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Abstract

We study space-periodic 2D Navier—Stokes equations perturbed by an
unbounded random kick-force. It is assumed that Fourier coefficients of
the kicks are independent random variables all of whose moments are
bounded and that the distributions of the first No coefficients (where Ng
is a sufficiently large integer) have positive densities against the Lebesgue
measure. We treat the equation as a random dynamical system in the
space of square integrable divergence-free vector fields. We prove that
this dynamical system has a unique stationary measure and study its
ergodic properties.
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0 Introduction

We continue our study of the randomly forced 2D space-periodic Navier—Stokes
system (NS), started in [KS1, KS2]. That is, we consider the equations

U —vAu+ (u, V)u+ Vp =n“(t,z), divu =0, (0.1)

where z € T2 = R?/Z2, 0 < v < 1 is the viscosity, u = u(t,z) is the velocity
field, and p = p(¢,x) is the pressure. Equations (0.1) are supplemented by the
conditions

(u) = (n) =0, divn = 0.

The brackets (-) signify the space averaging. The right-hand side * is a random
process with range in the functional space

H = {u e L*(T?,R?) : divu = 0, (u) = 0},

and Equations (0.1) defines a random dynamical system in H. We provide H
with the usual orthonormal basis {ej, es, ...} formed by the trigonometric vec-
tor fields Cs (_S?) sin(s - ) and Cj (_S?) cos(s - x), s € Z*\ {0}. The e;’s are
eigenvectors of the Laplacian, —Ae; = a;je;. We assume that the eigenvalues o
are indexed in non-decreasing order.

In [KS1], we consider the NS equations forced by a bounded random kick-
force

N0 =) 0t —kT)me(x), me= > bi&re;(@), (0.2)
keZ j=1

where b; > 0 are some constants such that
b2 = b 4+ b3+ - < 00,

and {&;,} are independent random variables. It is assumed in [KS1] that the
distribution D(§;,) of the random variable ;) is k-independent and has the
form

D(&k) = pj(r)dr for j=>1, ke, (0.3)

where p;’s are Lipschitz continuous functions such that p;(0) > 0 and suppp; C
[-1,1].



Let {S;, t > 0} be flow-maps of the free NS equation (0.1) with n = 0. If
u(t, x) is a solution for (0.1) with a kick-force (0.2) normalised to be a continuous
from the right curve in H, then for any integer k and for t € [Tk, T(k + 1)] we
have (see Figure 1 below)

w(t) = { Sy i (u(Tk)), t<T(k+1)

Sr(u(Tk)) +ne,  t=T(k+1). (0.4)

Accordingly, long-time behaviour of solutions for (0.1), (0.2) is described by
long-time behaviour of solutions for the following random dynamical system
with discrete time:

up = S(Uk—1) + M» (0.5)
where S = S and up = u(Tk,-) € H.
Ui
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Figure 1: Evolution defined by (0.1), (0.2)

In [KS1], we show that if relations (0.3) hold with densities p; as above and

for some finite Nog = Ny(v,b) > 1, then the random dynamical system (0.5) has
in H a unique stationary measure A. Moreover, if (ux, k > 0) satisfies (0.5) for
k >0 and up = u, then

D(ug) = A as k— o0 (0.7)

for any choice of the initial vector v € H.!

We note that if b; # 0 for all j > 1 and Zb? < 00, then these results
apply to Equation (0.1) with any v > 0, any 7' > 0 and with arbitrarily large
kick-force n as above. See the Introduction to [KS1] for discussion of this result
and see [G, KS1] for its relations with statistical hydrodynamics.

n [KS1], we study in fact the system (0.3) restricted to the domain of attainability from
zero A, which is a compact subset of H, invariant for (0.3), and prove that the restricted system
has a unique stationary measure and satisfies (0.7) for u € A. In the short paper [KS2] we
show that this measure is a unique stationary measure for the system in the whole space H
and prove that (0.7) holds for any u € H.



Next, E, Mattingly, Sinai [EMS] and Bricmont, Kupiainen, Lefevere [BKL)]
considered the 2D NS equations perturbed by a white noise force

n=3 byt (t)es (@)

where w1, ws, ... are independent standard Brownian motions. Under the as-
sumption that b; # 0 for 1 < j < Ny(v) and b; = 0 for j > N with some
oo > N > Ny(v), they obtained results similar to those reviewed above. We do
not discuss these results here, but we mention that, as it is shown in [BKL], for
almost all initial functions «(0, ) the distribution of a solution converges to the
stationary measure exponentially fast.

In this work we study the NS equation with unbounded random kick-forces.
That is, we consider Equations (0.1), (0.2), where the independent random
variables ;i have k-independent distributions as in (0.3), the densities p; are
absolutely continuous and everywhere positive,

e

dr <oo forall j>1; pj(r)>0 forall j>1, reR,

(0.8)
and decay at infinity faster than any negative degree of ». We consider in fact
the following two extreme cases which are allowed by our techniques:

(A) (finite moments) the densities p; satisfy (0.8) and

/ [r™pi(r)dr < Cp, forall m>1 j>1, (0.9)

— 00

with some fixed constants C,,, m > 1.

(B) (finite second exponential moments) the densities p; satisfy (0.8) and
(o)
/ e”OTij(r)dr <(Cy forany j>1,
with some fixed positive constants s and Cpy;
We stress that in (A) and (B) it is not assumed that [ p;dr = 0.
For any s > 0, we denote H* = H N H*(T?;R?), where H*(T?;R?) is the

Sobolev space of order s with the corresponding norm || - ||5.

Main Theorem. Let us assume that condition (A) is satisfied and
(o)
Zb?a‘;- < oo for some s> 0.
j=1

Then there is an integer No < oo with the following property: if (0.6) holds,
then the random dynamical system (0.5) has a unique stationary measure A such
that

/ [u]™A(du) < oo forall m>1.
H

Moreover, the following assertions hold:



a) M(H®) =1;

b) if (ug,k > 0) is a solution of Equation (0.5) with a deterministic ini-
tial function ug = u, then, for A-almost all u, convergence (0.7) holds.
Moreover,

Ef(ux) = (A, f) as k— oo, (0.10)

where f is any continuous function on H® such that | f(u)] < Ci+ Co||lu||?
for some finite constants Cy, Cs, and p.

c) if bj # 0 for all j, then supp A = H, and convergence (0.10) holds uni-
formly inuw € H®, ||u|ls < R, for any R > 0.

