),
respectively, and

P{R(u,v') # R (u,u')} = ||Pr(u,-) = PL(u/,")|var for all u,u’ € X. (0.3)

1Tt would be easier to observe that the right-hand side of (0.1) defines a contraction in the
space of probability measures on X (endowed with the total variation distance) and therefore
has a unique fixed point. However, we use a longer coupling argument whose development is
applied in the paper.



It can be shown that such random variables exist (see [Lin92]). Let us denote
by Q the direct product of countably many independent copies of the proba-
bility space on which R and R’ are defined and consider a family of Markov
chains {Ux} in X = X x X given by the rule

Up(w) =T, Up(w) = (R(Ug—-1,wk), R’ (Ug—1,wr)) for k>1, (0.4)

where w = (wj,j7 > 1) € Q denotes the random parameter and U € X is
an initial point. Writing U = (u,u’) and Uy = (ug,u},), we derive from (0.2)
and (0.3) that

Py{urt1 # upy | Fr} <~ forany U e X, k>0, (0.5)

where Fj, denotes the o-algebra generated by Uy, ...,U, and the subscript U
indicates that we consider the trajectory starting from U. Iterating inequal-
ity (0.5), we obtain

Py {up # upy <~ forany U € X, k > 0. (0.6)
This estimate implies that
1P, ) = P, ) lvar <A (0.7)

Combining (0.7) with (0.1) and the Kolmogorov—Chapman relation, we can
easily show that there is at most one stationary measure. Moreover, it follows
from (0.7) that the sequence { P;(u, )} converges to a limiting measure p, which
is stationary for (ug,P.,).

The Doeblin argument can be used to prove uniqueness of stationary measure
for stochastic differential equations (SDE) with non-degenerate diffusion on a
compact manifold. At the same time, application of the above scheme to SDE’s
in R™ encounters an obstacle related to the fact that the phase space of the
problem is not compact, and inequality (0.2) cannot be satisfied uniformly in u
and u’, unless some restrictive conditions are imposed on the drift. However,
one can overcome this difficulty with the help of the following modification of
the Doeblin approach.

Let X be a separable Banach space with a norm || - || and let (ug,P,) be a
family of Markov chains in X. Retaining the notation used above, suppose we
can find a closed subset B C X for which the two properties below are satisfied:

(i) Inequality (0.2) holds for any u, v € B and a constant v < 1.

(ii) The first hitting time 75 of the set B is almost surely finite for any initial
point w € X, and there is § > 0 such that

E, exp((STB) < oo forallue X. (0.8)

Let (R, R’) be the family of random variables in X defined above and let {Uy}
be the family of Markov chains given by (0.4). Denote by p, the n-th instant



when the trajectory Uy enters the set B := B x B. Then, using (0.2), (0.3),
and the strong Markov property (SMP), it can be shown that (cf. (0.5))

P{up, 11 # U 1| Fp,} <y foranyUe X, n>1, (0.9)

where F, denotes the o-algebra associated with the Markov time p,,. Iteration
of (0.9) results in (cf. (0.6))

Py{up, 41 #u, 1} <" foranyUec X, n>1.

Combining this with (0.8), one can prove inequality (0.7) with a larger con-
stant v < 1. Thus, the Doeblin method applies also in the case of unbounded
phase space, provided that inequality (0.2) is satisfied on a subset that can
be reached exponentially fast from any initial point. However, it should be
noted that inequality (0.2) is rather restrictive for Markov chains in an infinite-
dimensional space. For instance, in the case of stochastic partial differential
equations (SPDE), it is satisfied only if the diffusion is “very rough.” The
aim of this paper is to establish a general criterion for uniqueness of station-
ary measure and exponential mixing and to show how to apply it to a complex
Ginzburg-Landau (CGL) equation. Without going into details, let us describe
our scheme in the case of discrete time.

As before, we consider a Markov family (ug,P,) in a separable Banach
space X and denote by Py(u,I") its transition function. Suppose we can con-
struct a family of Markov chains (Ux,Prr), Uy = (ug, u},), in the product space X
such that the laws of uy and uj under Py, U = (u,u’), coincide with Py (u,-)
and Py(u’,-), respectively, and the following two properties hold (cf. proper-
ties (i) and (ii) above):

(i’) Let o = min{k > 1: ||up — u}|| > v*}, where v < 1 is a positive constant
and the minimum over an empty set is +00. Then there is a subset B C X
and positive constants C' and « < 1 such that

Py{o=+o0c} >3, Py{o=k}<CaF for U= (u,u) € B.

(ii’) Let 7 = min{k > 0: U, € B}. Then there is § > 0 such that

Ey exp((STB) < oo forany U € X.

In this case, the difference Py(u,-) — Px(u/,-), regarded as a signed measure
in X, goes to zero in the dual Lipschitz norm || - || exponentially fast. (See
Notation for the definition of || -||7.) Indeed, it follows from (i’) that, each time
the process is in B, with probability > % we have ¢ = +00, which means that
the difference Ay = ||ux — u}|| goes to zero exponentially fast. Let us consider
a sequence of stopping times pj defined by the following rule. Denote by pg
the first hitting time of B (i.e., pp = 7p). With probability > 1, we have
o0 = +oo for the chain starting from U,,, and in this case we set p = +oo for
k > 2. Otherwise we denote by p the first instant after o when U, 4 hits B



and define p; by the formula p; = pg + p. In general, if py is already defined,
then pi+1 = pr + p, where p is the first instant after ¢ when the chain starting
from U, hits B. As in the case of pg, with probability > % we have p; = 400
forl >k+1.

The above construction implies that, if pr < 400 and pr41 = 400, then
Ay +m <™ forall m > 0. Using the strong Markov property and assertions (i’)
and (ii’), it can be shown that Py {p; < +00} < 27%. What has been said implies
that, with probability > 1 —27%~! we have

up — u|| < A*=P% for all k > py. (0.10)
Moreover, further analysis enables one to show that
Py{k/2 < pr < o0} < CB*, (0.11)

where C' and 8 < 1 are positive constants. Combining (0.10) and (0.11), we see
that
Py {|lux — uj|| > ~+*/?} <271 4+ Op* for k > 1.

Thus, the difference ||ur — u}|| converges to zero in probability exponentially
fast. This property implies the uniqueness of stationary measure.

Let us mention that the problem of ergodicity for randomly forced equations
of mathematical physics was in the focus of attention of many researchers during
the last ten—fifteen years, and first results in this direction were obtained in the
papers [Sin91, FM95, KS00, EMS01, BKLO02]. We refer the reader to the review
papers [ES00, Kuk02, Bri02, Shi05b] and to the book [Kuk06] for a detailed
account of the results obtained so far. The coupling technique described above
is a modified version of the one used in [KS01, KS02, Shi04]. Related approaches
were also developed in [Mat02, MY02, Hai02, Oda06].

The paper is organised as follows. In Section 1, we give a description of ran-
dom dynamical systems (RDS) studied in this work and introduce the concept
of an extension for RDS. A general criterion (in terms of extension) for unique-
ness of stationary measure and exponential mixing is presented in Section 2.
In the third section, we give some simple sufficient conditions under which one
of the hypotheses of our criterion is satisfied. The fourth section is devoted to
application of these results to complex Ginzburg—Landau equation with random
perturbation. We also formulate an open problem. Finally, in Appendix, we
present two auxiliary results used in the main text.

