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Abstract

We consider the 2D Navier—Stokes system, perturbed by a white in
time random force, such that sufficiently many of its Fourier modes are
excited (e.g., all of them are). It is proved that the system has a unique
stationary measure and that all solutions exponentially fast converge in
distribution to this measure. The proof is based on the same ideas as in
our previous works on equations perturbed by random kicks. It applies
to a large class of randomly forced PDE’s with linear dissipation.

0 Introduction
We consider the 2D Navier—Stokes (NS) system with random right-hand side:
U —vAu+ (u-V)u+Vp=n(tz), divu=0, (0.1)

where x belongs to either a smooth bounded domain, and then the Dirichlet
boundary conditions are imposed, or to the two-dimensional torus T2, and then
we assume that [udz = [ndx = 0. We denote by H the corresponding L?-
space of divergence free vector fields and by {e;} the Hilbert basis of H formed
by eigenvectors of the operator L = —vIIA, where II is the orthogonal projector
to the space H (see e.g. [CF88, Lio69]). We denote by «; the eigenvalues of L
and by | - | the norm in H. Concerning the right-hand side, we assume that
either 7 is a kick-force

oo

n(t,x) = Y mk(z)d(t—Tk), ﬂk(x)Zijfjkej(x), (0.2)

k=—oc0

where b; > 0 are some constants such that b? < oo and {;x} are independent
random variables with k-independent distributions; or that the random force n
is white in time:

d &
n(t,r) = = ijﬁj(t)ej (x), N’ <oo, (0.3)
=1

where {(3;} are independent standard Wiener processes, defined for ¢t € R.



In the kick case (0.1), (0.2), the long-time behaviour of solutions u(t) € H
is determined by the values they take in points of the lattice TZ, and

u((k+1)T) = S(u(kT)) + 11, (0.4)

where the operator S: H — H is the time-T shift along trajectories of the
free NS system. The random dynamical system (RDS) (0.4) defines a Markov
chain in H. A probability Borel measure p on H is called a stationary measure
for (0.1), (0.2) if it is a stationary measure for the Markov chain (0.4). Similarly,
the white-forced equation (0.1), (0.3) defines a Markov process in H, and a
stationary measure of this process is called a stationary measure of the NS
system.

In [KSO00], we assumed that the random variables &;; in (0.2) are uniformly
bounded, ! their distributions satisfy some mild regularity assumptions, and

b #£0, 1<j<N, (0.5)

for a sufficiently large N. Under these assumptions, we used a Foias—Prodi type
reduction [FP67] of the NS system (0.1), (0.2) to a finite-dimensional random
system with delay to prove that the former has a unique stationary measure pu.
This measure is isomorphic to a 1D Gibbs measure, and

Bf(t) — [ f@)dutu) as t— o, (0.6)

t € TZ, for any bounded continuous function f and for any solution u of (0.1),
(0.2). That is, distributions of all solutions weakly converge to u. So this
measure comprises asymptotic in time stochastic properties of solutions.

E, Mattingly, Sinai [EMS01] and Bricmont, Kupiainen, Lefevere [BKLOO]
used later the Foias—Prodi reduction to prove that the NS system (0.1), (0.3),
(0.5), where N < N’ < o0, has a unique stationary measure u. Moreover, it
is proved in [BKLO0O] that the convergence (0.6) holds and is exponentially fast,
provided that «(0) is a deterministic vector belonging to a subset of H of full u-
measure. We note that Flandoli and Maslowski [FM95] and Mattingly [Mat99)
proved earlier the uniqueness of a stationary measure for (0.1), (0.3) for the
cases when the force 7 is singular in z (namely, cj*% <b; < Cj*%%, e>0)
and is sufficiently small, respectively. (These restrictions on 7 are different from
what we are interested in our work.)

Next in [KSOla] and [KPS02] the authors and A. Piatnitski developed a cou-
pling approach to study the RDS (0.4) which allows to get a much shorter proof
of the uniqueness and to show that the convergence (0.6) is exponentially fast
for all solutions. Independently similar results were obtained by N. Masmoudi
and L.-S. Young in [MY02].

In [Kuk02] the first author used some ideas of L. Kantorovich to get a shorter
version of the coupling approach. Namely, it was shown in [Kuk02] that the
transfer-operator of the RDS (0.4), which sends D(u(kT)) to D(u((k + 1)T))

I Equations with unbounded kick-forces were studied later in [KS01b].



(D signifies distribution), determines a contraction of a suitable Kantorovich
type functional defined on pairs of measures. Therefore the transfer-operator
determines a contraction of the space of measures; so it has a unique fixed point
(the stationary measure), and the distributions of all solutions converge to this
measure exponentially fast.

In [Mat02], J. Mattingly applied a coupling to (0.1), (0.3) with N’ < oo
and proved that convergence (0.6) is exponential for all v(0). Unfortunately, we
found it very difficult to follow his arguments.

We also mention the papers [EH01, Hai02], which are devoted to studying a
class of randomly perturbed parabolic problems with strong nonlinear dissipa-
tion, including the Ginzburg—Landau equation.

In this work we show that the coupling approach from the works [KS01a,
KPS02, Kuk02] applies to the white-forced NS system. It implies the uniqueness
of a stationary measure and the exponentially fast convergence (0.6). More
specifically, we fix a sufficiently large T and replace (0.1), (0.3) by the embedded
Markov chain

u((k+1)T) = Sy (u(kT)), (0.7)

where the random operator Sp: H — H is the time-T shift along trajectories
of (0.1), (0.3). It turns out that the RDS (0.7) is quite similar to (0.4), and it
is possible to apply the coupling approach in the form proposed in [Kuk02] to
prove the uniqueness of a stationary measure and convergence (0.6). Finally,
we easily go back from (0.7) to (0.1), (0.3) and obtain the following result:

MAIN THEOREM. Suppose that, in (0.3), N’ = 0o and Zajb? < 0o. Then
for any v > 0 and B > 0 there is an integer N > 0 such that if Zb? <
B and (0.5) holds, then the NS system (0.1), (0.3) has a unique stationary
measure . Moreover, there are positive constants C and o (depending on v
and {b;}) such that, if ug is any vector in H, u(t) is a solution such that
u(0) = uo, and f is a bounded Lipschitz function on H, satisfying sup |f] < 1
and Lip(f) <1, then

Br®) = [ f)dute] < OO+ e

The theorem means that, for any uy € H, the distribution D(u(t)) converges
to p exponentially fast in the Lipschitz—dual norm (see Subsection 2.3). As
convergence in this norm is equivalent to the weak convergence [Dud02], for
each ug we have D(u(t)) — p as t — oc.

Since our approach to the randomly forced 2D NS system is heavily based on
the Foias—Prodi reduction, then we use essentially the assumption (0.5) (same is
true for all other works on the randomly forced NS system, written after [KS00]
up to now). In this assumption the number N grows as a negative degree of v
as v — 0. Fortunately, since we allow N’ = oo in (0.3), the assumption is
met for any v > 0 if all b;’s are non-zero. Because of that, our theorem can
be used to propose the following mathematical interpretation of the problem of



2D-turbulence. Let us consider the equation (0.1), (0.3) such that b; # 0 for
all j. Due to the Main Theorem, for any positive v the equation has a unique
stationary measure p, .

PROBLEM. What are limiting properties of the measures p, as v — 07 In
particular, do these measures converge (in some “reasonable” sense) to a limit-
ing measure?

See [EKMSO00] and section 5 in [Kuk02] for some related results. For discus-
sions see [Gal01].

Our proof of the Main Theorem does not use specifics of the NS system and
apply to a large class of randomly forced nonlinear PDE’s with linear dissipation.
Roughly, the proof works if information, available on the equation, allows to
prove that the equation, perturbed by a time-independent force, has a finite-
dimensional attractor. For discussion of nonlinear PDE’s with finite-dimensional
attractors, see, e.g., [BV92].
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Notations

Let {e;} be an orthonormal basis in H that is formed of the eigenvectors of the
operator L defined in Subsection 1.1 and let a; be the corresponding eigenvalues.
We assume that a; < as < ---. For any integer N > 1, we denote by Hy the
subspace in H generated by ey, ...,ey and by Hy its orthogonal complement.
Let Py and Qn be the orthogonal projections onto Hy and Hx;, respectively.

We set By = Zj b?, By = Zj ajb?, Co = Bo/ai, 70 = a1/2bmax, and
denote by T(1),T(2), - - -, C(1), C(2), etc. various positive constants which depend
only on {b;} and {a;}.

For a set A, A€ denotes its complement and I4 stands for its indicator
function. For a random variable &, we denote by D(€) its distribution.

Let X be a Banach space and let J C R be a closed interval. We shall use
the following functional spaces:

C(J; X) is the space of continuous functions on J with range in X.

DT(J;X), T > 0, is the space of continuous from the right maps from .J
to X that are continuous outside the lattice TZ and have limits from the left at
points of TZ.

L?(J; X) is the space of Bochner-measurable functions f: .J — X such that
S IIF @)% dt < co.
1 Preliminaries

In this section, we compile some known results on strong and weak solutions
for the Navier—Stokes (NS) equations (0.1). In what follows, to simplify the



notations, we shall assume that v = 1.

1.1 Strong and weak solutions

We rewrite the NS system (0.1) in the form
U+ Lu + B(u,u) = n(t). (1.1)

Here u = u(t) € H, L = —IIA and B(u,u) = I(u, V)u, where II is the orthog-
onal projection onto the space H. The right-hand side 7 is a white-noise force
in H:
8 oo
0 = 200, (1) = D biBi(0)e (o),
j=1

Let us set V. = H' N H, where H' is the Sobolev space of order 1, and denote
by || - || the norm in V" and by V* the adjoint space for V.