Finally, if condition (B) is also satisfied, then [, em“|2)\(du) < oo for some
B > 0, and convergence (0.10) holds for A-almost all w € H and any function
f € C(H?®) such that |f(u)| < Cexp(o|lul|f), where the positive constants o
and k are sufficiently small.

If s > 1, then the delta-function is a continuous functional on the space H*.
Accordingly, if s > 1 and u(¢,z) is a solution for (0.1) such that u(0,z) =
ug € H, then, for A-almost all ug € H, the correlation tensor of the solution
Eu’(k, x)u’ (k,y) converges as k — oo to the correlation tensor of the measure \,
equal to [u'(z)u(y)A(du). If ug is an arbitrary vector in H, then in this
statement the convergence should be replaced by the Cesaro convergence.

The proof of the Main Theorem remains true if condition (A) is replaced by
the following weaker assumption with M > 20:

(Axr) the densities p; satisfy (0.8), and (0.9) holds for m < M and all j > 1.

In this case, the stationary measure A has M’ < M finite moments, where M’
goes to infinity with M, and (0.10) holds for any continuous functional f: H —
R satisfying the inequality | f(u)] < Cy + Collul/M".

The proof of the Main Theorem, which occupies Sections 1 — 5, follows the
scheme developed in [KS1] to work with bounded kick-forces. It is based on
a Foiag—Prodi type reduction of (0.5) to a finite-dimensional abstract Gibbs
system which has a unique stationary solution due to a version of the Ruelle—
Perron—Frobenius theorem.

In fact, the Main Theorem can be strengthened as follows:

Amplification. Under the assumption of the above theorem, convergence (0.10)
holds for any w € H, uniformly on bounded subsets of H.

This result can be derived from the Main Theorem (and some intermediate
assertions), using the methods of [KS2]. Since the corresponding arguments
differ from those used in this work, we shall present them in another publication.

ACKNOWLEDGEMENTS. This research was supported by the EPSRC
grant GR/N63055/01.



Notation

We denote by Z be the set of all integers and by Zg be the set of non-positive
integers.
Let X be a topological space. We shall use the following notation.

[B]x is the closure in the space X of its subset B.

Bx(x,r) is a closed ball in X of radius r centred at « € X.

B(X) is the o-algebra of Borel subsets of X.

P(X) is the set of probability measures on (X, B(X)).

C(X) is the space of real-valued continuous functions on X.

C,(X) is the space of bounded functions f € C(X). It is endowed with the
supremum-norm || f||oo-

LY(X, ;1) is the space of Borel functions on X with finite norm

1l = /X (@) du().

The integral of a function f(x) over the space X with respect to a measure p
will sometimes be denoted by (i, f):

(. ) = /X f(@) du(z) = /X f du.

D(¢) is the distribution of a random variable .
a Vb (a Ab)is the maximum (minimum) of real numbers a and b.
We denote by C;, i = 1,2,..., unessential positive constants.

1 Preliminaries: equations, estimates and the
Markov chain

1.1 Description of the class of problems in question

Let us consider the Navier-Stokes (NS) system (0.1). Applying the L2-orthogo-
nal projection II onto the space H of divergence-free vector fields with zero
mean value (see the Introduction), we can write this system as

+vLu+ B(u,u) =nt,z), z€T? 0<v<l, (1.1)

(for instance, see [CF]). Here u(t) is a two-dimensional vector field with values
in the functional space H. The operators L and B have the form

Lu=—-Au, B(u,v)=T1(u,V)v.

It is assumed that the right-hand side of (1.1) is a kick-force as in the Introduc-
tion. To simplify notations, we assume that T'= 1. Then 7 takes the form

+oo
n(ta)= 3 8t —knula), (1.2)

k=—o0



where §(-) is the Dirac measure and ny, k € Z, is a sequence of i.i.d. random
variables with range in H. We note that if g(¢): R — H is a continuous function
with compact support, then

+o0 +o00
| st = Y (g,

- k=—o00

where (-, ) denotes the scalar product in H.

We now turn to a description of the sequence {n;}. Let oy < ag < --- be
eigenvalues of the positive self-adjoint operator L acting in H and let e;(z),
j > 1, be the corresponding eigenfunctions as in the Introduction. We shall
assume that the random vector 7 has the form

nk(z) = ijﬁjkej(x), (1.3)

where {{;} is a family of independent scalar random variables satisfying con-
dition (A) (see the Introduction), and {b;} is a sequence of real numbers such
that

Zb?oz; <oo, s§2>0. (1.4)
j=1
In what follows, we always assume that inequality (1.4) and condition (A) are
satisfied. In particular, it follows that
E|nellyt < oo forany m > 1, (1.5)

where || - ||s stands for the sth Sobolev norm:

oo 1/2
ulls = (Zaﬂuﬂ?) .
=1

Moreover, if {€;;} satisfies also condition (B), then
Eexp(allm?) < oo
for any constant a > 0 such that
ab?a? < g forall j>1.

To simplify notation, we shall write |u| and ||u|| instead of ||ul|o and ||ul|1,
respectively. In what follows, the constants b; are assumed to be fixed, and we
shall not specify dependence of different parameters on them.

We now define the notion of a solution for Equation (1.1). For any s > 0 we
introduce the space H® = H N H*(T?,R?) endowed with the norm | - ||s. We
note that the operator v/L defines an isomorphism H® — H*~ 1 s > 1.

Let I C R be an open interval (which can be of infinite length).



Definition 1.1. A mapping u(t): I — H is called a regular curve if it belongs
to L, .(I, H') and is continuous at non-integer points of I while at integer points
it is continuous from the right and has a limit from the left.

For a Banach space X, let Cj (I, X) be the set of continuously differentiable
functions f(t): I — X with compact support.

Definition 1.2. A regular curve u(t) : I — H is called a solution of Equa-
tion (1.1) with a deterministic force of the form (1.2) if the left- and right-hand
sides of (1.1) coincide as linear functionals on the space C} (I, H'). That is,

[ (=) + VT Vo) + (Bl 0) de = [ ()t = 3 ot
I I kezZT
(1.6)
for any v € C3 (I, H').
A random process v = u¥(t), t € I, with range in H is called a solution of
Equation (1.1) with a random force of the form (1.2), (1.3) if for almost all w
the mapping u“(t): I — H is a regular curve satisfying (1.1).