Notation

Let X be a separable Banach space endowed with its Borel o-algebra Bx. De-
note by Bpg the ball in X of radius R centred at origin, by P(X) the set of
probability measures on (X, Bx), by C(X) the space of continuous functions
f: X — R, and by £(X) the space of functions f € C'(X) such that

|f(u) = f(v)|

< 00,
l[w = ]|

[z == sup [f(u)] 4 sup
ueX uFv



where || - || stands for the norm in X. The space P(X) is endowed with either
the total variation distance,

H,Ul - ,u2||var ‘= sup |M1(F) - MQ(F)L
I'eBx

or the dual Lipschitz distance,

1 — pa2l|z :== sup ‘(ﬂ ) = (f, p2)
Ifllz<1

)

where (f, u) denotes the integral of the function f with respect to the measure p.
The space P(X) is complete with respect to both metrics || - ||var and || - ||
(see [Dud89]).

Let D C R™ be a bounded domain with a smooth boundary 0D and let T' > 0
be a constant. We shall use the following functional spaces.

L? = L?(D, C) is the space of complex-valued square-integrable functions on D.
H' = HY(D,C) is the Sobolev space of order 1.

H}! = H}(D,C) is the space of functions u € H* vanishing on dD.

C*(0,T; X) is the space of continuous functions u : [0,7] — X that are k times
continuously differentiable. In the case k = 0, we shall write C(0,T; X).

L?(0,T; X) is the space of Bochner-measurable square-integrable functions on
the interval [0, 7] with range in X.

If a and b are real numbers, then a Vb (a A b) stands for their maximum
(minimum). For a random variable £, we denote by D(§) its distribution. If A
is a subset in a given space, then I stands for its indicator function and A€
denotes its complement. We denote by R4 the half-line [0, c0).

1 Description of the class of problems

1.1 A class of random dynamical systems

Let (92, F,P) be a complete probability space endowed with a filtration F,
t > 0, and a semigroup of measure-preserving transformations 6; : Q2 — € such
that 6, lr, Firs. We shall always assume that F; is augmented with respect
to (F,P), that is, the o-algebra F; contains all P-null sets of F.

We consider a random dynamical system (RDS) whose trajectories form a
Markov process. More precisely, let X be a separable Banach space with a
norm || - ||, let Bx be the Borel o-algebra on X, and let Si(u,w), t > 0, w € Q,
u € X, be a continuous RDS over 6; (see Definitions 1.1.1 and 1.1.2 in [Arn98]).
We shall always assume that the following two properties hold:

e For a.a. w € Q, the trajectories Si(u,w), u € X, are continuous in ¢ > 0.



e For any u € X, the random process S;(u,w), t > 0, is Markov with respect
to the filtration F;, that is, for any I' € Bx and any t,s > 0, we have

]P(St+s(u,-) EF|.7:}) :Ps(St(U,,W),F), (11)

where the equality holds for a.a. w € €, and Ps(u,I') is the transition
function defined by the formula

Pi(u,T) =P{S¢(u,-) €T}, weX, T ebBx. (1.2)

In what follows, random dynamical systems satisfying the above properties (in
particular, the continuity condition with respect to time) will be said to be
Markov. With every Markov RDS, we shall associate a family of Markov pro-
cesses parametrised by the initial point v € X. To fix notation, let us briefly
recall the corresponding construction.

Let us set

Q/:XXQ, fI:BX®]:, f;:BX®]:t, Pu:5u®]1)7

where ¢, € P(X) is the Dirac measure concentrated at v € X and ® denotes
the direct product of measures and o-algebras. For ' = (u,w) € ', we set

Siw') = Se(u,w), O = (St(u,w), hrw).

We thus obtain a Feller? family (S}, ) of homogeneous Markov processes in the
phase space X with the transition function (1.2) and the corresponding Markov
semigroups

P f ) = /X Py(u, dv)f(v), Piu(l) = /X P(u.D)p(du),  (13)

where f € Cy(X) and p € P(X). In what follows, we shall drop the prime from
the notation and write w, Q, S, F, Fy, 0 instead of w’, ¥, S}, F', F, 0;.

In this paper, we consider Markov RDS associated with the randomly forced
complex Ginzburg-Landau (CGL) equation

@ — (v + i) Au+ i|u**u = h(z) + ((t,z), z € D, (1.4)

u| op =0 (1.5)
where u = u(t, z) is a complex-valued unknown function, D C R™ is a bounded
domain with smooth boundary 4D, h € L?(D,C) stands for a deterministic
function, and ((t, z) is a complex-valued coloured Wiener process. We shall show
that the problem in question has a unique stationary measure and possesses a
property of exponential mixing. We refer the reader to Section 4.2 for an exact
formulation of the result.

2The Feller property of the transition function follows from the continuity of St(u,w) with
respect to u and the Lebesgue theorem on dominated convergence.



1.2 Extension of random dynamical systems

Let X be a separable Banach space and let S¢(u,w) be a Markov RDS in X
over a semigroup 6;. We define the product space X = X x X endowed with
the usual norm and denote by Bx its Borel o-algebra. Write u = (u,u') and
denote by

Ox:u—u, Hy:u—d

the natural projections to the components of u. Let (ﬁ,]?, ]IAD) be a complete
probability space endowed with a filtration ﬁt, t > 0, which is assumed to be
augmented with respect to (.7? , @), andlet 6, : Q — Qbea semigroup of measure-
preserving transformations such that 6, 1.7?8 C .7?154_8. Consider a Markov RDS
Si(u,&) in X over 6.

Definition 1.1. A Markov RDS S; in X defined on the half-line ¢ > 0 is
called an extension of S; if for any uw = (u,u’) € X the distributions of the
random processes IIx S (u,w) and Iy S;(u,o) regarded as random variables
in C(R4, X) coincide with those of S;(u,w) and Si(u’,w), respectively.

In what follows, if S; is an RDS and S is its extension, then we shall
denote the corresponding stochastic bases by the same symbol (2, F,P, F;, 6;).
Moreover, abusing the notation, we shall write S¢(u,w) = (St(w,w), S;(u,w)).
Finally, we shall denote by (S¢,P,) the family of Markov processes associated
with S; and parametrised by the initial point u € X.

Let us note that, if Sy is an extension of S, then for any f € C(X) and
u = (u,u’) € X, we have

Eof(IxS:) = Pif(u), Euf(lxS:)=Pof(u). (1.6)

This observation, which is a simple consequence of the definition of extension,
will be important in the next section (see the proof of Theorem 2.3).

We shall also need an auxiliary concept of extension on a finite time interval.
More precisely, let Ri(u,w) = (Ri(u,w), Ri(u,w)) be a continuous Markov
RDS defined for ¢ € [0,T], where T' > 0 is a constant not depending on (u,w).
(In other words, the properties entering the definition of a Markov RDS hold
on the interval [0, T7]; see Definitions 1.1.1 and 1.1.2 in [Arn98].)

Definition 1.2. The RDS R, = (R, R;) in X is called an extension of Sy
on [0,T] if for any u = (u,u’) € X the distributions of the random pro-
cesses R¢(u, ) and R} (u, -) regarded as random variables in C(0,T; X) coincide
with those of S¢(u,-) and Si(u',-), respectively.