Definition 1.1. A random process u(t) = u(t, z;w) in H defined on the half-line
t > | and progressively measurable with respect to the o-algebras F; generated
by ((s), | < s < t, is called a strong solution of Eq. (1.1) if the following two
conditions hold with probability 1:

(i) For any T > I, the function u(t,z) belongs to L2(1,T; V)N C(l,T; H).

(ii) For any t > [, we have

u(t) + /l (Lu + B(u, u)) ds = u(l) + ¢(t) — ¢(1),

where the left- and right-hand sides of this relation are regarded as ele-
ments of V*.

If, in addition, the process satisfies the initial condition
u(l) =’ € H, (1.2)
then it is called a strong solution of the problem (1.1), (1.2).

Definition 1.2. A random process u(t) = u(t;w’) € H, t > 0, defined on a
probability space (', F',P’) is called a weak solution of Eq. (1.1) if there is a
process ¢’(t) defined on (', F',P') and distributed as {(t) such that u(t) is a
strong solution of (1.1) with n = 9;(’.

Weak and strong solutions for (1.1) and for (1.1), (1.2) with ¢t € [I,T],
Il <T < o0, are defined in a similar way.

It is well known that for any u® € H the problem (1.1), (1.2) has a unique
strong solution, defined for ¢t > [ (see [VF88, Chapter 10]).

If J C R is a finite or infinite interval and wu(t), t € J, is a weak solution
for (1.1), then it will be convenient for us to replace the process ¢'(t) (as in



Definition 1.2) by a process (f-(t) such that its trajectories a.s. belong to the
space DT(J;V) and

0 (' (t) = 0uCp(t) for te€ J\TZ almost surely,

where the derivatives of ¢’ and (/. are understood in the sense of distributions.
Clearly, u is a solution for (1.1) with n = 9,¢% on each interval [(k—1)T, kT|NJ,
and the process ¢’ can be easily recovered from (/.. Abusing language, we
shall say that w solves (1.1) with n = 0,¢}, or that ¢’ is a right-hand side
corresponding to wu.

1.2 An exponential estimate for the growth of solutions

In this subsection we apply the classical supermartingale inequality to get an
exponential bound for the probability of super-linear growth of solutions of the
NS system. Our arguments closely follow the proof of Lemma A.2 in [Mat02].

Let u(t) be a weak solution for (1.1), satisfying the equation with n replaced
by 9;¢’. Let us denote by oy the first eigenvalue of L and set byax = max; b;
and

t [ed]
&0 = [ + [ Juls)|Pds, Bo= > 0
0 =
where |- | and || - || are the norms in the spaces H and V, respectively.

Lemma 1.3. For any T > 0, any integer k > 1, and any p > 0, we have

]P’{ sup (E(t) — Bot) > |u(0)|* + p} <e P k>1. (1.3)
(k—1)T<t<kT

_ o
where vy = -

Proof. By 1td’s formula, we have

lu(t)| +2/0 Iu(s)|[2ds = [u(0)| +Bot+2/0 (u, dC"). (1.4)
It follows that
E(t) = [u(0)]* + Bot + (My — yo(M)¢/2) — (/O |u(s)||*ds — 70<M>t/2)

< [u(0)* + Bot + (M — 70(M)¢/2), (1.5)

where we denoted by M; the stochastic integral on the right-hand side of (1.4),
by (M), its quadratic variation, and used the inequality

oo t t t
%WW%ﬂ%Z@/ﬁ@%SM%@/MM%S/W&Ww
j=1 /0 0 0



Taking into account (1.5), we derive

]P’{ sup (E(t) — Bot) — [u(0)* > P}
(k—1)T<t<kT

<P{ s (My—0(M):/2) = p}
(k—1)T<t<kT

< ]P’{ sup eXp(*yoMt — 7§<M>t/2) > e”op}. (1.6)
0<t<kT

We now note that exp(yoM;—~a(M)/2) is a supermartingale whose mean value
does not exceed 1. Therefore, by a classical supermantingale inequality (e.g.,
see Theorem VI.T1 in [Mey66] or Theorem III.6.11 in [Kry95]), the expression
on the right-hand side of (1.6) can be estimated by e~7”. The proof of (1.3) is
complete. O

An obvious reformulation of Lemma 1.3 holds if u(s) is a weak solution

of (1.1) for s > 1,1 € R.

1.3 Estimates for pairs of solutions

Let ui(t,z) and wua(t,z) be two solutions of (1.1) that correspond to random

initial functions u?(x) and u3(x), respectively. We set

U(t) = (ua(t),uz(t)), U= (uf,u3), R(t)=|ur(t)]”+ua(t)|*, Ro = R(0),
and assume that ERy < oo.

Lemma 1.4. For any t > 0 we have

ER(t) < e ?*"ERy + Co(1 — e 2t Cy = Do, (1.7)

o

Proof. Applying 1t6’s formula to R(t), taking the mean value, and using the
inequality [|u||? > a1|u|?, we find that

t
ER(t) + 201 / E R(s)ds < ERy + 2Bot.
0

Application of the Gronwall inequality results in (1.7). O
Now let us assume that Uj is a non-random vector such that
Ry < po, po > Co. (1.8)
Lemma 1.5. Let 61 > T} := ﬁln(é—%) Then P{R(61) < 4Co} > 3.

Proof. Due to (1.8) and (1.7), we have ER(t) < Co + poe=2*t. If t > Ty,
then the right-hand side of this inequality is no greater than 2Cy. Therefore,
applying the Chebyshev inequality, we obtain the required inequality. O



We now assume that

B = Zajb? < 0. (].9)
j=1

Lemma 1.6. Suppose that conditions (1.8) and (1.9) are satisfied. Then for
any 0 > 0 there is a m = w(0) > 0 not depending on pg such that

P{lu1(62)| V |uz(02)| < 0} > =(0),

where

1 2 1
Oy > Ty := —1 o'+ —In(64Cy). 1.1
o > 1o 0 npo + o n + %0, n(6 C()) ( O)

Proof. 1) Without loss of generality, we can assume that (0) = 0. For any
T >0and § > 0, we set

Org={weQ:[¢t)] <5 for0<t<T)

We claim that there is o = m(7,d) > 0 such that ]P’(QT,(;) > 7mo. Indeed, for
any integer M > 1, let us set {3y = Py ( and (AJ;I = Qum(. It is clear that
w € Qs if the following two inequalities hold:

sup |[|Cnm(8)[] < 6/2, sup [z (1) < 6/2. (1.11)
0<t<T 0<t<T

The probability of the first event in (1.11) is no less than some 7 (T, 6, M) > 0
due to the classical properties of a finite-dimensional Wiener process. In view of
the Doob—Kolmogorov inequality (see [Mey66, Kry95]), the probability of the
second event is bounded from below by the expression
mo(T,6,M) =1—46°E |Gy (T)|> =1 - 476> Y ;b3
j=M+1

Using (1.9), we can find an integer M = M(T,0) such that m > 1/2. Since the
events in (1.11) are independent, we conclude that mg > w179 > m1/2 > 0.

2) We now fix T'> 0 and § > 0 and consider a solution u(t, z) of (1.1) that
corresponds to some w € Q5. Let us write u = ( 4+ v. Then v(t, z) satisfies the
equation

0+ Lv+ B(v+ (,v+ ) = —L{(t). (1.12)

Since ||¢(¢)|| < § for 0 <t < T, then taking the scalar product of (1.12) and 2v
and using the standard estimates for the cubic term (B(v + (,v + (),v) (e.g.,
see [CF88]), we get

d

EMZ +2|v]|* < Crdol o]l + C18? o] + 20||vl, 0<t<T. (1.13)
Here C7; > 0 is a constant not depending on T, §, and u. Assuming that
4C16% < 1 and 40%62 < ay, we see that the right-hand side of (1.13) does not

exceed 3[|v]|? + %t|v|? + 462, Using the inequality ||v[|? > a1|v|?, we arrive at

d
EMQ + 041|v|2 < 45°.



The Gronwall inequality now gives |u(T)|? < e~ T |u(0)|?> 4+ 4a; '6%. Applying
this inequality to two solutions u; and us whose initial conditions are such that
Ry < 4C), we see that, with probability no less than g, the following estimate
holds:

(lur ()] V |ua(T)])* < 4ot (Boe T +67). (1.14)
Let us take any 6 > 0. Choosing T = Ty := o% Ino—t + a—ll In(8Cp) and 4 <
0+/a1/8, we see that the expression on the right-hand side of (1.14) does not
exceed 62 with probability no less than my = (T4, d). Combining this with
Lemma 1.5 and setting T = Ty + Ty and m = my/2, we obtain the required
assertion. O

Lemma 1.6 states that with a positive probability any two solutions of the
NS system (1.1) can be simultaneously pulled through a tiny neighbourhood of
the origin. Moreover, the probability can be chosen to be independent from the
initial conditions (cf. (5.16) in [KS00] and Lemma 3.1 in [KSO1lal).

2 Proof of the main theorem

In this section we show that the main theorem follows from the existence of a
specific coupling for solutions of the NS system. 2 Namely, we use the coupling to
establish exponential decay of a Kantorovich type functional and then prove that
this fact implies the exponential convergence to a unique stationary measure.

2.1 Coupling of solutions for the Navier—Stokes system

In this subsection, we use parameters T' > 1, po > 1, and N € N which will be
specified later. Let us fix an integer k > 1. For any integer [, 0 < [ < k, we
define Qo (1, k) as the set of all quadruples of functions (uq(t), (1 (), u2(t), (2(t)),
t € I := [0, kT], such that 3

u; € H(Iy), ¢ € DT (I, V)NCO(IT,kT); V) i=1,2,
lur (IT)| V Jux(IT)] < d,

PN’U,l(t) = PN’U,Q(t), QNCl (t) = QNCQ(t), IT <t<KkT,
E(t,IT)<p+ (Bo+ 1)t —=1IT), IT<t<kT, i=12.