We note that if u(¢, ) is a solution of Equation (1.1), then, due to (1.6), we
have
u(k,xz) —u(k —0,2) = ng(x) for any integer k € I, (1.7)

while on any interval not containing integer points the function (¢, z) satisfies
the free Navier—Stokes equations

U+ vLu+ B(u,u) =0, wu(t) € H. (1.8)

In particular, (0.4) holds with T = 1.

1.2 Cauchy problem and a priori estimates

We now consider the Cauchy problem for Equation (1.1):

u(0,7) = u(a), (1.9)
where 1°(z) is a random variable in H. We shall assume that it is independent
of n1,m2,... and that all of its moments are finite:

E[u’|™ < oo for any m > 1. (1.10)

We have the following theorem on the correctness of the Cauchy problem:

Theorem 1.3. Assume that (1.10) is satisfied. Then the problem (1.1), (1.9)
has a unique solution defined for t > 0. Moreover, for any m > 1 we have the
esttmate

E u(k)|™ < ¢"Eu’|™ + C(m)v~ " Vd, (K)E|n|™, k=1, (1.11)



where 0 < v <1, ¢ =e ¥, C(m) > 0 is a constant not depending on u°, k,
and v, and
dy(k) =1+q+- - +¢" 1 <aytemrv™h

Finally, if (1.4) holds for some s > 0 and I = l(s) > 1 is the smallest integer
no less than s, then there is a constant C(I,m) > 0 such that

v 2E Jup— | + B |7, l=1,

1.12
1+ v 2m2R gy |™ + B g™, 1> 2, (1.12)

MWWSWW{

where k > 1 and m; = m(20 + 1).

In case the random variables u® and 7, have finite second exponential mo-
ments, stronger estimates for the solutions hold:

Theorem 1.4. Suppose that the random variables &;;, satisfy condition (B) and
there is p > 0 such that
Eexp(pr|u’?) < oo. (1.13)

Then the solution of the problem (1.1), (1.9) constructed in Theorem 1.3 satisfies
the inequality

k

Eexp(oov|u(k)|®) < d(k) (Eexp(aoy|u0|2)>q , k>1, (1.14)

where 0 <v <1, g=e ", 09 =pA (acie” "), and

>1+q+~~+q’“‘1

_1
a(k) = (Eexp(aln ) < (Bexp(alml) ™"
Moreover, if (1.4) holds for some s > 0 and [ is the smallest integer no less
than s, then there are positive constants Cy and oy, depending only on og andl,
such that

Eexp(ow”‘”u(/ﬂ)ﬂim) < ClEexp(a||nk||§)Eexp(aol/|u(k — 1)|2), k> 1.
(1.15)
Here k1 =1, p1 =2, and
1 T+ 1

p=—— for 1>2.

M= r 20+ 1

The proof of Theorems 1.3 and 1.4 is carried out by standard methods and
is given in the Appendix (see Section 6).

We shall also need some estimates for the rate of growth and for the mean
value of solutions (and of the right-hand side of the equation).

For any sequence of non-negative numbers a; and arbitrary integers m < n,
we set

n 1 .
(@ = o

In the case m > n, we set (ag)l, = (ag)r.



Proposition 1.5. Let k_ < ko < ki be some integers, where ky (k_) can take
the value +oo (—00), and let u(t,xz) be a solution of (1.1) that is defined for
k_ <t < k4 and satisfies the inequality

sup E|u(k)|™ < Npv™ for 0<v<1, m>1, (1.16)
ko <k<ky

where the constants N,, > 0 do not depend on v. Then there is a constant
M > 1, not depending on N,, and v, and a non-negative random variable
T,(w) € Z such that

(ulk)? + k|2, < My~ for ko ST <ky, [T —ko| > Ty(w). (L17)
Moreover, for any m > 1 there is a constant Cy, > 0 such that
ET" < Co(Nag, + Elmp[*™ )= for 0<v <1, (1.18)

In this proposition and everywhere below, we assume that k < ky if k. =
400 and k > k_ if k- = —o0.

Remark 1.6. If in Proposition 1.5 we assume that condition (B) is also satisfied
and replace inequality (1.16) by the stronger estimate

sup [ eoovlu()l? <Ny for 0<v<l, (1.19)
k_<k<ky

then (1.17) holds with a constant M > 1 (depending on ¢ solely) and an
integer-valued non-negative random variable T, (w) € Z such that

Ee’™ < (Cy for 0<rv<l,

where the positive constants Cy and o depend only on Ny and oy, respectively.
Proof of this assertion follows the same scheme as that of Proposition 1.5, and
we shall not dwell on it.

We also note that, due to Theorems 1.3 and 1.4, Proposition 1.5 and its
modification above apply to any solution of the problem (1.1), (1.9), where the
random variable u® satisfies condition (1.10) or (1.13).

Proof of Proposition 1.5. To simplify notation, we confine ourselves to the case
when ko = k— =0 and k4 = +00. Moreover, we shall only show that

<|u(k)|2>§ <Mv=% for T>T,(w).
It will be clear from the proof that the same arguments apply in the general

case.
1) We first note that

T k T
u(T)? + 2v Z/k lu(t)]|Pdt = [u(0)]* + > (Inl* + 20k, u(k — 0))), (1.20)
k=17k-1 k=1

10



where T' > 1 is an arbitrary integer. Indeed, since on any open interval (k—1, k)
the solution u(t, z) satisfies the free NS equations (1.8), we have (see (6.3) with
1=0)

lu(k —0)|? — |u(k — 1)|* + 2v /: 1 [|u(t)||2dt = 0. (1.21)
Besides, relation (1.7) implies that
u(k)[* = Ju(k —0)* + [1]* + 2{m, u(k — 0)). (1.22)
Combining (1.21) and (1.22), we derive

k
21// lu®)|Pdt = |u(k = 1)I* = [u(k)|* + |nel* + 200k, u(k - 0)).

k—1

Taking the sum over k = 1,...,T, we obtain (1.20).
2) We now recall that (see [CF])