Given an extension R; of S; on an interval [0,T], we can iterate it to con-
struct an extension defined on the half-line ¢ > 0. To this end, we denote
by (QF, Fk Pk FF 0F), k > 1, a countable family of independent copies of the
stochastic bases on which R; is defined. Let us consider a new stochastic ba-
sis (Q, F,P, F;,0:) defined by the following rules:

e The space Q is the product of QF k > 1, and its points are denoted
by w = (w1,wa,...).



e The o-algebra F is the direct product of F*, k > 1, completed with respect
to the product measure P=P! @ P? ® - - -.

o If t = (k— 1)T + s, where k > 1 is an integer and 0 < s < T', then F; is
the augmentation (with respect to (F,P)) of the o-algebra generated by
the sets of the form

F:{w:(wl,wg,...):meFm form:l,...,k},

where I'y, e Fit form=1,...,k—1land I'y € ]—'f Furthermore, the shift
operator f; is given by the formula

Hf,w = Ht(wl,wg, .. ) = (ngwk,0];+1wk+1, .. )

An extension S; on ¢t > 0 is now defined by induction. Namely, for 0 <t < T
we set
St(u,w) z’Rt(u,wl). (17)

If S; is already defined for 0 < ¢t < kT, where &k > 1 is an integer, then for
0<s<T we set

Sk;m_s(u,w) zRS(SkT(u,w),wk+1). (1.8)

It is a matter of direct verification to show that S¢(u,w) is a continuous Markov
RDS in X over #; and that it is an extension of S;.

2 Coupling hypothesis

2.1 Markov RDS satisfying a coupling condition

Let (92, F,P, F1,6;) be a stochastic basis satisfying the conditions formulated in
Section 1, let Si(u,w) be a Markov RDS in a separable Banach space X, and
let B; and P; be the corresponding Markov semigroups (see (1.3)). Recall that
€ P(X) is called a stationary measure for S¢(u,w) if Pjp = p for all ¢ > 0.

Definition 2.1. We shall say that S; is ezponentially mizing if it has a unique
stationary measure p € P(X), and there is a constant v > 0 and an increasing
function V: Ry — R4 such that, for any v € X, we have

1P (u, ) = pllz < V(lule™™, ¢ >0. (2.1)

Let Si(w,w) be an extension of Sy (u,w) (see Section 1.2). Let us fix positive
constants C, § and a closed subset B C X and introduce the stopping times

78 = tp(u,w) =inf{t > 0: S4(u,w) € B}, (2.2)
o =o(u,w) =inf{t >0 [|Si(u,w) — Sj(u,w)| > Ce "'}, (2.3)

where u = (u,u’), and the infimum over an empty set is +oco. In other words,
7p is the first hitting time of the closed set B for the trajectory S:(u,w) and o



is the first instance when the curves Si(u,w) and S;(u,w) “stop converging” to
each other exponentially fast. In particular, if o(u,w) = oo, then

1S¢(u,w) — Si(u,w)|| < Ce Pt fort>0. (2.4)

Definition 2.2. We shall say that the RDS S;(u,w) satisfies the coupling hy-
pothesis if it has an extension S;(u,w) possessing the following properties:

(i) There is a constant 6 > 0, a closed set B C X, and an increasing function
g(r) > 1 of the variable > 0 such that

Eyexp(6mp) < G(u) for all u = (u,u’) € X, (2.5)
where we set G(u) = g(|lu]]) + g(||«|)-

(ii) There are positive constants d1, dz2, ¢, K, and ¢ > 1 such that

]P’u{o = oo} > 0y, (2.6)
EU{I{U<OO} exp(520)} <eg,
Eu{l{r<o}G(85)"} < K

for any u € B.

Any extension of S; satisfying properties (i) and (i) will be called a mizing
extension.

Before formulating the main result of this section, we wish to make some
comments on the above definition. Let us take an arbitrary initial point u € B.
Then, in view of (2.6), with probability > d;, we have ¢ = oo, and therefore,
with the same probability, the trajectories S;(u,w) and S;(u,w) converge to
each other exponentially fast (see (2.4)). On the other hand, if they do not,
inequality (2.7) says that the first instant o(u,w) when the trajectories “stop
converging” to each other is not very large. Moreover, by (2.8), we have some
control over Si(u,w) at the instant ¢ = o(u,w). If the initial point w € X does
not belong to B, we cannot claim that the above properties hold. However, we
know that, with probability 1, any trajectory hits the set B, and by (2.5), the
first hitting time 7p has a finite exponential moment.

These observations make it plausible that, for any initial point uw € X, the
trajectories S;(u,w) and Sj(u,w) converge to each other exponentially fast. In
fact, we have the following result, whose proof is given in the next subsection.

Theorem 2.3. Let Si(u,w) be a continuous Markov RDS satisfying the coupling
hypothesis and let S¢(u,w) be a mizing extension for Sy. Then there is a random
time £ = £(u,w) such that

1S (w, w) — Si(w,w)|| < Cre ™ PEUwL)  for ¢ > f(u,w), (2.9)
E e < Ci(g(l|ul) + g(lv/])), (2.10)

10



where w € X is an arbitrary initial point, g(r) is the function in Definition 2.2,
and C1, a, and [ are positive constants not depending on uw and t. If, in
addition, there is an increasing function g(r) > 1, r > 0, such that

Euwg(ISell) < g(llul) forue X, t>0, (2.11)
then S¢(u,w) is exponentially mixing, and inequality (2.1) holds with
V(r) =3Ci(g(r) + g(0)). (2.12)

2.2 Proof of Theorem 2.3

We first note that inequalities (2.9), (2.10), and (2.11) imply that S¢(u,w) is
exponentially mixing. Indeed, to prove this, let us show that, for any u,u’ € X,
we have

[P, ) = P’ )| < 3C1(g(llull) + g(lwD) e, > 0. (2.13)

To this end, we fix an arbitrary functional f € £(X) with ||f||z < 1 and note
that, in view of (1.6),

|(f, Pi(u,") = P(u', )| = [Eu(f St)—f(sé)”SEu|f(St)—f(S£)|
<20,{t> £ +Bullepli(50 - FS)]}. @19

In view of (2.10) and the Chebyshev inequality, we have

t

Pu{t> £} < Cu(g(lull) + () e % (2.15)

Furthermore, it follows from the condition || f||z < 1 and inequality (2.9) that
the second term on the right-hand side of (2.14) does not exceed

_Bt
Substituting (2.15) and (2.16) into (2.14), we obtain
_at _Bt
(7, P, ) = P ))]| < 26 (g(lul) + gl ) % + Cre™%
which implies the required inequality (2.13) with v = (a A B).
We now use (2.13) to show that Sy is exponent1ally mixing. Let us fix

arbitrary points u,u’ € X and a functional f € £(X) such that ||f|z < 1. By
the Kolmogorov—Chapman relation and inequality (2.13), for ¢t < s we have

‘(f, Pi(u,-) — Py(u/, ))‘ = ’/X Py (u,dz) /X(Pt(u, dv) — Pi(z,dv)) f(v)

< 30y /X Py_o(', d2)[g(|lull) + g(|12I1)]
= 3C1e™ " [g(lJul) + Ew (| Ss—s])].

11



Taking into account (2.11), we conclude that
[P, ) = Po(u’, )| < 3C1 (g(|[ull) + a(|lu'[])) e " (2.17)

By the Prokhorov theorem (see [Dud89, Corollary 11.5.5]), P(X) is a complete
metric space with respect to the norm || - ||7:. Hence, we conclude that P;(u, )
converges, as t — 400, to a measure y € P(X), which does not depend on u
and is stationary. Setting v’ = 0 in (2.17) and passing to the limit as s — +o00,
we obtain inequality (2.1) with V given by (2.12).

Thus, we need to establish inequalities (2.9) and (2.10). Their proof is
divided into four steps.