NN NN

(2.1
(2.2
(2.3
(2.4

— — ~— ~—

Here H(I) := C(I, H) N L?>(Ix, V), d € (0,1] and p > 0 are parameters that
will be defined in Theorem 2.1, and

Ei(t,s) = E(t,8)(ug) := |ui(t)|* + / [l (r)|| % dr. (2.5)

2That is, a coupling for their distributions in the space of trajectories. See [Lin92] and
Appendix in [KS0la] for some basic results on the coupling.
31n the case | = k = 0, the second relation in (2.3) should be ignored.



To shorten notations, we shall often write ©; = (u;, (;). Let Q(k) be the union
of the sets Qo(l, k), 0 <1 <k, and let

QU k) =Qo(l,k)\ Qo(l — 1, k), 0<I<k,
where Q(—1,k) = @. We set

S(k) = (H(I) x DT (1, V)" \ Q(k),
where for a Banach space X we write X2 = X x X, and define
S (k) = {(ur, Gy uz, Go) € S(k) : RIKT) < o}, S-(K) = S(k)\ S (k).

where R(t) = |u1 ()| + |ua(t)]2.

The sets Q(I, k) play crucial role in our construction of a coupling for solu-
tions of the NS system. Besides, the events defined by relations (2.4) are used
to construct cut-offs for (1.1) which we exploit to analyse the system. We note
that similar cut-offs were used earlier in [EMSO01].

Let w1 (t) and wua(t), t € [IT, kT], be two weak solutions of (1.1) which sat-
isfy (2.2), (2.3), where u1(IT) and uz(IT) are non-random vectors. Then, due
to Lemma 1.3, we have

]P’{Si(t, IT) > p+ (Bo+1)(t —IT) for some t € [(r — 1)T, rT]} <
Se—’vo(ﬂ—d2+T(T—l—1)), (2.6)
since &;(t,1T) > p+ (Bo + 1)(t — IT) implies that
E(t,1T) — Bo(t —IT) = |uwi(IT)]* + (p — Ju;(IT)*) + T(r — 1 = 1),
and |u;(IT)|? < d?.

In the theorem below, p’ > 1 is a constant which depends only on {b;}

and {a;}; for weak solutions u; and @; of the NS system (1.1), we denote
the corresponding right-hand side by n = 0;(; and 7 = 9;(;, respectively. For
i = 1,2 we abbreviate ©;(t) = (u;(t), (;(t)), ©i(t) = (ui(t), (i(t)), and recall that
the processes (; and (; may be discontinuous at the points of the lattice TZ; see
discussion at the end of Subsection 2.1. Finally, we set ©F = (0,(t),0 < t < kT')
and O ' = (0;(1),0 <t < (k —1)T).
Theorem 2.1. For any po > 1 and p > p’ there are T(p,po) > 1 and d(p) €
(0, 1] such that for any T > T(p, po) and d, 0 < d < d(p), and some appropriate
constant po = po(d) > 0 the following assertion holds for any integer k > 1.
Let @1 (t) and G2(t) be two weak solutions of the NS system defined for t € I,
on a probability space (U, F',P'). Then there is a probability space (QF, F* PF)
and weak solutions u1(t) and us(t) for the NS system defined on (Q' x QF, F' x
Fr P x PF) for t € Iy such that

wi(t;w', W) = 4i(t0), te s G, W) = Gkw'), te 0, (k—1)T),
(2.7)
fori=1,2 and all W' and w*. Moreover, the assertions below are satisfied:

10



(i) For anyl, 0 <1<k —1, we have

/ I5(W) PF{(OF,05) ¢ Q(, k) }P' (dw') < ce0Pe M TH=I=0P/(Q),

2.8
where Q is the event {((:)]1671,(:)];71) € QUk—1}, ande =1+ ée”o),
Y1 =7 A 1.
(i) If (O " @) ) e Su(k—1), then
P*{(©1,03) € Q(k,k)} > po. (29)
(iii) The constant T'(p, po) can be represented in the form
T(p,po) = Crylnpo + Ciz)p + Cs), (2.10)

where the constants C(y1y, C(2y, and C(3) depend only on {b;} and {a;}.

Theorem 2.1 is proved below, in Section 3. To define the solutions u;
and usy, we construct there an operator which assigns to each pair of continu-
ous curves (@, a2), @; € C(Ixy—1; H), a pair of processes (Uy(t;w*), Us(t;wh)),
(k—1)T <t < kT, formed by weak solutions of (1.1) and equal to (i, a2) for
t = (k—1)T. Next, if 41 (¢t; w) and ts(t; w) are weak solutions as in Theorem 2.1,
then we define the solutions u; and wus by relations (2.7) for ¢t € Ix_; and set
u; = Ui(t;wk,ﬂl(-,w’),ﬂg(-,w’)) for (k — 1)T <t < kT. Denoting by p; the
distribution in C((k — 1)T,kT; H) of a strong solution for (1.1) that is equal
to @;((k — 1)T) for t = (k — 1)T', we clearly have

D(Ui( 3@, t2)) = pi, i=1,2.

Hence, the pair (Uy,Us) is a coupling for the measures (u1, p2). Thus, Theo-
rem 2.1 is an analogue of Lemma 3.2 from [KS01a], which is the main lemma of
that work, as well as of [Kuk02].

2.2 Exponential decay of a Kantorovich type functional

We now show that the above coupling theorem implies exponential convergence
to zero of a Kantorovich type functional, similar to that used in [Kuk02]. Our
arguments in this subsection and in the next one are related to those used in
the theory of Markov chains for proving convergence to a stationary measure in
the Kantorovich distance, cf. Section 14 in [Dob96].

For any two curves ©; = (u;(t),(i(t),t € Ix) € H(Ix) x DT (I; V), i = 1,2,
satisfying (2.1), we set

Ol for © € Q(l, k),

(2.11)
Ri :=eR(ET)+2 for © € S(k),

fr(©) = {
where © = (01, 0;), and ¢ € (0,1] will be chosen later.
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We wish to study evolution of the mean value for f(©") in the case when
OF = (©% ©%) is the pair of trajectories (O1(-),02(+)), where ©; = (us, (),
and uq, ug are weak solutions for the NS system that are constructed by iterated
application of Theorem 2.1.

More precisely, let 4! and u9 be two random variables with values in H such
that E|ul|?> < oo, i = 1,2. Using Theorem 2.1 with k¥ = 1 and @; = uY, we
construct a pair of weak solutions (u1,us) defined for 0 < ¢ < T and satisfy-
ing (2.8) — (2.9). Applying Theorem 2.1 again, we “extend” these solutions to
the interval [0, 277, preserving the above-mentioned properties. Continuing this

process, we obtain a probability space (2, F,P) such that
Q=0Q'x--.xQF, F=F'x...xFF P=P' x...xP (2.12)

and a pair of weak solutions on (2, F,P) that are defined for 0 < ¢ < kT and
satisfy (2.8) — (2.10).

We shall show that the mean value of f,,(®™) decays exponentially, pro-
vided that pg and T are large enough. Namely, let us introduce the functional
F(@™) = Efn(©™). We have the following result.

Theorem 2.2. Suppose that pg > 0 and T > 1 are sufficiently large and that
weak solutions ui(t) and usa(t), 0 < t < kT, are constructed according to the
above scheme. Then there are ¢ > 0, » € (0,1), and p > 1, not depending on
the initial functions u§ and u3, such that

Fn(®@™) < xFp_1(©@™ ), 1<m<k. (2.13)

In particular, for any initial random variable u{ and u9 with finite second
moment we have

Fy(@°) <ERo <2+ E[uf® + E[uj]?,
and therefore iterated application of inequality (2.13) implies that
Fn(@™) <x"(24+E[uiP+E[u’), 1<m<k. (2.14)

We shall show in fact that, if pg > 0, p > 1 and T > T'(p, po) (see (2.10))
satisfy conditions (2.29) below, then inequality (2.13) holds for some appropriate
constants £ > 0 and s € (0, 1), depending on pg, p, and T

Proof of Theorem 2.2. Inwhat follows, we denote by T(1), T(2), - - - ;€(1), €(2), etc.
various positive constants depending only on {b;} and {a;}. Let us introduce

the events S(m), S4(m), S—(m), Q(I,m), and Q(m), where S(m) = {©@™ €
S (m)}, and the other sets are defined in a similar way. We note that these

events depend only on w™ = (w!,... w™), so they can be viewed as subsets of
Ql x-ox QM.
We have )
Frn(®™)=F,,(@™)+ Y F,(0™),
1=0



where we set
F (0™ =E{Ig,, 1) fm(®™)}, Fp(0™) =E{I5q,, 1)/m(©®™)}.

In view of the definition of fj (see (2.11)), the required inequality (2.13) will be
established if we show that

F(©™) < 5 E{Ig(, 1yRm-1}, (2.15)
FL(©@™) <3 2=m==DPIQU,m - 1)}, 0<1<m—1. (2.16)

Moreover, recalling relation (2.7) and the structure of the probability space
(Q, F,P) (see (2.12)), we see that, to prove (2.15), it suffices to verify that

E™ fn(©®™) < 5 frn1(®™ 1) = 2Ry (2.17)

Here ® ! is any non-random trajectory in S(m — 1) = Sy (m — 1)U S_(m —
1), ©™, , = ©™ ! and for t € [(m — 1)T,mT], O™ (t) = (u1,(1,us,C2),
where u;1 and ug are weak solutions for (1.1) depending on the random parameter
w € Q™ while ¢; and (3 are the corresponding right-hand sides.
1) We first prove (2.17) in the case @ ' € S, (m — 1). Since now @™ €
S(m) U Q(m,m) for each w™ € Q™, then we have
E™ fn(©™) = E™ {I5 () fn(©™) } +E™ { I, 1) i (©™) }

< Em{lg(m)Rm} + Pm{é(m, m)}

<E™{Rum} —P"{Q(m,m)}, (2.18)
because Ig(m)Rm = (1 — I@(m,m))Rm <Rm— 2I§(m7m).