IS (v)| < e " tw|, >0, (1.23)
where ay > 0 is the first eigenvalue of L. Tt follows from (1.23) that
2 (i, u(k = 0))] < (vaa) ™! mel* + voufu(k — 0)[?

k
swerM+g/|MMWt
k—1

Substitution of this inequality into (1.20) results in

T k T
u(T)* + VZ/ [u(@)[Pdt < [wO) + (1 +ay'v™) Y Ipel*. (1.24)
k=1"Fk—1 k=1
Now note that, by (1.21) and (1.23), we have

k ) 1 — ¢ 201v )
v [ )Pt > S fu = D

-1

Combining this with (1.24), we derive
T
Y lulk))? < e (vu(0)]® + TE |m |* + (1)), (1.25)
k=0

where ¢ = ¢(ay) > 0 is a constant and

T

S(T) =Y (Iml* — E|mil?)-

k=1

Direct verification shows that, for any integer p > 1,

E |S(T)|” < ¢, (Blm|*) T?, (1.26)

11



where ¢, > 0 is a constant depending only on p. We now set
t(w) = min{t €Zy :X(t) <t fort' > t}.

Using (1.26) and applying the Chebyshev inequality, we derive
m = 3 m = . 2 . -m
Bt = Pt =} < S B{[5G - )" > 7}
=1 =1

o0
< Elm|* Y™ < 26, Elm|*.
j=1

where p = m + 2. Taking into account (1.25), we conclude that

(Ju(k)?)g < c(Blm*+1)v~? for T >T,(w),
where T, (w) = t(w) V (v|u(0)|?). This completes the proof of inequality (1.17)
in which M = ¢(E |n|? +1). O
1.3 Markov chain

We recall that S; denotes the semigroup generated by the free NS system (1.8)
Consider a solution u(t,z) of the problem (1.1), (1.9) and set up = u(k,x)
k > 0. Due to (0.4), we have

ug = u’, (1.27)
ug = S(ug—1) + ni, (1.28)

where S = S and k > 1. Clearly, Equation (1.28) defines a random dynamical
system (RDS) in H. Since the random variables 7, and u” are independent, the
set of solutions corresponding to all u’ € H is a family of Markov chains with
the transition function

P(k,u’,T)=P{uy €T}, w’eH, TeB(H).

Denote by
Py : Cy(H) — Cy(H), Py :P(H)— P(H)

the Markov operators corresponding to P(k,u",T').? It follows from Theorem 1.3
that if condition (1.4) is satisfied for some s > 0, then Pfu(H®) = 1 for any
p € P(H). In particular, when p is the delta-measure concentrated at u’, we
obtain

P(k,u’,H*) =1 forany k>1. (1.29)

In what follows, we shall need some properties of the operators P, and P.
The following two lemmas show that P, can be extended to a broader class of
functionals.

2Since the map S: H — H is continuous, for any f € Cy(H) the function Pjf(u) =
fH P(k,u,dv)f(v) is continuous in u. Hence, Py maps the space Cy(H) into itself.

12



Lemma 1.7. Suppose that condition (1.4) holds for some s > 0. Then Py can
be extended to a continuous operator from Cy(H?®) to Cy(H) whose norm is equal
to 1.

Proof. Tt suffices to consider the case k = 1. Let f € Cp(H®). In view of
Theorem 1.3, for any initial function u® € H the solution u; = u(1,z) belongs
to H*® with probability 1, so that the random variable f(u;) is well-defined.
Moreover, since the operator S: H — H?® is continuous (see Lemma 6.1), we
conclude from (1.28) that u; continuously depends (in H*-norm) on v’ € H
for all w. Therefore the function f(ui) is also continuous. The continuity of
the function P;f(u’) = Ef(u;) follows now from the Lebesgue theorem on
dominated convergence. It remains to note that if | f(u)| < 1 for all u € H, then
|Ef(u1)|] <1, that is, the norm of the operator P; : Cy(H?®) — Cy(H) does not
exceed 1. (|

We now show that the operators Py can be continued to a class of functionals
growing at infinity. For any increasing positive function 3(r), r > 0, we denote
by C(H?®; ) the space of continuous functions f(u): H® — R such that

| f(u)| < const B((lulls), ue H”.
It is clear that C'(H?; ) is a Banach space with respect to the norm

17115 5= sup {170/ (ells) -

We recall that the integer | = I(s) > 1 and the constants m; (I > 2), &, oy,
and p; are defined in Theorems 1.3 and 1.4, and set m; = m for [ = 0, 1.

Lemma 1.8. Under the conditions of Theorem 1.3, for anym > 1 andm’, 1 <
m’ < m, the operator Py can be extended to a continuous map from C(H?, B,)
to C(H; Bm,), where Bq(r) = 1+r?. Moreover, for any v, 0 < v <1, the norms
of the extended operators are bounded uniformly in k > 1.

Remark 1.9. Under the assumptions of Theorem 1.4, the operator Py extends
to a bounded map from C(H?®;v) to C(H;7'). Here ~(r) = exp(cr?*) and
7' (r) = exp(c'r?), where k; is defined in Theorem 1.4 and ¢ and ¢ are some
positive constants that can be easily recovered from Theorem 1.4.

Proof. The proofs of all assertions are similar, and to simplify notation, we
confine ourselves to the case s = 0. Let f € C(H; B, ) and let hr(r) be a
continuous function equal to 1 and 0 for » < R and r > R + 1, respectively.
Obviously, the function fr(u) = hr(|u])f(u) belongs to Cy(H). It follows from
Lemma 1.7 and inequality (1.11) that for any Re > R; > 1 we have

| Pifry (u) = Pufr,(u)| < '/H(th(lvl) = o, ([v])) £ (0) e (dv)

< const / (1+ |v|)m/uk(dv) (1.30)
Ri1<[v|<Rz+1
< const (14 Ry)™ ™, (1.31)
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where pr = P(k,u,-). We note that inequality (1.31) holds uniformly in u from
bounded subsets of H. Letting R; to go to infinity, we conclude that there is a
limit

Aim Prfr(u) =: P f(u),

and the limiting function Py f is continuous in w € H. Moreover, it follows
from (1.11) that

|Pkf(u)| <

/ F@)(do)| < 1 flos. / (1 -+ ol)"™ i (dv)
H H

< constv™"| fllo,s,,, (1 + |u|)m

This completes the proof in the case s = 0. O
We now turn to the problem of existence of a stationary measure.