Step 1. We introduce the stopping time
p=0+T800, =0(u,w)+ TB(Ss(uw) (¥, w), 0p(uuww)). (2.18)

In other words, we wait until the first instant o when the trajectories S; and Sj
“stop converging” to each other and denote by p the first hitting time of B
after 0. Let d, d; and J2 be the constants in (2.5), (2.6), and (2.7). We claim
that, for any u € B,

Py{p = oo} > 41, (2.19)

Eu{l{pcocre™} < a, (2.20)

where o < 05 Ad and a < 1 are positive constants not depending on u. Indeed,
the definition of p(u,w) (see (2.18)) implies that {p = oo} = {0 = oo}, and

therefore (2.19) is an immediate consequence of (2.6).
To prove (2.20), we first show that

EU{I{KDQ}e‘S”’} <M for any u € B, (2.21)

and M > 0 is a constant not depending on u. Indeed,
using relation (2.18), the strong Markov property (SMP), and inequality (2.5),
we derive

where 3 = GI—%S%M)

Euw{lipcoe}e®} = Buf{liocooye™ (Es, €7) } <E{l(oco0}e” G(8,)}-
Combining this with (2.7) and (2.8), we conclude that
g-1 1
Eu{lfpcooye®} < (Bu{l{oco}e™ }) 7 (Eu {I{5<o}G(S5)1})"
< (¢*7'K)7 =: M.

To derive (2.20), let us set &« = £d3 and note that, in view of (2.19) and (2.21),
we have

Eu{I{P<oo}€ap} S (]Pu{p < C)O})l_‘S (Eu{l{p<oo}663p})s S (1 — 51)17€M€.

The right-hand side of this inequality is less than 1 if € > 0 is sufficiently small.
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Step 2. We now consider the iterations of p. Namely, we define a sequence
of stopping times px = pi(w,w) by the formulas

pPo=7TB, Pk =pr-1+pol, ., k>1
We claim that
Eu{l{p <oy} < a*G(u) for any u € X. (2.22)
Indeed, since S, (4,w)(®,w) € B, inequality (2.20) and the SMP imply that

E“{I{Pk<00}eapk} < E“{I{Pk—1<00}eapk71 Sug E, (I{P<O°}eap)}
veE
< GEU{I{pk_1<oo}eapkil} < akEueOzTB.

The required inequality (2.22) follows now from (2.5) and the fact that o < 4.

Step 3. We now note that, if pi(u,w) < oo and pr41(u,w) = oo for an
integer k > 0, then

1Se(w, w) — Si(u,w)|| < Ce PEPr@) for ¢ > oy (u,w). (2.23)
For any u € X, let us set
k=k(u,w)=sup{k > 0: p(u,w) < o0o}.
We wish to show that
k< oo for P,-almost every w. (2.24)
To this end, note that, in view of (2.19) and the SMP,
Pu{pr <00} < (1 —81)Pyu{pr_1 < oo} < (1 —61)*Pu{po < 0o} < (1 —61)k.

Hence, the Borel-Cantelli lemma implies (2.24).
Step 4. Let us set

pl_c(u,w)(uvw) if E(U,UJ) < 00,

+ o0 if k(u,w) = oco.

L={(u,w) :{

Inequality (2.9) follows immediately from (2.23), the definition of py, and the
fact that ps41 = oo. To prove (2.10), we write

E e = ZEu{I{E:k}ewk} < ZEU{I{M@O}@M’C} < (1-a)"'G(w),
k=0 k=0

where we used inequality (2.22) and the fact that {(u,w) < oo for Py-a.a. w.
This completes the proof of Theorem 2.3.

Remark 2.4. Analyzing the proof given above, it is not difficult to see that The-
orem 2.3 remains valid if o(u,w) is replaced with any other stopping time & < o.
In other word, if inequalities (2.6)—(2.9) hold with ¢ replaced by &, then the
conclusion of Theorem 2.3 is true. To see this, it suffices to repeat the arguments
above, replacing everywhere o by &.
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3 Dissipative RDS and their extensions

In this section, we give sufficient conditions for the existence of an extension
satisfying inequality (2.5). These results will be used in the next section to
prove exponential mixing for the complex Ginzburg-Landau equation.

3.1 Lyapunov function

Let Si(u,w) be a Markov RDS in a separable Banach space X and let F'(u) > 1
be a continuous functional on X tending to +o00 as ||u|| — oco. Suppose that Sy
satisfies the following condition:

(H;) Lyapunov function. There are positive constants ., R., Cy, and a < 1
such that

EHF(S}*) < aF(u) for ||u|| > R., (3.1)
E.F(S;) < C. for ||ul]| < Rs, t >0, (3.2)

In what follows, we shall call F' a Lyapunov function for S;. An important
property of a Markov RDS possessing a Lyapunov function is that the first
hitting time of sufficiently large balls in the phase space is almost surely finite
for any initial condition and has a finite exponential moment. Namely, we have
the following result:

Proposition 3.1. Let Si(u,w) be a Markov RDS satisfying Hypothesis (Hy)
and let Tr(u,w) be the first hitting time of the ball Br = {u € X : ||u|| < R},
where R > R.. Then

P{tr <o} =1 foralueX. (3.3)

Moreover, there are positive constants § and C' not depending on R and u such
that

E,exp(07r) <1+ CKx'F(u), (3.4)

where we set
Kr= inf F(v). 3.5
r= inf (v) (3.5)

Proposition 3.1 can be established by a standard argument (see [MT93]).
However, for the sake of completeness, we give its proof.

Proof of Proposition 3.1. Step 1. The result is trivial for ||u|| < R, since in this
case Tr(u,w) = 0 for P,-almost every w. Let us fix an arbitrary v € X with
|lu|| > R and consider an auxiliary stopping time defined by the formula

7 =7(u,w) = min{t = mt, : ||S]| < R, m >0 is an integer}.
For any integer £ > 0 and any v € X, we set

(V) = Eo{I (75161 F(Ske.) } (3.6)
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We claim that
pr(u) < aFF(u) for all k > 0. (3.7)

Indeed, the Markov property (1.1) and inequality (3.1) imply that

pr1(u) SEu{Izsie 3B (F(Sgrye.) | Fre,) }
- EU{I{‘F>kt*}]ESkt* F(St*)}
< aBy{Iiropey F(Ske. )} = api(uw), (38)
where we used the non-negativity of F' and the fact that || Sk, || > R > R. on
the set {7 > kt.}. Iterating (3.8) and noting that
Ew{l{7>01F'(S0)} < F(u),
we arrive at (3.7).
Step 2. Tt follows from (3.6) and (3.7) that
Pu{7 > kt.} < Kp'Eo{Iiropry F(Ske,)} < "K' F(u). (3.9)
Combining this with the Borel-Cantelli lemma, we see that
P, {T < o0} =1 foranyuec X. (3.10)

Furthermore, if § > 0 is so small that b := e’**a < 1, then, by (3.9), we have

Eoue’™ <14 Y Eu{lrpe.ye’}
k=1

<14 MR T > (k- 1)t}
k=1

<14+ KR'F(u) Y e a"! =14 CK'F(u), (3.11)
k=1

where we set C' = % (1—b)~1. It remains to note that 7 > 7, and hence (3.10)
and (3.11) imply (3.3) and (3.4). O

A result similar to Proposition 3.1 is true for any extension of S;. More pre-
cisely, let S¢(u,w) be an extension of a Markov RDS satisfying Hypothesis (Hj)
and let3

TR = min{t > 0: || S(u,w)| V ||S;(u,w)|| < R}. (3.12)
Let R* > 0 be the smallest constant such that K« > f?;, where a and C,
are the constants in Hypothesis (Hy) and K is defined by (3.5). The assertion
below can be established by repeating the arguments in the proof of Proposi-
tion 3.1.