Let us estimate each term on the right-hand side of (2.18). Using Lemma 1.4
and the fact that R((m — 1)T) < po for ©™ ' € S, (m — 1), we derive

E™{Rm} <ee 7T py+eCo + 2. (2.19)
Furthermore, in view of (2.9), we have
P {Q(m,m)} > po. (2.20)

We now note that f,,_1(®™ ') > 2 for ® ' € S, (m — 1). Combining this
with (2.19) and (2.20), we see that inequality (2.17) holds if

e(e™2Tpy 4+ Co) + 2 — po < 2¢.

The latter is satisfied if we choose

Po
2(p06—2a1T T C()) .

w> i =1—-po/d, e€<e:= (2.21)

2) Let us prove (2.17) for ® ' € S_(m — 1). Lemma 1.4 implies that

E™fn(@™) <E™{Ry} <ce > TR((m —1)T) +eCo + 2.
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Taking into account the fact that R((m —1)T) > po for @™ ! € §_(m —1), we
conclude that inequality (2.17) with s = 3/4 holds if

4

> = —_—
Ry Yo

(2.22)
provided that e=2®7 < 3/8, ie., T > T(2), and po > 8Co/3.

3) It remains to establish (2.16). Abbreviating Q(I,m — 1) to @, we note
that

Fr(@™) <27 DE{I5 I, 0 b+ E{Ig Ig(n R }
< 27" IP(Q) + E{ Iy 5 Ron }- (223)

Let us denote the second term on the right-hand side of (2.23) by E. Then to
prove (2.16) with s = 3/4, we have to check that

E <2~ (m=HDp@). (2.24)
If P(Q) = 0, then the inequality holds trivially. Assuming that P(Q) # 0, we
denote by P the conditional probability on @, P(A) = P(Q N A)/P(Q), and
by F the o-algebra of measurable subsets of Q. For t € J,,, = [(m — 1)T, mT]
the processes u(t) and uz(t) (which are two out of the four components of ©™)
depend on (@, w™) € QxQ™, while increments of the processes ¢; and (> depend
on w™. Fori=1,2and t € J,,, let us denote by F} the o-algebra in Q x Q™
generated by F and the random variables ¢;(s) — (i ((m—1)T), (m—1)T < s < t.
Then u;(t), t € Jp, is a Markov process with respect to the filtration {F;}. To
estimate E, we introduce a Markov time o! with respect to F7, i = 1,2, by the
formula

o' =min{t € Jp, : E(t,IT) = p+ (Bo + 1)(t = IT)},

where o* = mT if the set {-- -} is empty, and &(t, s) is defined by (2.5). For
i=1,2, we have Q@ N.S(m) = S} US4, where
Si=Qn{(m—-1)T <o <mT}, Si:=Qn{c'=mT}nS(m).

The sets Si and S% do not intersect, and therefore Isasm) = Isi + Iy 1f
w € 8%, then |u;(mT)|? < K, = p+ (Bo+1)(m —1)T. Hence, denoting by P
and E the probability and the expectation corresponding to the probability
space @ x Q™ we have

E{Is; lu;i(mT)[*} < K7, P{Si}. (2.25)

Furthermore, since Si belongs to F,:, then using the strong Markov property
and Lemma 1.4 with u; = us, we derive

E{Is:ui(mT)|*} = E{Ig; E(Jus(mT)|* | F:) } < KinP{S}}, (2.26)
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where K, = KJ,, + <2. Due to (2.25) and (2.26), we have
E < (eKym + 1) (P(S]) + P(S3) + P(S7) + P(S3))
= 2(eKim + 1)P(QNS(m)) = (2cKim + 2)P(Q N Q(I, m)°).
Therefore (2.24) holds if
(2eKim +2)P(QNQ(I,m)¢) < 2-(m=HUP(Q).

Since P(Q N Q(I,m)¢) is equal to the left-hand side of (2.8), this relation is
fulfilled if

ce Y0P~ T(m—I-1) ((2/’ +2T(By + 1)(m — 1) + Co)e + 2) < 9= (m=l+1),
Denoting m — [ — 1 = r, we rewrite this inequality as
ce0Pe T TN (92 (p 4 T(By + 1)(r + 1)) + Co +2) < 1. (2.27)

Considering separately the cases r = 0 and r > 1, we see that (2.27) holds for
all » and any T > 1“3—1H =: Ty if

p=>payInT, &<ega). (2.28)

We have thus shown that the required inequalities (2.15) and (2.16) hold
under the conditions (2.21), (2.22), and (2.28). These conditions are compatible
for any T > T(%) VT3, provided that pg is large enough. Indeed, since T' > T{y),
we have e~2*17T < 3/8. Therefore g@) < €1 < g3y if po > po(po). Choosing
€ = £1, we see that the conditions above hold if sz = 3 and

po = po(po), T =T VT, p=pehl. (2:29)

It remains to note that these restrictions are consistent with the assumption
T > T(p,po), where T(p, po) is given in (2.10), if p and pg are large enough.
The proof of Theorem 2.2 is complete. o

2.3 Exponential convergence of the transition function

Let L*(H), o € (0,1], be the space of real-valued bounded Hélder continuous
functions on H. We endow L*(H) with the natural norm

glu) —gv
lgllze o= sup lg(u)] + sup 290
ueH uFv |U' - U|
Let || - |5« be the dual norm on the space of signed measures on (H, B(H)):

l[eell7e = sup|(u, 9)],

where the supremum is taken over all functions g € L*(H) such that || gz < 1.
In the case a = 1 we shall omit the corresponding superscript.
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The space P(H) of probability Borel measures on H is complete with respect
to the distance defined by || - |5«. Indeed, in the case o = 1 this assertion is
proved in [Dud02]. In view of the inclusion L(H) C L*(H) C Cy(H) and
the equivalence of the weak* convergence and the topology defined by | - ||F,
(see [Dud02]), the topologies for all metrics || - [|5a, @ € (0,1], coincide. This
implies the required assertion.

We recall that Markov semigroups PB; : Cp,(H) — Cp(H) and B; : P(H) —
P(H) corresponding to the transition function P;(u,I") are given by the formulas

Pof(u) = /H Py(u,dv) f(v), (T = /H Py (v, T)u(dv).

Let P2 (H) be the set of measures p € P(H) with finite second moment my(p) :=
J3 lul?p(du). We now use Theorems 2.1 and 2.2 to establish the following result:

Theorem 2.3. There are positive constants C and o such that for any o € (0, 1]
and any initial measures A; € P2(H), i = 1,2, we have

||Y,B:>\1 — SBIAQH*LQ <C (1 + mg()\l) + mg()\g))e_o‘“t. t >0, (230)
Moreover, there is a stationary measure u € Po(H) such that
[BiA — e < C(14+ma(N)e ", ¢>0, e PH). (2.31)

Corollary 2.4. For any v € H, a € (0,1] and t > 0 we have the inequality
| Pe(u,-) — pllfe < C(1+ |ul?)e=", where the constants C and o are defined
in Theorem 2.3.

This assertion follows immediately from inequality (2.31) in which A is the
d-measure concentrated at the point u.

Corollary 2.5. The NS system has a unique stationary measure p € P(H).

Indeed, the existence is established in Theorem 2.3. Furthermore, as is shown
in [EMS01], any stationary measure has a finite second moment. Passing to the
limit in (2.31) as ¢ — 0o, we see that, if A is a stationary measure, then it must
coincide with pu.

Corollaries 2.4 and 2.5 imply the Main Theorem stated in the Introduction.

Proof of Theorem 2.3. The existence of a limiting measure and inequality (2.31)
follow easily from estimate (2.30) and the completeness of P(H) (cf. [KSOla,
Lemma 1.2]). Therefore, we confine ourselves to the proof of (2.30).

Step 1. We fix arbitrary ¢ > 0 and « € (0,1]. Let k = k(t) be the smallest
integer such that ¢t < kT, where T is the constant in Theorem 2.2, and let u?,
i = 1,2, be random variables in H with distribution \;. We denote by w1(t)
and us(t), 0 <t < kT, the weak solutions of the NS system as in Theorem 2.2.
Inequality (2.30) will be proved if we show that (cf. [KSOla, Lemma 1.3])

p(t) = P{Jus (t) — us(t)] > Cre~"} < Cre (1 + ma(A1) + ma(Aa)), (2.32)
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where C7 > 0 is a constant not depending on the initial functions.
Step 2. Let ¢ € (0,1) be such that In>~! > (1 — ¢)In4, where s is the
constant in (2.30). We define the event

[ck]
= {0 =(0},0}) c G(k)} UQlk

where [s] denotes the integer part of s and ©F = ((ui(t), ¢:(1)),0 < t < KT).
Clearly,

p(t) < B@()) + B(T(k) 0 {fua(1) — ua(0)] > Cre~"}).
‘We shall show that

]P’(@(k)c) < et (2 + mo ()\1) + my ()\2)), (233)
P(E(k) A {Jua (t) — ua(t)] > cle*”f}) —0, (2.34)

where Cy > 0 is sufficiently large. Then (2.32) would follow.

Step 3. We first prove (2.33). In view of (2.14) and the definition of the
functional F}, we have

Zzl "P{OF € QI k)} +2P{@" € S(k)} < 5" (2+ma(A1) +ma(N2)). (2.35)
=0

Since G(k)¢ is contained in the event {@k € (Uf:[ck]ﬂ QL k) U S(k)}, it
follows that

P(@(k)c) e(ln;rJr(lfc) ln2)k(2+m2()\1) +m2(/\2))

<
< e 7T (2 + ma(Ar) + ma(N2)), (2.36)

where 0 = (1 — ¢)T"'In2. Recalling that k > /T, we see that (2.36) im-
plies (2.33).
Step 4. It remains to establish (2.34). We claim that, if w € G(k) and C; is

sufficiently large, then
|ur (t) — u2(t)] < Cre™". (2.37)

Indeed, by the definition of the set G(k), if ®F € G(k), then there is an integer [,
0 <1 < [ck], such that the relations (2.1)—(2.3) are satisfied and

/‘ lus(r)|2dr < p + (Bo +1)(s — IT), IT < s < kT,
T

where (; and (, are the right-hand sides corresponding to u; and us, respectively.
Therefore, in view of Proposition 4.1 with M = o, for u = u; — us we have the
estimate

[u(t)] = |w(t)| < 2d exp(Cp — o(t —IT)), (2.38)
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where w = Qnyu. We now note that IT < ¢kT < ¢(t + T) and therefore
t —IT > (1 —c)t — cT. Hence, |u(t)| < 2de¢TTC e~ This coincides with
inequality (2.37), where C; = 2d e°TT¢?. The proof of Theorem 2.3 is complete.