Definition 1.10. A probability measure A € P(H) is said to be stationary for
Equation (1.1) if Py = A

We recall that the support supp p of a measure p is defined as the minimal
closed set of full measure and that D(£) denotes the distribution of a random
variable &.

Proposition 1.11. Suppose that condition (1.4) is satisfied for some s > 0.
Then there is a stationary measure A € P(H) such that \(H®) =1 and

p-m for r=0,
/ ul|"A(du) < C(1,m) { v=3m/2 for 0<r<1, (1.32)
H p=OBI2M/2 for 1 < < s,

where m > 1, 0 < v < 1, I = l(r) is the smallest integer no less than r,
and C(l,m) is a constant not depending on v. Moreover, there is a stationary
Markov chain (ug,k € Z) satisfying (1.28) for all k € Z such that D(ux) = .
Finally, if all the constants b; in (1.3) are non-zero and \g € P(H) is an
arbitrary stationary measure for P, then supp A\g = H.

Proof. The existence of a stationary measure and inequality (1.32) can easily
be proved by the Bogolyubov-Krylov argument using Theorem 1.3 and the
Prokhorov theorem on the weak compactness of a tight family of measures
(cf. [DZ]). The fact that A(H®) = 1 follows immediately from (1.29) and the
Chapman—Kolmogorov relation

AT) = / P(1,u,T)A\(du), we H, T eB(H). (1.33)

H
The existence of a stationary solution of (1.28) with distribution A follows from
the Prokhorov and Skorokhod theorems. (For the proof of this assertion in

the case when the support of the distribution of 7 is a bounded subset in H,
see [KS1, Section 1.2].)
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To prove the last assertion of the theorem, we note that if -y is the distribution
of the random variable 7, defined by the formula (1.3) in which all b; are non-
zero, then «(U) > 0 for any open set U C H (see Lemma 6.2 in the Appendix).
It follows that P(1,u,U) > 0. Setting I' = U and A = Xg in (1.33), we conclude
that A(U) > 0 for any open set U. O

Combining Propositions 1.5 and 1.11, we obtain the following assertion.

Proposition 1.12. Suppose that (1.4) holds for some s > 0. Let A\g € P(H)
be a stationary measure for P} that satisfies the condition

/ [u|™Ao(du) < Npv™™  for m>1, 0<v<1, (1.34)
H

where Ny, > 0 do not depend on v, and let (ug, k € Z) be a stationary solution
of (1.28) such that D(ur) = Ao. Then there is a constant M > 1 and for
any ko € Z there exists an integer-valued non-negative random variable T, (w)
satisfying (1.18) such that (1.17) holds for |T — ko| > T,,.

Remark 1.13. Analogues of Propositions 1.11 and 1.12 are true in the case
when condition (B) holds. In this situation, the stationary measure A satisfies
the inequalities

/ exp(ov? [[ul|Z*)M(du) < Cp, 0<w <1,
H’r‘

where 0 < r < s, I = I(r) is the smallest integer no less than r, kg = py = 1,
the constants p; and k; with { > 1 are defined in Theorem 1.4, and C,. > 0 is a
constant not depending on v. Moreover, the random variable 7, (w) has a finite
exponential moment.

2 Lyapunov—Schmidt reduction

In this section we prove a result of the Foiag—Prodi type and show that if a
Markov chain {uy} is a stationary solution of Equation (1.28), then sufficiently
high Fourier modes of uy are uniquely defined by low modes of the sequence
(ur,! < k). This will enable us to reduce the problem of uniqueness of a sta-
tionary solution for (1.28) to a similar question for a Gibbs system with a
finite-dimensional phase space.

2.1 Formulation of the result

To simplify notations, from now on we assume that
v =1

Let us define H?® as the closure in H® of the linear manifold spanned by those
vectors e; whose coefficients b; in expansion (1.3) are non-zero. It is clear that
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if all the coefficients b; are non-zero, then H* = H®. For any integer N > 2,
let Hx be the subspace in H spanned by the vectorse;, 7 =1,...,N —1, and
let Hy be its orthogonal complement. We set

Hy =H NHy, HY =M NHy

and note that
lw| < ay'?|w|| for any w e Hy, (2.1)

where o, j > 1, are the eigenvalues of L indexed in increasing order. We
denote by P and Qv the orthogonal projections onto Hy and Hx;, respectively.
Finally, we set

9 =HxH, $Hy=HyxHy,

and for any s > 0 and any integer N > 1 we define the projections

u Pynu
IIx: 9H° — 93 — .
NED T (n) (szn)

We shall also use the corresponding projections in the spaces of sequences:

y: (9%) — (93)™, (“) - (PN">,

n Qnm

where Pyu = (Pyug,l < 0) and Qun = (Qnm, 1 <0). In the case N = oo, we
set

Mo : H° — H, (”) —u, Mo (977 — H™, (“) - u.
n n
Applying Qu to (1.28), we obtain
wi = QNS (vk—1 + wk—1) + Vi, (2.2)
where

vp = Pyug, wi = Qnug, Y= Qnng.

We wish to show that, for a sufficiently large class of sequences (v;,1 < 0) and
(1,1 <0), Equation (2.2) with & < 0 has a unique solution (w;,! < 0), and the
dependence of the zeroth component wy on v; and 1; decays exponentially as
a function of [. To formulate the corresponding results, we have to introduce
some notations.