3The stopping time (3.12) is different from the one defined in Proposition 3.1 for the original
RDS. However, we retained the same notation since they play similar roles for St and St.
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Proposition 3.2. Let Si(u,w) be a Markov RDS satisfying Condition (Hy) and
let S¢(u,w) be its extension. Then there are positive constants § and C such
that, for any w € X and R > R*, we have

Pu{mr < 0} =1, (3.13)
Euexp(67r) <1+ CKy'(F(u) + F(u')). (3.14)

3.2 Dissipation

Let S;(u,w) be a continuous Markov RDS in a separable Banach space X and
let Ri(u,w) be its extension on an interval [0,T]. Suppose that R: = (R¢, R})
satisfies the following condition.

(H,) Dissipation. For any R > 0 there is a constant ¢ € (0, 1) and an increas-
ing function e(d) > 0 defined for d > 0 such that, for any v = (u,u’) € X
with [Ju| V ||u'|| < R and any d > 0, we have

Pu{ IR (u, )|V [RY(w, )l < {a(ll/[| v I[N} v d} = e(d).  (3.15)

In other words, the dissipation condition (Hs) means that for any d > 0, with
positive probability, any ball in X of radius R > d/q centred at zero is pushed
into a ball of radius ¢R by the maps Ry and R/.. Therefore, it is reasonable to
expect that, if S is the extension of Sy constructed by iteration of R, (see (1.7)
and (1.8)), then for any initial point w € X the trajectory Si(u,w) will hit, in a
finite time, any ball of given radius centred at zero. We have in fact the following
result, which shows that the existence of a Lyapunov function combined with the
dissipation property (Hy) implies that the first hitting time of any ball centered
at zero has a finite exponential moment (cf. (2.5)).

Proposition 3.3. Let Si(u,w) be a Markov RDS possessing a Lyapunov func-
tion F(u) in the sense of (H1) and let Ri(u,w) be its extension defined on an
interval [0,T] and satisfying condition (Hy). Then for any d > 0 there are pos-
itive constants C' and v such that, for the extension S constructed by iteration
of R¢, we have

Eyexp(vma) < C(F(u) + F(W)), u=(u,u)eX, (3.16)

Proof. We first describe the main idea, which is well known; for instance, see
Sections 3.7 and 4.2 in [Has80] or Section 13 in [Ver00]. By Proposition 3.2,
the first hitting time of the set

Br={ue X :|ju V|| <R} (3.17)

has a finite exponential moment for R > R*, and by the dissipation prop-
erty (Hz), each time the process S; is in Bpg, with positive probability it
hits By in finite (deterministic) time. Combining these two observations with
the Markov property, we can prove the required result. An accurate proof is
divided into four steps.
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Step 1. Let R* and ¢ be the constants in Proposition 3.2 and Hypothe-
ses (Ha). We fix an arbitrary d > 0 and set l; = min{l > 0 : ¢'R* < d}. It
follows from inequality (3.15) and the Markov property that, for any w € Bg-,
we have

Pu{Si,r € Bq} > pq :=e(d)!* > 0. (3.18)

Step 2. Let us set 7 = 7r+ and define two sequences of stopping times by
the formulas

pr=71, pr=7+WT, pp=pm-1+700,, . pm=p,+T, m>2.

Consider the events I';,, = {S,,n ¢ Byforn=1..., m}. Let us show that, for
any u € X, the sequence P,,(u) =P, (T,,) satisfies the inequality

Pp(u)=(1-pa)™, m>1 (3.19)
Indeed, by the SMP, for any m > 1 we have*
PulSp,. & Ba|Fp, } =Psp,){Sur ¢ Ba} <1-pa, (3.20)

where we used inequality (3.18) and the fact that S,, € Bgr-. Therefore, using
again the SMP, we derive

Pr(u) =E, (Iqu]P)U{Spm ¢ Bq |~7:p;n}) < (1 = pa) Pr—1(u).

Iterating this inequality and using (3.20) with m = 1, we obtain (3.19).
Step 3. We now show that for any d > 0 there is a constant K > 1 such that
Eue’m < K™(F(u) + F(u)), m>1, (3.21)

where § > 0 is the constant in (3.14). Indeed, applying the SMP and inequali-
ties (3.14) and (3.2) (with t = [4T), we derive

Eye’Pm =E,{e"Eg(, (")}
S ClEu{e[sp”L71 (F(Sp'mfl) + F(S;)m,—l ))}
S CleéldTEu{65/’;,,711}35([);”71) (F(SldT) + F(SlldT))}

< CV2em{iTIE:ueép;n71 P

where we used the fact that S
again (3.14), we obtain (3.21).

€ Bpg-. Iterating this inequality and using

Pm—1

Step 4. We can now prove inequality (3.16) with sufficiently small v > 0.
To this end, we define the random integer

n=min{n >1:5, € B}

4We write S(p/,,) instead of S, to avoid a double subscript.
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and note that 74 < ps. Moreover, it follows from (3.19) and the Borel-Cantelli
lemma that P, {fi < oo} =1 for any u € X. Hence, for any v > 0 we have

Eue’™ < Eye’?* =Y By (Ifa_nye”™)

n=1

<Eue”” + Y Eyu(Ir, e""")

n=2
<Eue + Y Pr(u)? (Euez”pm“)%
m=1

vm

< K(l +Ya —pd)%KT) (F(u) + F(u')). (3.22)

Comparing this inequality with (3.19) and (3.21), we see that, for a sufficiently
small v > 0, the right-hand side of (3.22) can be estimated by C(F(u)+ F(u')).
This completes the proof of Proposition 3.3. O

4 Complex Ginzburg—Landau equation

4.1 Cauchy problem and a priori estimates

Let D C R™ (n =3 or 4) be a bounded domain with smooth boundary 0D and
let L? = L?(D,C) be the space of square-integrable complex-valued functions
on D. We regard L? as a real Hilbert space and endow it with the scalar product

(u,v) = Re/D u(x)v(z) dx

and the corresponding norm || - ||. Let {e;} be a complete set of L?-normalised
eigenfunctions of the Dirichlet Laplacian and let {a;} be the corresponding set
of eigenvalues indexed in an increasing order.

We consider the problem

i — (v +1)Au +ilul*u = h(z) + n(t, z),
u|8D =0,
u(0, ) = up(x),

AA
=R
N =

where v > 0 and p > 0 are some constants, h € L? is a deterministic function,
and 7 is an H'-valued random force. More precisely, we assume that

W2) = (), G6w) = Dby (H)es (), (4.4
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where 3;(t) = B;1(t) + i8;2(t) are complex-valued independent Brownian mo-
tions and b; > 0 are some constant satisfying the condition

o
B = Zajb? < 0.
=1

In what follows, we always assume that 0 < p < % For any function u(t, ), let
us set

Eu(t) = lu®)|® + V/O lu(s)lIzds. (4.5)

The theorem below establishes the well-posedness of problem (4.1)—(4.3) in ap-
propriate functional spaces. We refer the reader to the papers [Kry00, MRO1,
KS04, Shi06] for proofs of similar (and more general) results.

Theorem 4.1. Suppose that the above-mentioned conditions are fulfilled, and
let ug be an L%-valued random variable that is independent of ¢ and satisfies the
condition E |lug||?> < oco. Then the following statements hold.

(i) There is a random process u(t) = u(t,x), t > 0, whose almost every
trajectory belongs to the space

X = C(R-i-? LQ) N LIQOC(RJF; Hé)
and satisfies Eqs. (4.1) and (4.3) in the sense that
t
u(t) = ug + / (v + i) Au(s) — i|u(s)[*u(s)) ds + th+((t), t>0.
0
Moreover, the random process u(t,x) is adapted to the filtration Fy gener-

ated by ug and .

(ii) The process u(t) constructed in (i) is unique in the sense that if u(t) is
another random process satisfying (i), then, with probability 1, we have
u(t) = a(t) for allt > 0.