O

When proving Theorem 2.3, we established the following assertion: there
are positive constants C; and o such that, for any ¢ > 0,

]P’{|u1(t) —u2(t)] < Cleiat} >1- Cl(l +ma(N) + mg()\z))eiat. (2.39)

In particular, the processes w1 (t) and us(t) converge exponentially fast (as ¢t —
00) in probability. In fact, they converge almost surely as well. This result is
important for some applications, and we prove it now.

Iterating infinitely the construction described at the beginning of Subsec-
tion 2.2, we get the process U(t) = (u1(t),u2(t)), t > 0. Its components ug
and ug are weak solutions of (1.1) defined on the probability space Q = Q! x
02 x ---. For m > 1 we denote by IL,, : 2 — Q! x Q2 x --- x Q™ the natural
projection and for 0 <1 < m we set

Q,m) =11,'Q(,m), Q(m)=|J Qt,m)c Q.
I<m

Then Q(0) C Q(1) C --- and Q(m)® = II;'S(m). Due to (2.35),
P(Q(m)°) < 5* (2 4+ ma(A1) + ma(Xo)).

Hence, Q = Um@(m) is an event of full measure. For w € Q let m(w) be the
smallest integer such that w € @Q(m). Due to (2.38), for t > T" = m(w)T we

have ;
luy (t) — ug(t)] < 2deCPeot=T"), (2.40)

We have proved the following result:

Proposition 2.6. Let Ay and Ay be any two measures from Po(H). Then
there exists a random variable T' > 0 which is finite almost surely and weak
solutions ui(t) and ua(t), t >0, of Eq. (1.1) such that D(u;(0)) = X\;, i = 1,2,
and inequality (2.40) holds for t > T".

3 Proof of Theorem 2.1

3.1 Theorem on isomorphism

In this subsection, we show that the NS system is isomorphic (in an appropriate
sense) to an auxiliary problem with trivial dynamics in high Fourier modes. A
similar result is used in [KS00, KSO1b] in the case of a kick force.

Let us set
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Applying the projections Py and Qu to the NS system (1.1), we write it in the
following equivalent form:

0+ Lv+PyB(v +w) = ¢(t), (3.2)

W+ Lw+ QnBv 4+ w) = (), (3.3)

where B(u) = B(u,u). Let us supplement Eqs. (3.2), (3.3) with the initial
conditions

v(0) = 2°,

w(0) = w’,

and fix an arbitrary 7" > 0. The theory of deterministic NS equations implies
that for any v € Hy, w® € Hy, ¢ € C(0,T; Hy), and ¢ € C(0,T;V N Hy;)
the problem (3.2) — (3.5) has a unique solution (v,w), v € C(0,T;Hy), w €
Hx(0,T) := C(0,T; Hy) N L?(0,T;V N Hy) (e.g., see [Lio69)]).

Let us now assume that v € C(0,T; Hy) and ¢ € C(0,T;V N Hy;) are given
deterministic functions. In this case, we can regard (3.3) as an equation for w.

Lemma 3.1. For any v, ¥ as above and any w® € Hﬁ,, the problem (3.3),
(3.5) has a unique solution w € Hx(0,T), and the associated resolving operator
W: (v, 9, w°) — w regarded as a map from C(0,T; Hy) x C(0,T;VNHyx) x Hy
to H(0,T) is continuous. Furthermore, the function w(t) does not depend
on v(s) and ¥(s), s > t.

Proof. The proof is based on standard arguments, and therefore we only outline
it. We seek the solution in the form w = 1) +w’. Substitution of this expression
into (3.3) and (3.5) results in the following problem for the function w':

W'+ Lw +QnBv+v+w') =0, w(0)=uw’—1(0).

The unique solvability of this problem and the continuity of the associated re-
solving operator can be proved using well-known methods of the theory for de-
terministic NS equations (e.g, see [Lio69, Chapter I]). This implies the required
assertion on unique solvability of the original problem. The last statement of
the lemma is obvious. O

In what follows, we shall use the notations v; = (v(s),0 < s < t), ¥, =
(¥(s),0 < 5 < t), and Wi(vs, by, w’) = w(t), where w = W(v, ¢, w").
Along with (3.2), (3.3), let us consider the system

0+ Lv 4+ PnB(w + Wy(ve, ar, w®)) = p(t), (3.6)
h(t). (3.7)

We claim that for any vo € Hy and wg € Hy the problem (3.6), (3.7), (3.4)
has a unique solution (v,a), v € C(0,T; Hyx), a € C(0,T;V N Hy), such that

a(0) = ¥(0). (3.8)

a
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Indeed, let us fix an arbitrary pair (v°, w°) € Hy x Hy; and denote by (v, w) the
unique solution of (3.2) — (3.5). It follows from the definition of the operator W
that (v,1) is a solution for (3.6) — (3.8), (3.4). This implies the existence of a
solution. To prove the uniqueness, assume that (v,a) is a solution of (3.6) —
(3.8), (3.4). It follows from (3.7), (3.8) that a(t) = (t), and therefore the pair
(v,w = Wi(vs, 9, w")) satisfies (3.2) — (3.5). So , by virtue of the uniqueness
for the problem (3.2) — (3.5), the function v(t) is uniquely defined.

The above arguments show that the systems (3.2), (3.3) and (3.6), (3.7) are
equivalent. Namely, let us fix w® € Hy and introduce the operators

®(w’; +) 1 (v,a) = (v, W(vs, ar, w?)), (3.9)

T(w’; ) (v, w) — (v,w(O) +w(t) —w’ — /0 (Lw + QnB(v + w)) ds).
(3.10)

It is easy to see that the map ®(w") is continuous from the space C(0,T; Hy) X
C(0,T;V N Hy) to C(0,T; Hy) x Hx(0,T), and ¥(w®) is continuous from
C(0,T; Hy) x L2(0,T; V N H) to C(0,T; Hy) x L(0,T; V*), where V* is the
adjoint space for V. What has been said implies that (v, a) is a solution of (3.6) —
(3.8), (3.4) if and only if ®(w’;v,a) satisfies (3.2) — (3.5) and that (v,w) is a
solution of (3.2) — (3.5) if and only if ¥(w®;v,w) satisfies (3.6) — (3.8), (3.4).

The following theorem establishes the equivalence of the systems (3.2), (3.3)
and (3.6), (3.7) in the stochastic case. Its proof is an obvious consequence of
the above-mentioned properties of the operators ®(w®) and ¥ (w").

Theorem 3.2. Suppose that ¢(t) and ¥(t) are the projections of the pro-
cess ((t,x) to the subspaces Hy and Hr:, respectively (see (3.1)). Then a pair
of processes (v,a) is a weak solution of the problem (3.6) — (3.8), (3.4) if and
only if ®(w;v,a) is a weak solution for (3.2) — (3.5). Similarly, the pair (v, w)
is a weak solution of (3.2) — (3.5) if and only if ¥(w®; v, w) is a weak solution
for (3.6) - (3.8), (3.4).

3.2 General scheme for constructing a coupling

To explain the scheme, let us assume that, for i = 1,2 ;(t) is a weak solution
for (1.1), defined for —# < t < 0 with some —f < 0, and that 0;(;(¢) is the
corresponding right-hand side. For a fixed value of the random parameter, we
denote u? = @;(0) and ¢? = {;(0), i = 1,2. Below we construct a special pair of
weak solutions for (1.1) with initial conditions u{,u9. They form a coupling for
the pair of strong solutions with the same initial data.

Our construction depends on parameters 6 € (0,1] and 02 > T5(6), where 6
is chosen in Subsection 3.4 and the function T5(#) is defined in Lemma 1.6. We
set T'= 05 + 0 and denote by uq and po the measures generated on C(0,7; H)
by solutions of (1.1) starting from u{ and u9, respectively. Below we define a
coupling Uy 2(w, uf,u3) for the measures j; 2, given by measurable functions of
its arguments and valued in C(0,T; H) (i.e., U; = U;(t;w,u?,u3)). In fact, the
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operators Uy, Us also depend on Qn(¢Y, but since the dependence on the last
argument is rather irrelevant, we omit it from our notations.

We start with defining three coupling operators in the following three cases
(which have non-empty intersection):

(a) (uf,u9) is an arbitrary pair of functions in H;
(b) the projections of u{ and uJ to Hy coincide: Pyu? = Pyu;
(c) |uf|V|ul| < po, where pg > 0 is defined in Theorem 2.2.

The equation (1.1) will not change if we add a constant to the process (.
Using this observation we renormilize ¢ as follows:

¢(t) = ¢(t) = ¢(0) + €1(0). (3.11)

Now ¢(0) = ¢1(0).
In the case (a), we choose the trivial coupling. Namely, let u;(t,x), t € [0, T,
i = 1,2, be the solution of Eq. (1.1) starting from u?. We set U2 (¢; w, u?) = u;(¢)

It is clear that U2 is a measurable function of (w, ), and (U{, U$) is a coupling

for (p1, pi2).