For a sequence u = (u;,! < k) with w; € H and integers m < n < k we set

n n 1 -
(lul?),, = (lul*),, = e > 7wl
l=m

n
m’

2wy, < (lul)y, < cuh, (2:3)

In what follows, we shall need the following two-sided estimate for (|u|?)
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where ¢ = 2(1 —e~*1)~1 and

n _ 1 =~ [! w2
= n—m+1§/o 1+ ()|

To prove (2.3), we note that if u(t) is a solution of the homogeneous NS sys-
tem (1.8), then

() + 2/0 [u(0)]*d0 = [u(0)]*, ¢ > 0. (2.4)

This estimate immediately implies the left-hand inequality in (2.3). Combin-
ing (1.23) with v =1 and (2.4), we derive

[ ) Pds = 50— 2 ugo)?
0

whence follows the right-hand estimate in (2.3).
For any K > 0 and any integer R > 0, we denote by F*(K, R) the set of

sequences3

() =((r).k<0), wx€H, neH, (2.5)

such that Equation (1.28) is satisfied for £ < 0, and the following inequality
holds: o
(ul*+ |ml2), <K, TeZ T<-R (2.6)

It is clear that (2.6) is equivalent to the inequality
0
(71 + D) lukl® + k127 < K(TIV R+1), T <0, (2.7)
which implies, in particular, that
lugl + llwl® < K(RV [k +1), k<0 (2.8)

We also introduce the space F*(K) of sequences (2.5) that satisfy the inequality
. 0
limsup (Jug|* + [[ne]l3) 7 < K.
T——o00

It is clear that F*°(K, R) C F*(K) for any integer R > 0. The sets F*(K) and
F*(K, R) are subsets of the linear space $ = ($°)%. We endow $ with the

Tikhonov topology. That is, a sequence (:;i) converges to ('7;) if uf — v in H
and 771k — 1 in H for each [ < 0. This topology metrisable; for instance, one
can use the distance

0
dist((%), (52)) = D (ui =l + o =) 72"

l=—00

3The choice of the space F*(K, R) is implied by the fact that if {u;} is a stationary solution
for (1.28) all of whose moments are finite, then with probability 1 the sequence (u;,n;,1 < 0)
belongs to F*(M, R) for an integer R > 0, where M > 0 is the constant in Proposition 1.12.
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The sets F*(K) and F*(K, R) are provided with the topology of $.
We stress that the topology in the spaces F*(K) and F*(K, R) is defined in
terms of the L2-norm | - |, rather than the H*-norm || - ||s.

In the theorem below, we have compiled some properties of the spaces F*(K)
and F*(K, R). We abbreviate F*(K) = F(K) and F*(K, R) = F(K, R).

Theorem 2.1. (i) Let s > 0 and let M > 0 be the constant defined in Propo-
sition 1.5. Then for any K > M the space ¥F*(K) is nonempty. Moreover, for
any integer R > 0, F(K, R) is closed in $ and F*(K, R) is compact in $).

(ii) There is a constant Cy. > 0 such that if N € [Ny, 0], where Ny =
No(K) > 1 is the smallest integer satisfying the condition

logan, > C.K,

then the restriction of the projection Iy to F(K) is injective. Moreover, for
any integer I < 0 the operator

Wi:Fy(K)=TINyF(K) — Hy

taking each ¥ = (:/j) =TIy (’7;) to w; = Qnuy satisfies the inequality
IWU(XH) = W(T?)] < | — 7|+

-1
+ 3 (Cay?) Te{cu— k) ('R + () ) b - TR

k=—o0

(2.9)

Here Y = (:2") e Fy(K),i=1,2, C > 0 is a constant not depending on K,
) k
N, and T°, and |1} — 2| = |v} — 2| + [} — 3.

Theorem 2.1 will be proved in Subsection 2.3. In the next subsection, we
use this result to establish equivalence of two families of Markov chains related
to a stationary measure for the original equation.

2.2 Theorem on isomorphism

In what follows, we assume that condition (1.4) is satisfied for some s > 0.
According to assertion (i) of Theorem 2.1, in this case F*(K, R) is a compact
subset of $ for any R > 0 and K > M. We denote by B*(K) the Borel o-
algebra on the topological space F*(K) and by P*(K) the set of all probability
measures on (F*(K),B°(K)). In the case s = 0 we shall simply write B(K)
and P(K).

We recall that to Equation (1.28) there corresponds an RDS and a family of
Markov chains {¢*} in H given by the formulas

0° = u, (2.10)
0F = S(0F 1) + (2.11)
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where k > 1. Let us fix arbitrary stationary measure \g € P(H) for (2.10),
(2.11) with finite moments (see (1.34)) and denote by M > 0 the constant in
Proposition 1.12. Along with {#*}, let us consider another family of Markov
chains in F*(K), K > M, defined by the rule

e’ = (3, (2.12)
ek — (@’H, S@" 1)+ (gi)), (2.13)

where £ > 1 and

S(uo)

590 = (0"~ o sw)= (7

) for U € $H°.
It is easy to see that (2.13) defines an RDS in F*(K) in the sense that if
©" ¢ F¥(K), K > M, then ®"" ¢ F*(K) for all w € Q. Accordingly,
Equations (2.12) and (2.13) define a family of Markov chains in F*(K). More-
over, if (ug,k € Z) is a stationary solution for (2.11) such that D(ug) = Ao
(see Propositions 1.5 and 1.11), then the random vector ((Z;),k < O) belongs
to F*(K) with probability 1, and its distribution Ag is a stationary measure
for (2.12), (2.13).

We now consider the image of {@k} under the projection Ily. Here and
everywhere below, we assume that

No < N <00, logan, > C.K, (2.14)

where C, > 0 is the constant in Theorem 2.1. We shall see that all these
projections are equivalent to the original chain {@k}.
For any integers K > M and N > Ny, we set

F3 (K, R) = TINF*(K,R), Fi(K)=TIyF*(K).

Thus, for N < oo the set F% (K, R) consists of those sequences ¥ = (:;}) for
which there is (:;) € F*(K,R) such that v = Pyu and ¥ = Qumn. By as-
sertion (ii) of Theorem 2.1, the pair (:;) is uniquely determined. Similarly,
FS (K, R) consists of the sequences u = (uy, k < 0) that are the first compo-
nent of an element (:;) € F°(K, R), which is also unique since n, = ur—S(ug—1).
The spaces F3,(K) and F_(K) can be described in a similar way.

In what follows, we assume that F¥ (K) is endowed with the Tikhonov topol-
ogy of the space O n = (Hn)%. We confine ourselves to the case K = 2M
(although the arguments below remain valid for all K > M). To simplify nota-
tions, we shall write F* and F?%; instead of F*(2M) and F% (2M), respectively.
Since Ily : F* — F% is a one-to-one continuous mapping, we can define its
inverse H;\,l. We claim that for any integer N > Ny = No(2M) the mapping

Iy: (F°,B(F*)) — (Fy, B(Fy))
is an isomorphism of measurable spaces. Indeed, the fact that IIy is measurable

(that is, Iy (I') € B(F*) for any I' € B(F%,)) follows from the continuity of ILy.
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Therefore, it suffices to show that Iy (T") € B(F%,) for any I' € B(F?). To this
end, we first note that

F= ) DFS(K,R).