(iii) We have the a priori estimates

t
B+ [ Elu(s)ids < Blunl?+Ce fortz0, (40
0
]P’{ sup(E,(t) — Lt) > |uo||® + p} <e P forp>0, (4.7)
>0

where C, L, and » are positive constants not depending on ug.
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4.2 Formulation of the result and an open problem

Let us denote by S¢(uo,w) the solution of (4.1)-(4.3) constructed in Theo-
rem 4.1. Using a standard argument (e.g., see [Kry00, MRO1]), it is not difficult
to show that S¢(ug,w) can be regarded as a Markov RDS in L?, and we shall
denote by (u¢,P,,) the corresponding Markov family (cf. Section 1.1). The tran-
sition function and Markov operators associated with (u¢,P,,) will be denoted
by P;(u,T'), B, and PB;. The following theorem is the main result of this section.

Theorem 4.2. Suppose that the conditions of Theorem 4.1 are satisfied and
that
bj #0 forallj > 1. (4.8)

Then for any v > 0 the Markov RDS associated with (4.1), (4.2) has a unique
stationary measure L € P(LQ). Moreover, there are positive constants C and vy
such that

[Bef(w) = (f,0)] S CUFleQ+ [[ul®) e foranyt >0, ue L?,  (4.9)

where f € L(L?) is an arbitrary functional.

To prove this theorem, we shall construct an extension S; for S; that sat-
isfies the coupling hypothesis in the sense of Definition 2.2, and application of
Theorem 2.3 will imply the required result. Moreover, using the regularising
property for CGL equation and the associated Markov semigroup (see Propo-
sition 4 in [Shi06]), it is not difficult to show that the stationary measure p
is concentrated on the space H!, and the exponential convergence to p holds
also for continuous functionals on Hg. At the same time, the following question
remains open.

Open Problem. The CGL equation is well posed in the space H for n = 3
or 4 and p < W—EQ Prove the uniqueness of stationary measure and exponential
mixing property for these values of p.

The rest of this section is organised as follows. In Section 4.3, we construct
an extension for S;. Section 4.4 is devoted to verification of Conditions (H;)
and (Hz) (see Section 3). In Section 4.5, we prove inequalities (2.6) and (2.7).
The proof of Theorem 4.2 is completed in Section 4.6.

4.3 Construction of an extension

We wish to construct an extension for S; that satisfies the coupling hypothesis
described in Definition 2.2. As was explained in Section 1.2, if we have an
extension R; = (R, R}) on a time interval [0,7], then its iteration results in
an extension defined on the half-line Ry. Our construction of R; will depend
on T > 1 and an integer N > 1. Both parameters will be fixed later.

Step 1. Let Hy be the 2N-dimensional subspace in L? spanned by the
vectors ej,ie;,1 < j < N, and let Hy: be its orthogonal complement in LZ.
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Denote by Py and Qu the orthogonal projections in L? onto the subspaces Hy
and H ]#, respectively.
Let us set v = Pyu, w = Qnu and rewrite Eq. (1.4) in the form

0= (v+i)Av+ Fy(v+w) = Pyh + ¢(t), (4.10)
W — (v +i)Aw + Gy (v +w) = Quh + (1), (4.11)
where we set
p=Pn( ¥ =Qn¢  Fy(u) =iPy(u*u), Gy(u)=iQu(|ul*u).
Equations (4.10) and (4.11) are supplemented with the initial conditions

v(0) = wo, (4.12)
w(0) = wo, (4.13)

where vg € Hy and wg € H ]J\y Using standard arguments, it is not difficult to
check that, for any functions

wo € Hy:, v € C(0,T;Hy), € C(0,T; Hy N HY),
problem (4.11), (4.13) has a unique solution
w € Xn(T) := C(0,T; Hx) N L*(0,T; Hy N HY).
We shall denote by
W: Hx x C0,T; Hy) x C(0,T; Hy N HY) — Xn(T),  (wo,v,9) — w,

the resolving operator for problem (4.11), (4.13) and by W, its restriction to
the time t. The operators W and W; are uniformly Lipschitz with respect
to (wp, v, 1) on bounded subsets, and it is easy to see that W, (wp, v, ) depends
only on the restriction of v and v to the interval [0, ¢].

Step 2. We now fix an arbitrary function y € C*°(R) such that
0<x<1, x(t) =1fort <0, x(t) =0 for t > 1.

Let us take any initial points ug,u, € L? and set fy(uo,up) = Pn(uf — up).
Denote by Ar(ug,uy) and Mp(ug, ug) the laws of the processes

{(g]fv%;)t € [O,T]}, {(PNu’(t) —Qizzg)o,ué)x(t)),t € [O,T]}, (4.14)

respectively, where u(t) = S¢(uo,w) and u(t) = St(uj, w). Thus, Ar(ug,uy) and
Nr(uo,uf) are probability measures on the separable Banach space C(0, T’; L?).
Let (U(uo,uy), U’ (uo, up)) be a maximal coupling for (Ar(ug, uh), Ny (uo, up)). °

5See Section 5.2 for a definition of maximal coupling.
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By Proposition 5.2, such a pair of random variables exists and is a measurable
function of its arguments. Now let

Ri(uo,uh) = PnUs + Wi(Quuo, PnU, QuU), (4.15)
Ri(uo, ug) = PnUs + v (uo, ug)x(t)
+ Wi (Qnuh, PNU" + fn (uo, ug)x, QuU’), (4.16)

where U, stands for the restriction of U(ug, uj) to the time ¢, and U/ is defined
in a similar way. We claim that R; = (R:,R}) is an extension of S; on the
interval [0, T7.

Indeed, we need to show that the laws of the processes {R(uo,uy)} and
{R}(ug,uy)} coincide with those of {S;(ug,w)} and {S¢(ug,w)}, respectively.
To this end, let us set

X(T)=C(0,T; L*) N L*0,T; HY)
and introduce an operator
T:Hy xC(0,T; Hy) x C(0,T; Hy N HE) — X(T)
defined by the relation
Y (wo,v,9) = v+ W(wo,v,1). (4.17)
The definition of W implies that
{St(up,w),t €[0,T]} = T(QNUO, PnS.(uo,w), QNC('))- (4.18)

Thus, the law of {S;,t € [0,T]} coincides with the image of the law of the
first process in (4.14) under the mapping 7 (Qnuo, -, -). Furthermore, it follows
from (4.15) that the distribution D(R.(ug,up)) is the image of Ay (ug, ug) under
T(Qnuo, -, ). By construction, the law of the first process in (4.14) coincides
with Ar(uo, u(), and we conclude that

D(R. (o, up)) = D(S.(uo, ))-

A similar argument proves that D(R!(ug,uy)) = D(S. (ug, -))-

Our next goal is to check that Hypotheses (H;) and (Hs) are satisfied for Sy
and R;. In view of Propositions 3.2 and 3.3, this will imply that property (i)
of Definition 2.2 is true for the extension S;.