We now consider the case (b). For i = 1,2, let us set
Ai = D(Pyui(t), Qn¢(t),0 <t < T), (3.12)

where u; is the solution of the problem (1.1), (1.2) with u® = u? (so \; is a
measure on C(0,T; Hy) x C(0,T;V N Hy)). In other words, ; is the image of
the measure y; under the mapping ¥(w?), where w? = Qnu{ and the opera-
tor U(w?) is defined by (3.10). Let (¥1,Y5), ¥ = (vi,a;) = (vi(t),a;(t),0 <
t <T), be a maximal coupling for (A1, A2). The coupling (X'1,Y ) depends on
the functional parameter (u9,u3, Qn¢1(0)). We can assume that it is defined on
a probability space (©2, F,P) and is a measurable function of (w, u9, u3, Qn <1 (0))
€ O x H? x Hy (see Appendix in [KSOla] and references therein).
Let us set
Ul = d(wd; Ty) = v + W(vsi, ai, wl).

It follows from Theorem 3.2 and the measurability of (¥';,22) that the pro-
cesses UP = v; +w;, i = 1,2, are weak solutions of (1.1), and the pair (U?,U})
is a measurable coupling for (uq, o).

Finally, let us consider the case (c). We first define some auxiliary oper-
ators. We fix arbitrary initial functions u?, i = 1,2, and a sufficiently small
constant § > 0 and denote by w;(t), 0 < ¢ < 6, a solution of (1.1), (1.2)
starting from ul. Let A; and A, be distributions * of the random variables

(Prnui(t),Qn¢(t),0 < t < 6) and (Pnub(t),Qn¢(t),0 < t < ), respectively,

4Note that the measure \; formally does not coincide with the one introduced for the
case (b) since they are defined on different spaces. However, we use the same notation because
their meaning is the same.
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where ub(t) = ua(t) + %PN(U? —uY). We note that ub(f) = uz(f) and
Pnuh(0) = Pyul.

We now repeat the construction of the case (b). Namely, let (X1, T5), where
Y1 = (vi(t),a1(t),0 <t <0) and T5 = (vh(t),a2(t),0 < t < ), be a maximal
coupling for (A1, \y) that is defined on a probability space (Q!, F',P!) and
depends on (w!,uf,ud) € Q! x H? in a measurable manner. We define vy :=
vl — Py (uf — ), vo = (va(t),0 <t < 0), To = (va(t),a2(t),0 < ¢ < 0) and
set

Ui = ®(wi; 1) = v + W(vi,a5,w7), i=1,2,

where w{ = QuuY. It is clear that (Uy, Us) is a coupling for (u1, 2). Moreover,
the construction implies that PyUj|i—g = PyUsa|i—¢ as soon as T = 1.

We are now ready to define the coupling operators in the case (c¢). Assuming
that the right-hand side in (1.1) is defined on a probability space 2° independent
of QL we set

U (t 0. 10. _ 3.13
St w, uy, ug Us (t; wi, w1 (62), uz(62)) for 6 <t<T, ( )

0) {ui(t,x;wo) for 0<t <05,
where T = 0y + 0, w = (W°,w!), and wu;(¢,7;w°) is the solution of Eq. (1.1)
starting from u?. The Markov property implies that (Uf,US) is a coupling for
the measures p1 and po (defined on the space C'(0,T; H)). We note that for
t € [0,05] we have (1 = (2 = (, so the renormalization (3.11) of the process ¢ for
t > 0 is trivial, the operators Uy, Uz do not depend on ¢(;(6) and the processes
1, G2 are continuous for ¢ € [0, 7T7.
Let us use the above coupling operators to construct the weak solutions
mentioned in Theorem 2.1. Let us denote
We can assume that the operators U2, U?, and Uf are defined on the same
probability space (QF, F* P*). Let us set u;(t;w’ wk) = 4;(t;w’) for 0 <t <
Tr—1 and define u; = u;(¢, x) for Tp—1 <t < Ty by the formula
5E1 gl
Uzb(t w* 'LL1 )’U‘?(kal))v (91 2 ) € Q(k - ]-)a
- k— -1
Ui = Ue(t; w0, ug (Te—1), u2(Tr-1)), (6 ' O, ) eSik—1), (314)

up (t wk ,ui (T ), otherwise.

The relation (2.7) holds trivially, so we only need to prove inequalities (2.8) —
(2.10). To this end, we first establish some auxiliary assertion and then, in
Subsection 3.4, we derive the required estimates.

3.3 Auxiliary lemmas

In this subsection, we establish some properties of distributions of solutions
for the problem (1.1), (1.2). For the kick-forced NS system (0.1), (0.2), the
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results we need follow from explicit formulas in terms of iterated integrals (see
Section 5.2 in [KSO00]). For the white-forced case we are concerned with now,
the explicit formulas which imply the desired results are given by an infinite-
dimensional version of Girsanov’s theorem. In the particular case when there
is no noise in high Fourier modes (i.e., b; = 0 for j > N), our arguments are
related to those in [EMS01], and Lemmas 3.3 and 3.5 can be viewed as revised
versions of the corresponding statements in [EMS01].

We begin with an estimate for the variational distance between the mea-
sures A; and A2 defined in (3.12).

Lemma 3.3. Let T > 0 and p > 1 be arbitrary constants and let d < d, =
(3K )~ /2e=P(CH0) < 1, where C is the constant in (4.3) and Knx > 1 is a
suitable constant depending only on N. Then for any initial functions u9 and u9
such that Pyud = Pyul and [uf] V |uY| < d we have

AL = Aallvar < Cre™ ™7, Cp=1+42¢. (3.15)

Proof. Step 1. The random process (Pyu;(t), Qn¢(f)) is a solution of the sys-
tem (3.6), (3.7) supplemented with the initial conditions (3.4), (3.8), where
v = Pyud, v = w) = Qnuf. Along with (3.6), (3.7), let us consider the
truncated systems

O+ Lv+ xi(t, v, ap, w )BN(U—i—Wt Ve, A, W ) o(t), (3.16)
a:z/J(t) (3.17)

where 0 <t < T, By(u) = PyB(u,u), and the function y; is defined by the
following rule: Xz(t vy, ap, wd) = 1if (cf. (2.4))

|l ()]? —|—/0 llui(r)||?dr < p+ (Bo+1)s for 0<s<t, (3.18)

where u}(t) = v(t) + Wi(vs, ar, w?), and x;(t, ve, ar,w?) = 0 otherwise. We
denote by (2;(t),a;(t)), 0 <t < T, a solution of (3.16), (3.17) such that

2(0) = 0%, a;(0) = (0). (3.19)

The random process (z;, a;) is uniquely defined. Indeed, it follows from (3.17),
(3.19) that a;(t) = ¢(t). Substituting this formula into (3.16), we obtain the
finite-dimensional stochastic equation with a constant diffusion and a Lipschitz
drift. Therefore, by Theorem 4.6 in [LS77], it has a unique strong solution
satisfying the initial condition (3.19). We also note that, since the noise in
Egs. (3.16), (3.17) is additive, its solutions can be treated pathwise.

We set z;(t) = (2i(s),0 < s < t) and define u;(t) and a;(t) = a; in a
similar way. If x (¢, z:(t), as,wd) = 1 for t < ¢/, then z;(t) = Pyu;(t) for t < t'.
Therefore, denoting by N; the event {z;(T) # Pnu;(T)}, we have

N; = {&(t,0)(ui) > (Bo + 1)t + p for some t € [0,7]} (3.20)
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(see (2.5)). Hence, in view of inequality (2.6) with [ = 0 and r = 1, we have

P(N;) < { sup (S(t,O)(ui) — (Bo + l)t) > p} < e*“m(pfl)7 (3.21)
t€(0,T]
where ¢ = 1,2, and we used that d < 1.

Let us denote by v; distribution of (z;(t), Qn((t),t € [0,77]). Then, due
to (3.21), we have

||)\1 - )\2||var S 26770(’)71) + HVI - VZHvara (322)

since ||A; — Villvar < P{z;(T) # Pnu;(T)}. Thus, to bound [|A1 — A2||lvar, We
have to estimate the variational distance between the measures v; and vs.

Step 2. We claim that the measures v; and v, are absolutely continuous
with respect to each other and, moreover, we have the estimate

2
/ (%> dn < VM, (3.23)
Xo dl/1

where Xg = C(0,T; H) and M = exp(6Kd?e2¢?). Taking inequality (3.23)
for granted, let us complete the proof of (3.15). We have

1 duvy 1 dvo 2 1/2 1/2

ol == [ [1- 2|y < = 1- 221 g < (VM-1)""
||V1 I/QH 2‘/)(0 dVl 1/12(/);O dl/l I/l) 72( )

Hence, for d < d, we obtain |lv1 — va|lvar < %(exp(e‘Q’Vop) — 1)1/2 < e7NoP

This estimate and (3.22) imply (3.15). Thus, it remains to establish the absolute
continuity of the measures v; and vo and inequality (3.23). To this end, we use
an infinite-dimensional variant of Girsanov’s theorem.

Step 3. Let us set

a(t,w) = b! (Xl (t, z1(t), at, w(l]){BN (zl + Wi(2z1(1), at,w(l)))—

— By (21 + Wilz1(2), at,wg))}), (3.24)

where b is the diagonal N x N matrix with elements b;, j = 1,..., N, and b~!
is its inverse. As we show below, the function « is uniformly bounded:

|a(t,w)|2 < Knd?e?6r=2t, (3.25)
where K > 1 is a constant depending only on N. It follows that
d2e2CP

E eSS0 lattw)®dt < pp — 6K < 0. (3.26)

We claim that
vo(dY) = ey (dT), (3.27)
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where ¥ = (v,a) € C(0,T; Hy x Hx;) and

T T
GT)= —/0 (a,bildgp) - %/0 || dt. (3.28)

If the system (3.16), (3.17) was finite-dimensional, the above assertion would fol-
low from Theorem 7.18 in [LS77]. ® In our situation, formulas (3.27) and (3.28)
are obtained by a reduction to the finite-dimensional case (see Subsection 4.2
in Appendix).