K>2M R=1

It follows that F* is a Borel subset of $) and, hence, the Borel o-algebra B(F*)
coincides with the collection of subsets I' C F* for which there is a Borel set
I' e B($) such that I' =T NF*.

We now fix an arbitrary I' € B(F*®). Since the restriction of IIy to the
compact set F*(K, R) is continuous together with its inverse, the set IIy(T') =
IIN(T) NF¥ belongs to B(FY,).

What has been proved implies, in particular, that the composition mapping

¢ =TI, oIl : Fy — F3,

defines an isomorphism of measurable spaces with the inverse
U =Tyoll': F — F%.

We also note that

P(Y) = (w,l <0), u; = v+ Wo(Y), (2.15)

U(u) = ((:;i),l < 0), v =Pyu;, = QN(’U,l — S(ul_l)), (2.16)
where the operator Wy is defined in Theorem 2.1.

We now describe the families of Markov chains resulting from application

of Iy to {©"}. It is a matter of direct verification to show that for N = oo we
obtain

0" =u, (2.17)
6" = (051, S(0F ) +mi), (2.18)

where k > 1 and * = (Gf,l < 0), and for Ng < N < oo we have

= (), (2.19)
TE = (YL 4 (5), (2.20)

where o = PNk, ¥ = Qnnk, and
v - PNS(UO + Wo(’l),’lﬁ))
(7)< (Prsto o) -

We shall treat (2.18) and (2.20) as either random dynamical systems or Markov
chains in the corresponding phase spaces. Note that the mapping @ conjugates
the two dynamical systems: if % = &(T*), then 8*T! = &(* 1),

20



Let us denote by P(k,u,T) and PB(k, T, T) the transition probabilities for the
families {6*} and {Y*}, respectively, and by Py, and 9, the Markov semigroups
associated with them. The above construction implies that

Pk, &(u), o)) =Pk, T, T'), Y €Fy, T cB(Fy),

and, hence,
(Prf)o®=Pr(fo®), fe€Cu(Fy).

We now set
OF = (%), uf=(u,l<k), n*=@mlI<k),

where (uy, k € Z) is a stationary solution such that D(uy) = Ag. It is clear that
{@k} is a stationary Markov chain in F* satisfying (2.13) for all k € Z. Let us
consider its image under the projections Il and Il..:

T =TIyer = ((71),1<k), ub =TI, 08 = (u,l < k),

where v; = Pyu; and ¢, = Qum. What has been said implies that if N
satisfies (2.14), then T* and u* are stationary Markov chains in F%; and F$,
that satisfy (2.20) and (2.18), respectively. Moreover, the distribution of each of
the sequences Y and u* uniquely determines the distribution of ©*. Thus, we
obtain a one-to-one correspondence between some classes of stationary measures
for (2.11), (2.18), and (2.20). More exactly, we have the following theorem.

Theorem 2.2. Let A\g € P(H) be a stationary measure for (2.11) satisfy-
ing (1.34) and let (ux,k € Z) be a stationary solution of (2.11) with distri-
bution \o. Then the distribution p of the corresponding stationary Markov
chain T* in F3 is uniquely defined. Moreover, the measure p uniquely deter-
mines Ao. In particular, if Equation (2.20) has at most one stationary measure
concentrated on the set

J Fy(2M, R) C F3,(2M) = Fy,
R=1

then Equation (2.11) has a unique stationary measure that satisfies (1.34).

Remark 2.3. Tt {Y* = (Y},1 < 0), k € Z} is a stationary solution for (2.20), then
{Y}, k € 7} is a stationary process. Its distribution in the space of sequences
{T1,1 € Z} is an (abstract) Gibbs measure in the sense of Ruelle, Sinai and
Bowen, see discussion in [KS1]. Therefore, uniqueness of a stationary solution
for (2.20) which we prove in Section 4 below implies (is in fact equivalent to)
uniqueness of the corresponding 1D Gibbs system.

2.3 Proof of Theorem 2.1

(i) Since s > 0, Proposition 1.11 implies that there is a stationary solution
(ug, k € Z) of (1.28) whose distribution satisfies inequality (1.19) with v =1
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and k+ = foo. By Proposition 1.5, almost every realisation of the random
variable ((Z:)’ k < 0) belongs to F*(M), and therefore F*(K) # @ for K > M.

The proofs of the assertions on compactness and closedness are similar, and
we confine ourselves to proving that F#(K, R) is compact in the space $ with
Tikhonov topology. Let (:; ) € F*(K, R) be an arbitrary sequence. The defini-
tion of F*(K, R) implies that for any [ < 0 the sequence 7} is bounded in H®.
Furthermore, it follows from Equation (1.28) and the continuity of the map S
from H to H® that the sequence u} is contained in a bounded subset of H?.
Therefore, there are subsequences of {u{} and {n}} that converge in H. It is clear
that the limiting pair of sequences (’7;) satisfies (1.28) and belongs to F* (K, R).
This implies the required assertion.

(ii) The case N = oo is trivial, and therefore we shall assume that N < oco.
We shall need the following lemma whose proof is given in the Appendix (see
Section 6.4).

Lemma 2.4. There is a constant C' > 0 such that the resolving semigroup of
the free NS system (1.8) satisfies the inequalities

u?) — Sy (ul _u(l]—uoex t u(l] 2 , )
1S,u) — Si(uD)] < |u? — u] p{c/OHSe( )| do} (2.22)
15:(62) = Suud) | < € (E=2 v 1)[u? — ) x

xexp{c/o (o @DIP + 15 )]°) de}, (2.23)

where t > 0 and uf,uy € H.

Yi— (:;) — Iy (:;) €Fy(K), i=1,2.