4.4 Lyapunov function and dissipation

Let us show that S; satisfies Hypothesis (Hy) with F(u) = ||ul|? and any ¢, > 0.
Indeed, it follows from (4.6) and the Gronwall inequality that

E,F(S)) <e F(u)+Cv™t, t>0.
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In particular, fixing any constant a € (e™"%*, 1), we see that (3.1) and (3.2) hold
with
C 1/2
R. = <7_> , C.=R:+Cv L.
v(a — e vt)

We now show that the extension R, satisfies Hypothesis (Hs) for sufficiently
large N and T'. Note that, in view of (4.8), the distribution of {{(¢),0 <t < T}
is a non-degenerate Gaussian measure on C(0,7; H}). Combining this with the
obvious property of approximate controllability of the CGL equation (1.4) with
a control force ¢ € C*(0,T; H}), for any R > 0, ¢ € (0,1), and d > 0 we can
find (R, ¢,d) > 0 such that (e.g., see [FM95, Shi05a])

P {||ST(u, )| < (qlju]]) Vd} > a(R,q,d) for any u € L?, |ju| < R. (4.19)

Moreover, using the existence of a Lyapunov function for S, the constant
a(R, q,d) can be made independent of T > 1. Since R; is an extension for S,
we conclude from (4.19) that

Pu{l|Rr(u, v < (qllull) v d} > a(R, ¢, d),

Pou{ | R (u, )| < (gllw'|]) v d} > a(R, gq,d) (4.20)

for any (u,u') € L* x L* with |lul| V [/ < R. Inequalities (4.20) would im-
ply (3.15) with e(d) = a(R, ¢, d)? and any T > 1, if the processes R; and R, were
independent. However, this is not the case, and we have to proceed differently.

Step 1. To prove (3.15), it suffices to show that for any § > 0 there is ¢s > 0
such that

Ps i= Pu{ [ R (u, )|V [Rop ()| < qu(ull V [[/) + 6} > e5 (421

for u,u’ € Bg, where q; € (0,1) is a constant and Bp denotes the ball in L? of
radius R centred at origin. Indeed, suppose that (4.21) is already proved and

fix any d > 0. Setting 6 = 1;31 d and g = H'qu, we derive

qllv]| +6 = (q|lv]|) vd for any v € L.

It follows that the probability on the left-hand side of (3.15) is bounded below
by Ps. Since ¢ depends only on d and ¢, this proves (3.15).

Step 2. We now prove (4.21). In view of the existence of a Lyapunov function
for Sy, we can assume that u, v’ € Bg, for some R, > 0. Introduce the events

Gs = {|Rr(u, )| < ar([Jull v [|[]) + 6},
Gs = {IR7(w, )| < qu([lul V |W/[]) + 63,
E, = {Er(t) + Er/(t) < 2(R? + Lt) + p for all t > 0},

where &, is defined by (4.5). We need to estimate from below the expression
P.(GsG5). Tt follows from (4.19) that

P, (Gs) > x5, Pu(G5) > 55 for any u,u’ € Bp,, (4.22)
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where 35 > 0 is a constant not depending on u, v/, and T'. Moreover, inequal-
ity (4.7) implies that

P.(E,) >1—p, forany u,v € Bg,, (4.23)
where 3, — 0 as p — co. Now recall that (see (4.15) and (4.16))
Ri(u,u') = L(Quu, U),  Ri(u,u') = L(Quu, U’ + fn(u,a)x),  (4.24)

where (U,U’) is a maximal coupling for the pair (Ar(u,u’), Np(u,u’)), the op-
erator 1" is defined in (4.17), 7; stands for its restriction to the time ¢, and
fnlu,u') = (fN(g’“ )). Without loss of generality, we can assume that

Pu(Gl/sN®) < Pu(GsaN°), (4.25)

where N = {U(u,u’) # U'(u,v’)} and N¢ denotes the complement of A/. The
case in which the opposite inequality is satisfied can be treated by a similar
argument.

Suppose we have shown that

Gs/2E,N¢ C GsG5  for any p > 0 and T > T, (4.26)
where T}, > 1 depends only on p. In this case, we can write

Pu(GsGY5) = Py (GsG5NC) + Py (GsGN)
Pu(GsG5EN¢) + Py(Gs | NP (G5 | NPy (N)
]P’U(G(;/QEP./\/C) + P, (G(;N)]Pu( :;./\/),

v v

where we used inclusion (4.26) and the independence of U and U’ conditioned
on . Combining this inequality with (4.23), we derive

Po(GsGh) > Pu(GoaN) + Pu(GoANPu(GIN) — B, (4.27)

We claim that if p > 0 is so large that 5, < %zg/z, then (4.21) holds with

cs = %%[?/2. Indeed, if Py (Gs/2N€) > i%§/2, then (4.21) follows immediately
from (4.27). In the opposite case, inequalities (4.22) and (4.25) imply that

3
73 < Pu(Gs/2)Pu(Gl p) < Pu(GsaN)Pu(Gh o N) + Z%§/2a
whence it follows that

1
Pu(GéN)]PU(G:SN) 2 ]PU(G(S/QN)]PU(G:SQN) > 1%5/2'

Combining this with (4.27), we obtain (4.21) with ¢; = g} 5.

Step 3. It remains to prove (4.26). The construction implies that if w € N¢,
then the processes R¢(u,u’) and Rj(u, u’) belong to the space X' (T") and satisfy
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Eq. (1.4) with some right-hand sides ¢, ¢’ € C(0,T; H}). Moreover, we have the
relations (cf. (5.1), (5.2))

PNRi(u,u') = PNRy(u,u') — fn(u,u')x(t), (4.28)
Qn¢(t) = Qn(' (1) (4.29)

for 0 < ¢ <T. Furthermore, if w € G;5/2FE,, then

t
/ ([|Rs(u, w')||* + IR (u, u)[|?) ds < 2(R*+ Lt)+p for 0 <t <T, (4.30)
0
IR (u, )| < 8/2+ qu(Jfull v [lW/])- (4.31)
Applying Proposition 5.3 and using (4.28) and (4.30), we see that

IRe(u, u') = Ri(u, u)| = |Qn (Re(u,u') = Ry (u, )|
< Crexp{—van41(t — 1)+ Cit + 2R + p}lu — /|,

where C; > 0 is a constant not depending on u, v/, and N. It follows that if N
is sufficiently large, then for any p > 0 we can choose T, > 1 such that

|Rr(u,u') — Rip(u,o)|| < & for u,w’ € Br,, T >T,. (4.32)
Combining this with (4.31), we obtain the inequality
IR (w, w) VIR (s ) | < qu ([full v [w]]) + 9,

which shows that Gs/2E,N° C GsG5. This completes the verification of Hy-
pothesis (Hs).

4.5 Squeezing: verification of (2.6) and (2.7)

Let us recall that the extension S; = (S, S;) is obtained by the iteration of
R: = (R¢,R};) and that the random processes Si(u,w) and S;(u,w) satisfy
Eq. (1.4) with some right-hand sides ¢ = ((¢,u,v’) and ¢ = ((t,u,u’), respec-
tively. Introduce the Markov times

o1(u,w) = inf{t > 0: PyS; #PnS; — fn(u,u’)x(t) or Qn¢(t) # QnC' (1)}
oo(u,w) =inf{t > 0: Es (t) + Es/(t) > ||u|® +2(L + M)t + 2p},

where M and p are positive parameters that will be chosen later. Let us set
o(u,w) =0o1(u,w) A oa(u,w).

The Foiag-Prodi estimate (5.3) implies that if N > 1 and w,u’ € Bj, then
(cf. the derivation of (4.32))

||St(u,w) — Sj(u,w)|]| < Ce™ for0<t<d(u,w), (4.33)
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where C' > 0 does not depend on u and u’. It follows that ¢ < o, where o is
defined by relation (2.3) with 8 = 1. We shall show that if N > 1, p > 1, and
B = By x By with d < 1, then & satisfies (2.6) and (2.7).

Step 1. Let us set
Qr ={o(u,w) € I;}, Iy =[k—1T,KT].
Suppose we have shown that
Pu(Qr) <2e7%* forany k > 1, u € B. (4.34)

In this case, we can write
Puf6 =00} =1-> Pu(Qx) >1-2) e =:6,>0,
k=1 k=1

Eu (I{&<oo}662&) S Z]PU(Qk)eéng S 22 e—(2—62T)k S K,
k=1 k=1
where §2 < T—1. Thus, it suffices to prove (4.34).
Step 2. To prove (4.34), we shall need the following result. Recall that the

measures Ay (u,u') and M(u,v’) are defined in Section 4.3.