We can now complete the proof of (3.23). In view of (3.28), the left-hand
side of (3.23) is equal to

T T
Eexp(—2/0 (a,b_ldcp) —/0 |a|2dt)
T T 1/2
< <Eexp(—4/ (a,bildga) —8/ |a|2dt)) X
0 0
T 1/2
X <Eexp(6/ |a|2dt)> <VM,
0

where we used (3.26) and the fact that the process exp(—4 fOT(a,b_ldga) -
8 fOT |a|?dt) is a supermartingale.

To prove (3.25), we use the Foiag—Prodi estimate (see Proposition 4.2). By
construction, the function w; = W;(21(t), at, w?) satisfies Eq. (4.7) with v = 2
and h = a, as well as the initial condition w;(0) = w?. Therefore, if N is
sufficiently large, then, by (4.3), we have

lwy (t) — wa(t)| < 2detTCP (3.29)
for 0 <t < T, whence follows (3.25). O

We now establish some estimates for the variational distance between dis-
tributions of the processes T;(t) = (Pyu;i(t), Qn¢i(t)), ¢ = 1,2, on the interval
Ji = [Tk—1, Tk|, where u; = u;(t;w’, wy) are the weak solutions for (1.1) defined
by (3.14) and (;(t) are the corresponding right-hand sides. Namely, let us fix
w’ €  and denote by A;(w’) the measure generated by (1;(t;w’, wy),t € Ji) on
the space C(Ji; Hy) x C(Ji;V N Hy). Recall that the event Q = Q(I,k — 1)
depends on the parameters p > 1 and d € (0, 1].

Lemma 3.4. Letd, be the constant defined in Lemma 3.3. Then, for sufficiently
large p >0 and T > 1 and for any d € (0,d,] and 0 <1 <k —1, we have

/_ [ A1 (') = Ao ()], P/ (dw') < Coem10Pe nTH=I=DP/(@Q), (3.30)
Q

where Cy =1+ 4e7 and 1 = y9 A 1.

5Girsanov’s theorems presented in the less technical book [(Jk98] are “almost sufficient”
for our purposes.
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Proof. For any w' € Q, let y;(t;w'), t € Ji, be a strong solution for (1.1) that
is equal to w;(Tg—1;w’) for t = Tx_1. This solution depends on the random
parameter w € Q, independent of w’. Distribution of y;(¢;w’) on the interval J,
coincides with that of u;(¢t;w’). For ¢ < Tj_1 we define y;(¢; w’) = u;(t;w’). We
also set z;(t;w',w) = Pyy;(t;w’,w). Let us note that due to the definition of
the set @ and the renormalization (3.11) we have

QNG (Th—1 — 0) = QNG (Tk-1 — 0) = QN((T)—1) if k>2. (3.31)

Step 1. We first consider the case [ = 0. The proof of (3.30) is by induction
on k. Abbreviating Q(0, k) to @Q,,, we shall show that inequality (3.30) holds
together with the estimate

P@Qy) >1-3(1-37%), k>0, (3.32)

provided that the initial functions u9 and uJ satisfy
Pyvul =Pyuy,  [ulV[ud] <d. (3.33)
For k = 1 inequality (3.30) coincides with (3.15), and for k£ = 0 (3.32) follows

from (3.33).

Let us assume that for k = m —1 > 0 the required assertions are established
and prove them for k = m. If m = 1, then the Step i) should be omitted.

i) (proof of (3.30)). The arguments below almost literally repeat the
derivation of (3.15), and therefore we only outline them. The random process
(x;(t), Qn¢(¢t)) is the solution of the system (3.6), (3.7) (with segment [0, 7]
replaced by J,,,), supplemented with the initial conditions (3.4), (3.8), where

0 = Pynui(Tim—1), w’ = w? = Qnu;i(Ti—1). (3.34)

Along with (3.6), (3.7), let us consider the truncated systems (3.16), (3.17) for
t € Jm, where we set v(s) = Pyu;(s) for 0 < s < T,,_1. Since u; € Q(0,m — 1),
for t < Tyx—1 we have x;(t, vy, ap, w)) = 1 and u}(t) = u;(t). We define z;(t) =
Pyui(t) for 0 < ¢t < T,,_1 and for ¢ € J,, define (z;(¢),a;(t)) as a solution
of (3.16), (3.17) such that

Zi(Tmfl) = an ai(Tmfl) = 1b(crrnfl) = QNC(Tm71)~

Let us denote by N; the event {z;(s) # Pyu;(s) for some 0 < s < T,,,}. Re-
peating the arguments in the proof of Lemma 3.3, where now in (3.21) the
segment [0, T'] should be replaced by J,, C [0,T},], we show that

P(N;) < e~ 0 (p=14+T(m=1)) < 26—%(1)—1+T(m—1))]p/(§m_1).

Here we used the fact that P'(Q,,_;) > 1/2 (see (3.32) with k = m —1). It
follows that

[ 1) = 2a@)] o P () < 4enl 870D @, )

m—1

—l—/_ Hul(w') — Vg(w’)HvarP'(dw'), (3.35)

m—1
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where v;(w’) is the distribution of ((zi(t), a(t)),t € Jm).

Thus, inequality (3.30) will be established if we prove the following estimate
for the variational distance between 14 (w’) and v9(w’) (and next integrate it
with respect to w’ € Q,,_1):

11 (o) = v2(0)|, < 7 70P7TORY, (3.36)

This can be done with the help of the arguments used in the proof of Lemma 3.3.
The only difference is that the integrals over the time interval [0,7] should
be replaced by integrals over J,,. Due to (3.31) and (3.34), for w € Q,, the
processes v, w, and ¥ = a are continuous on the segment [0,7,,]. Therefore
the estimate (3.29) holds for ¢ < Ty, where the constant M (see (3.26)) is now
replaced by M (m) = exp(6K yd?e?Cr—2T(m=1)),

ii) (proof of (3.32)). By the definition of @,, we have

P@5,) < P@5 1) + /_ P B, () }P'(du) + /_ P™{ By(w') P (du)

m—1 m—1
(3.37)
where

Bi(w) = {Elt € Jpm such that Pyuq (t) # Pyua(t) or Qun¢i(t) # QNCQ(t)},
By (W) = U {3t € Jm such that &(t,0) > p+ (By + 1)t}.

i=1,2

By construction, for w’ € @,,_; the random processes (Y;(t),t € Jp), i = 1,2,
form a maximal coupling for the measures A1 (w’) and Ay(w’). Therefore,
P{Bi(w)} = ||[Ai1(w) — || . Evoking (2.6) to majorize the second in-
tegral in (3.37) we see that the sum of the two integrals is bounded by

/ﬁ [ A1) = A2 (W) || P (dw') 42 e 0P = 1T En=1) < L 3mmy Jg=m — 3=,
m—1

(3.38)
where we used inequality (3.30) with = 0 and k = m (which is already proved).
By the induction hypothesis, P(Q,, ;) < (14 37™*1) (see (3.32) with k =

1). Therefore (3.37) and (3.38) imply (3.32) with k = m.

This completes the induction step and the proof of (3.30) for I = 0.

Step 2. We now consider the case [ > 1. The curves u;(t), 0 <t < (k—1)T,
depend on the random parameter w’. We can assume that it has the form
W = (@,0) € AxQ =, where & and & correspond to the time intervals [0, 7]
and [Ty, T—1], respectlvely, and are independent.

Let us consider the set Q = Q(I,k — 1) C €. It can be written as

Q=1{0)|ec, oeQ@)}, (3.39)

where € is formed by & € Q such that (u; (T}), us(T;)) satisfies (3.33). Applying
inequality (3.30) with { = 0 and k replaced by k — [, for any fixed @ € Qo we
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obtain

/@ @2 - (@.0)], BdD) < Coe00e nTE1-DB(O(@)).

Integration of this inequality with respect to & € Qg results in (3.30). The proof
of Lemma 3.4 is complete. O

Finally, we shall need an estimate for the variational distance between the
measures A\; and A,, which were defined in Subsection 3.2 when constructing
the coupling operators in the case (c).

Lemma 3.5. There is 01y > 0 such that if 0 < 01y and |ul| V [u3| < 0, then
s =Xl < 5

var — 4°
Proof. The proof is similar to and easier than that of Lemma 3.3, and we only
outline it. We fix an arbitrary constant 6 € (0,1] and recall that A\; and A}
are the distributions of the processes 71 = (v1,a1) and 73 = (v4, a2). The first
process is a solution of (3.6), (3.7), defined for 0 < ¢t < 6, while

U/Q(t)zvg(t)—f—g;t'UA v2 =Pyl —ud), 0<t<4, (3.40)

where (vq,as) satisfies (3.6), (3.7) with w® = Pxyuz. Therefore (vh,az) is a
solution for the following equation:

1 0—t
o+ Lo+ (5 v — 5 Lv® + By (va + Wi (va, at,wg)) =o(t), (3.41)
a=1(t), (3.42)

where By = Py B and we view v as a function of v/ = v}, defined in (3.40).
The processes satisfy the initial conditions

v1(0) = v4(0) = Pyul, a1(0) = az(0) = 4(0). (3.43)

Along with (3.6), (3.7) and (3.41), (3.42), let us consider the truncated

system (3.16), (3.17) with ¢ = 1 and its analogue for 7%:

./ / 1 A 0—t AN . . ]

v+ Lv +X2(t)(§v —TL’U +BN)=<p, a=1. (3.44)
Here By is the same as in (3.41) and y2 is defined as in Step 1 of the proof of
Lemma 3.3 with u} replaced by u’ = v' + W;(v2, ar, w)) (ve is the function of v/
as above). Arguing as in the proof of Lemma 3.3 and choosing p in (3.18) to be
sufficiently large (this p can be different from the constant, used in Lemmas 3.3
and 3.4), we achieve that

]P’{a solution of (3.6), (3.7) (or of (3.41), (3.42)) differs from

the solution of (3.16), (3.17) (or of (3.44), respectively)} < (3.45)

| =
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Let v; and v} be the distributions of solutions for problems (3.16), (3.17)
and (3.44), respectively, that are supplemented with the initial conditions (3.43).
Due to (3.45), to prove the lemma it suffice to check that

||V1 - Vé”var < % (346)

By the definition of x2 (see (3.18), where uy is replaced by u'), x2 # 0
implies that |u'| < C = p+ By + 1. Therefore, |us| < Cy since up = v’ — L2
and [v2| < 20 (the constants C,C1,... depend on p and {b;}, {a;}). Due
to basic properties of the nonlinearity B, ¢ this implies that |By(vy + W;)| =
|By(u2)| < Cy if x2 # 0. So the term x2(¢)(...) in (3.44) is bounded by
some constant C3. The corresponding term x1By in (3.16) is bounded for
similar reasons. Therefore, now the function «(t,w), analogous to that defined
in (3.24), is bounded by a constant Cy, and we get that

6
E exp(G/ |o|? dt) < e = M.
0

Now, as in the proof of Lemma 3.2, Girsanov’s theorem implies that |3 —
Vllvar < (VM —1)/2 < Cs0'/2. So (3.46) holds if 6 is sufficiently small, and
the lemma is proved. O

3.4 Proof of inequalities (2.8) — (2.10)

1) We first prove (2.8). To this end, we repeat the argument used in the proof
of Lemma 3.4 (see the derivation of (3.32)). Let us note that, for any v’ € Q =

Q,k —1) C @, the curves ¢; and ¢, are continuous on [I7T, k7| due to (3.31)
and to the definition of the set Q(I, k — 1). Therefore,

{(61,05) ¢ Q. k)} C Bi(w') U Ba(w)
(cf. (3.37)), where
By (w') = {3t € Jj such that Pyui(t) # Pyus(t) or Qu(i(t) # Quéa(t)},

By (W) = U {3t € Jy such that &(t,T)) > p+ (Bo +1)(t — T1)},
i=1,2

where Jy, = [Tk—1,T%]. It follows that the left-hand side in (2.8) can be estimated
by the sum 1 + (2, where

= [ Il BB ).
Q/
By construction, for w’ € @ the random processes (PNui(t), QnGi(t),t € Jk),
i = 1,2, form a maximal coupling for the measures A1 (w’) and Ag(w’). Therefore,

PE{B;(w)} = ||M(w) = A2(w')]|,,, - Using (3.30), we find that

b= /QH)‘l(WI) - A?(WI)HVM]P/(CZWI) < 026770”6771T(k*l*1)ﬂ»/(§).

6Namely, we use the estimate || B(u, u)||—2 < C|u|?.
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Due to (2.6) (see also (3.32)), we have (3, < 4 e=70(p=1+T(k=1=1)P" (). Hence,
B+ B <P (Q)(1 + 8e¥0)e~nT(R=I=1) This completes the proof of (2.8).

2) We now turn to (2.9). Let d = d, > 0 be the constant from Lemma 3.4.
We recall that T = 03 + 0, where 6 € (0,1] is chosen below, 03 = T5(), and T
is defined in (1.10). The parameter 6 will be chosen so small that T satisfies
the second inequality in (2.29). Let us denote g; = U;(0;ud,u9), i = 1,2,
where the coupling operators Uy 2 were defined in Subsection 3.2 (see (3.14)),

and we omitted their dependence on the random parameters. By the definition
of Q(k, k), we have

PH{(OF,05) € Q(k,k)} > pips, (3.47)
where

pP1 = Pk{|u1(Tk_1 + 02)| V |U2(Tk—1 + 02)| S 0}7
Py = info)]P’k{|gl| Vge| <d, Pngi = Pnga||ul] v |ud] <6}

(u(fvug

In view of Lemma 1.6, we have p; > 7(6).
To estimate py, we apply Lemma 1.4, where Ry < 262 is a constant. Then,
due to (1.7) with t =0 < 1, we get:

ER(9) < 20% + C1y0 < Ca)0.

Choosing 0 = d? /4C(9) and applying the Chebyshev inequality we find that
P*{R(0) > d*} < %. That is,

Pe{1g1l V lgal > d| Juf| V ug| < 0} < . (3.48)

Furthermore, as was explained in Subsection 3.2, if 1 = 15, then Pyg; =
Pnga. Since (Y1, T5) is a maximal coupling for (A1, \;), then Lemma 3.5 implies
that

PF{Png1 #Pngz | [uf] V [ud] <0} < [|A — Ny, < 3. (3.49)

if 0 < 0 < 6(1). Combining (3.48) and (3.49), we see that p» > 3. Now (3.47)
implies (2.9) with po = 37(0), where 6 = (d*/4C(2)) A 0(1).
3) Due to (1.10) with d = d, as in Lemma 3.3, we have

1
T5(0) < 0(3) In po + 0(4) 1n((d2/4C(3)) A 9(1)) + 0(5)
< 0(3) In pg + C(G)p + 0(7) = TQ/.

Since our arguments apply for any T' > T5(6) + 6 and 6 < 1, then we can choose
T'(p, po) = T3+ 1. This proves (2.10) with some new constants C1y — C(3). The
proof of Theorem 2.1 is complete.
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4 Appendix

In the first subsection of this appendix, we present a well-known estimate for the
difference between two solutions for deterministic NS equations (see [FP67]).
Since the solutions of equations with additive noise can be treated pathwise,
that estimate established in the deterministic case remains valid for problems
discussed in this paper. The second subsection is devoted to the proof of an
infinite-dimensional version of Girsanov’s formula.

4.1 Foias—Prodi estimate

We shall assume that the right-hand side n(t) in (1.1) is the time derivative
of a deterministic function belonging to C(R4,V). In this case, the Cauchy
problem (1.1), (1.2) is uniquely solvable in the space C(R4, H) N L3 (R4, V).

Proposition 4.1. Let uy and ug be two solutions of the NS system (1.1) with
right-hand sides n1 and na, respectively, such that
t
/ lui(r)|)?dt <p+ K(t—s), s<t<s+T, (4.1)
where s, p, K, and T are non-negative constants. For any M > 0 there is an
integer N = N(K, M) > 1 such that, if
Prnui(t) = Pyua(t), Qnmi(t) =Qnme(t) for s<t<s+T, (4.2)
then
s (t) — u(t)] < e M=oy () —up(s)], s<t<s+T,  (43)
where C' > 0 does not depend on solutions and all other parameters.

Proof. We only sketch the well-known proof [FP67]. Without loss of generality,
we shall assume that s = 0. Taking into account (4.2), we see that, on the
interval [0, T, the difference w = Qn(u1 — u2) satisfies the equation

W+ Lw + Qn (B(w,u1) 4+ B(uz,w)) = 0. (4.4)

Taking the scalar product of (4.4) and 2w in the space H and using the relation
(B(uz2,w),w) = 0 and the inequality |(B(w,u1),w)| < Ci|w|||w|| ||ui]], we derive

elwl* + 2]|w||* < 2C; w| [Jw]| [lua]- (4.5)
Since ||w||? > an1|w|?, it follows from (4.5) that

Ouhwl? + (a1 — CFur[2) uwf? <. (46)
Let us choose N so large that ayy1 > 2M + C?K. In view of the Gronwall
inequality, from (4.1) and (4.6) we obtain
lw(t)|? < |w(0)|2exp(—0¢N+1t+012 /Ot |\u1(r)||2dr) < [w(0)[? exp(CZp — 2Mt),

whence follows inequality (4.3) with C = C%/2. O
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When proving Lemma 3.3 and 3.4, we used a more general assertion con-
cerning solutions for the projection of the NS system onto high Fourier modes.
Namely, let us fix an integer N > 1 and consider the equation

W+ Lw+ QnB(v + w,v + w) = h(t), (4.7)

where v € C(R4, Hy) is a given function, and the right-hand side h is the
derivative of a function belonging to C(Ry,V N Hy).

Proposition 4.2. Let w; € C(Ry, Hy)NLE (Ry, V), i = 1,2, be two solutions
of Eq. (4.7) such that inequality (4.1) holds for u; = v + w1 and some non-
negative constants s, p, K, and T. For any M > 0 there is an integer Ny =

No(K, M) > 1 such that, if N > Ny, then
wi(t) — wa(t)] < e METITCP y (5) —wa(s)|, s<t<s+T,
where C' > 0 does not depend on solutions and all other parameters.
The proof of Proposition 4.2 literally repeats the arguments used in deriva-

tion of (4.3), and therefore we omit it.

4.2 An infinite-dimensional Girsanov formula

Here we prove (3.27) and (3.28). We have to verify that
FX) (dX) = [ f(X) Dy (d) (4.8)
Xo Xo

for any continuous function f(v,a) such that 0 < f < 1. To this end, we first
note that, for any nonnegative continuous function ¢(¥°) = g(v, a),

/Xo g(X) v (dY) = /X&N v(da) /XON g(v,a)vin(a,dv),

where Xon = C(0,T; Hy), Xozy = C(0,T; Hy), ©(da) is the distribution of
the random variable (Qn¢(t),0 <t < T), and v;n(a,dv) is the distribution of
the solution for Eq. (3.16) with fixed @ € C(0,T; Hy;) and the initial condition
v(0) = Pyul. Therefore, relation (4.8) will be established if we show that

fv,a)ran(a,dv) = flv,a) eG(”’a)VlN(a,dv), (4.9)
XON XON

where a € C(0,T; Hy;) is an arbitrary deterministic function. It remains to note
that (4.8) follows from the usual finite-dimensional Girsanov theorem applied to
the system (3.16) with fixed a; e.g., see Theorem 7.18 in [LS77]. Applicability
of the theorem (i.e., the fact that [ e duy;y(a,dv) = 1) follows from (3.26)
due to Novikov’s theorem [Kry95, Theorem IV.3.5].
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