Proposition 4.3. There is an integer Ng > 1 such that if N > Ny, then
| Ar(u, ') = Mp(u, )|, < Ce ™ 4 Onde®® (4.35)

for any u,u’ € Bp such that ||u — u'|| < d. Here Cn, C, and c are positive
constants not depending on R and d.°

The proof of this result is based on a well-known argument using the Gir-
sanov theorem (see [EMS01, KS02]). The case of the CGL equation is technically
more complicated; however, the main ideas remain the same, and therefore we
omit the proof. We refer the reader to Proposition 3 in [Shi06] for a weaker
version of (4.35).

The proof of (4.34) is by induction on k. Let us denote by Ay, the set of w €
for which

PnS: =PNS; — fv(u,u)x(t), QnC(t) =Qn('(t) forte I.

For k£ =1, we have
Q1= {0'2 € [O,T]} U A(i (436)

It follows from (4.7) that

P, {02 € [0,T]} <27 < e 2 for p>4/s. (4.37)

SHowever, they may depend on T
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Furthermore, Proposition 4.3 and the definition of maximal coupling imply that
Py (AS) < Ce R 4 OndeF (4.38)

The right-hand side of this inequality is smaller then e~2 if
R>c¢ Y (InC+4), d<(2Cy) e OF. (4.39)

Combining (4.36)—(4.38), we arrive at (4.34) for k = 1.
We now assume that £ =+ 1 > 2 and that inequality (4.34) is established
for 1 < k <. Let us denote by A; the intersection of Aq,..., A;. We have

Ql+1 C {0'2 S Il+1} U Dl+1, (4.40)

where Djy1 = AjNA§,, N{o2 > (I+1)T}. Let us estimate the probabilities of
the events on the right-hand side of (4.40). Inequality (4.7) implies that

Py{og € I131} < 2P+ MD < =204 1) (4.41)
on condition that
M>2/3x p>4/s. (4.42)
Furthermore, using inequality (4.34) for 0 < k <1, we derive

l
Pu(AN{o2 >1T}) > Pu{5 > 1T} >1-2) e 2 >1/2 (4.43)
k=1

for w € B. The Foias—Prodi inequality (5.3) implies that, for any P > 0 and
sufficiently large N, we have (cf. the derivation of (4.32))

1Ser|| V 1ISipll < Cr(p + MTL)Y2,
1Sir = Sip|| < Cad 2P~
on the set A;N{oy > IT}, where C; and Cy are positive constants not depending
on N, d, and I. Applying now the Markov property and using inequalities (4.35)
and (4.43), we obtain
Pu(Dig1) < Pu(Afyy | AN {02 2T} Py (A N {02 > IT})
< Cem¢CiPtMTO | O Codexp{p(CC? + Co) + (CCIM — P)TI}. (4.44)

The right-hand side of this inequality is smaller than e=2(+1) if
InC+2
PZ —F=3
cOf (4.45)
P>OCIM 42, d< (CyCy)-terCCHED1,

M > (2¢CiT) 71,

Note that the conditions imposed on the parameters M, p, P, and d by in-
equalities (4.39), (4.42), and (4.45) are compatible. Combining (4.40), (4.41),
and (4.44), we arrive at (4.34) for k = [+ 1. This completes the proof (4.34).
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4.6 Completion of the proof of Theorem 4.2

We have thus shown that the RDS associated with the CGL equation (4.2)
possesses an extension Sy = (S, S};) that satisfies (2.5)—(2.7) with

0=5, B=DByxBg g(r)=r"
where d > 0 is sufficiently small. If we show that
Eu{l{5<}||S5]*} < K for any u € B, (4.46)

where K and ¢ are positive constants not depending on u, then application of
Theorem 2.3 and Remark 2.4 will prove that problem (4.2), (4.3) possesses a
unique stationary measure y € P(L?) and inequality (4.9) holds.

To prove (4.46), note that if & < oo, then

155112 + 154112 < 2(d% + L&) + p for u,u’ € By.

It follows that
851127 < Cy(6% +1) for any ¢ > 1,

where C; > 0 depends only on L, d, and p. Multiplying this inequality
by I{5<cc}, taking the mean value, and using (2.7), we arrive at (4.46). The
proof of Theorem 4.2 is complete.

5 Appendix

5.1 Maximal coupling of measures

Let X be a Polish space and let u, 1’ be two probability Borel measures on X.
Recall that a pair (£,¢') of X-valued random variables defined on the same
probability space is called a coupling for (u,p') if

D) =p, DE)=4u"

Definition 5.1. A coupling (&,¢&’) for (u, 1) is said to be mazimal if

P{¢ # 5/} = |lp— //Hvar’

and the random variables £ and £ conditioned on the event N' = {£ # ¢’} are
independent, that is,

P{el,{ el [N} =P{{ e N}P{{ e I[N}
for any I', TV € Bx.

In Section 4.3, we have used the following result on the existence of maximal
coupling for measures depending on a parameter. Let Y be a Polish space
endowed with its Borel o-algebra By and let {1, }yey be a family of measures
on X. We shall say that p, measurable depends on y € Y if the function
y — py(I') is (By, Br)-measurable for any I' € Bx.
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Proposition 5.2. Let {uy}, {1} C P(X) be two families that measurably de-
pend on y € Y. Then there is a probability space (Q, F,P) and two measurable
functions

Y xO =X, ¢€:YxQ—-X

such that (§(y,-), &' (y,)) is a mazimal coupling for (puy, p,) for anyy € Y.

In the case X = R"™, a proof can be found in [KS01]. In the general case, it
suffices to use the fact that any Polish space is measurably isomorphic to (R, Bg).

5.2 Foias—Prodi estimate

In this subsection, we present an estimate for the difference between two solu-
tions of problem (1.4), (1.5) in which ¢ : Ry — H! is a deterministic continuous
function. Recall that {e;} C H is the complete set of eigenfunctions for the
Dirichlet Laplacian in the domain D, Hy is the 2N-dimensional subspace in L?
generated by {e;,ie;,1 < j < N}, and H3; is the orthogonal complement of Hy
in L2, Denote by Py : L? — Hy and Qy : L? — Hy the corresponding
orthogonal projections.

The following result provides a Foiag—Prodi type estimate for the difference
between two solutions whose projections to Hy coincide (cf. [FP67]). Its proof
can be found in [Shi06, Section 4].7

Proposition 5.3. Let n =3 or 4, let p < %, and let
uy,uy € X(T) = C(0,T; L*) N L*(0,T; HY)

be two solutions of problem (1.4), (1.5) that correspond to deterministic func-
tions (1,(a € C(0,T; HY) and h € L*(D,C). Suppose that

Pynui(t) = Pyua(t) forto <t<T, (5.1)
QnGi(t) = QnGa(t) for0<t<T, (5.2)

where tg € [0,T] and N > 1 is an integer. Then there is a constant C' > 0 not
depending on uy, us, tg, and N such that

2

1Qu (ur (£) = ua(t))|* < exp{—van i1t + (1)} <||QN(U1(0) —u2(0))||

s cermntns ) [l ua(o)lh) Pt ) - ualo) s
(5.3)

for 0 <t <T, where we set

4ty =C / (s ()12 + lfuz(s)[2 + 1) ds.

"The estimate established in [Shi06] is slightly different. However, a similar argument
enables one to prove (5.3).
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