We set w} = Quui and w;~ = QnS(u}_,). By (2.1), (2.3), and (2.23), for any
| < 0 we have

Let

_ _ —1/2 _ _
wp —w?| < |wl™ — w2+ [ — 0P| < anPllwiT —w? || + [0 — ¥F

< Cay'’D(l = 1,1)(Joly — v o] + [wi_y — wi_y )+ — ¢

where for any integers p < ¢ < 0 we set

D(p,q) = exp{C(q —P)(<|u1|2>;’)’1 " <|u2|2>q71)}’

p

Arguing by induction, for any m <! — 1 we derive

-1

i —wp| < S (Cag”) T Dk, D) ([0f — v2| + [ — $EI)+
k=m+1

— l—m
+ = 2|+ (Cay ) " D(m, Db, —u2,]. (2.24)
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It follows from (2.7) and (2.8) that
D(k,1) < const e2KCIFL |yt | < KYV2|k|Y/2 4 const, i=1,2.
Therefore, we can pass to the limit in (2.24) as m — —oo on condition that
logay > 4KC + 2logC.

This results in

-1
o —w?| < [} =R+ Y (Cay'®) T Dk, D) (lof — v+ [k —v3]). (2.25)

k=—o0

In particular, if ¥* = 7?2, then u' = u? and, in view of (1.28), n' = n?. It
remains to note that (2.25) coincides with (2.9).

3 A version of the Ruelle-Perron—Frobenius
theorem

In this section, we prove a version of the RPF-theorem which is a generalisation
of the corresponding result from [KS1] to systems with unbounded phase space.
Its application to the Markov semi-group corresponding to the family (2.19),
(2.20) will give us the required uniqueness of a stationary measure.

3.1 Statement of the result

Let Xo € X3 C --- be an increasing family of compact metric spaces which
are subsets of a topological space X. We assume that the embeddings Xrp C
Xprt+1 C X are isometries for any integer R > 0. Let B(X) be the Borel o-
algebra on X and let P(X) be the set of all probability measures on (X, B(X)).
Let PB(k,v,T') be a family of Feller transition probabilities on (X, B(X)) and
let
Ph: Co(X) = Cy(X), P :PX) = P(X), k>0,

be the corresponding Markov semi-groups. Recall that a subset R C Cp(X) is
called a determining family for P(X) if for arbitrary measures uq, uo € P(X)
the condition

[ 1@ ) = [ f@)duaw) forany fer
X X

implies that g1 = po.
For any function f(v), denote by f and f~ its positive and negative parts,
respectively:

/= (1f1 = f)-

N | =

(IF1+5), =

N | =
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For a function f € Cp(X), we shall write

fe=eh)t, fo = (PBef)

We shall assume that the condition below is satisfied (cf. hypothesis (H) in [KS1,
Section 4.1]):

(H) There is a determining family R for P(X) such that f — ¢ belongs to R for
all f € R and ¢ € R, and for any f € R and o > 0 and arbitrary integers
R > 0andp > 0 thereareky = ko(c, f,p,R) € Nand A = Af(co,p, R) > 1
such that the following property holds: if

sup fif (v) >« forall k>0, (3.1)
veX,
sup f, (v) >a forall k>0, (3.2)
veX,

then for any k > ko there is l = l(k, «, f, p, R) > 0 such that

sup (Pifi) (V) < Ag(a,p, R) inf (Fuf)(v), (3.3)
S (Pufi)(0) < Ag(erp, ) inf (B1fi0) (). (3.4)

Sufficient conditions guaranteeing the validity of (H) are given in Section 3.3.
The following result is a generalisation of Theorem 4.1 in [KS1].

Theorem 3.1. Suppose that condition (H) is satisfied. Then the assertions
below hold.

(i) Let p € P(X) be a stationary measure of B} such that
Af(o, p, R)W(X\Xg) -0 as R— 0 (3.5)
forall feR, a >0, and p > 0. Then, for any f € R,

Brf — (u, f) as k—oo in LYX, pu). (3.6)

(ii) The operator P, has at most one stationary measure p € P(X) satisfy-
ing (3.5).

3.2 Proof of Theorem 3.1

1) As in the case of a single metric space (see [KS1]), (i) implies (ii). Indeed, if
w1, o € P(X) are two different stationary measures, then there is f € R such

that (Ml,f) 7é (Mg,f) By (1)7
Brf — (wi, f) as k—oo in LY(X,w), i=1,2.
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Therefore, there is a sequence of integers k4 such that
PBr.f — (ui, f) as s— 00 p;-almost everywhere. (3.7)

Let C; C X be set of convergence in (3.7). We have p;(Cy) = p2(C2) =1 and
C1NCy = @, and hence p1 and ps are singular.

We now compare the measures g and g = (u1 + p2)/2. Applying the above
argument to them, we see that p; and p are singular, which contradicts the
definition of .

2) Thus, it suffices to establish (i). We can assume without loss of gener-
ality that (i, f) = 0. Since ||Brf||,. is a non-increasing sequence, the required
assertion will be established if we show that for any € > 0 there is an integer
k. > 1 such that

1Bk fllu < e (3.8)

Let us assume that for any integer p > 0 there is a sequence ks (p) such that

sup f,::(p)('u) —0 as s— oo.
veX,

In this case, we have

| @ ntanw) = [ g7 uw)

< W len(X\Xp) + sup £ (). (39)

It is clear that the right-hand side of (3.9) can be made arbitrarily small by an
appropriate choice of p and s. Moreover, it follows from the relation (u, f) =0
that (1, £7) = (u, £, ), and therefore a subsequence of (u, f; )+ (. fr,) = || fillu
goes to zero. What has been said obviously implies (3.8).

Similar arguments apply in the case when, for any integer p > 0,

sup fk_(p)('u) —0 as [ — oo,
veX, s

where k¢(p) is a sequence going to +oo with s.

3) Thus, we can assume that inequalities (3.1) and (3.2) hold for some pos-
itive constants « and p. In this case, by condition (H), for any integers R > 0
and k > ko(o, f, p, R) there is | = I(k,a, f, p, R) > 0 such that (3.3) and (3.4)
are satisfied.

We now fix arbitrary integer R > 0 and, repeating the scheme applied
in [KS1], construct a sequence of integers ks = ks(R) such that

1B5. fllu < ep(R)(1+ap(R) + - +ap(R)*7) | flloo + ap(R)*[|fll,  (3-10)

where s > 0 and

ep(R) = (14+4A;(R) ) u(X\Xg),  as(R) = 1-u(Xp) A7 (R)™ < 1. (3.11)
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Here and henceforth, the dependence on @ and p is not indicated explicitly.
The proof of (3.10) is by induction on s. For s = 0, in view of the relation
Py w = p, we have
1Bro fllue = 1F 11

which coincides with (3.10) for s = 0.

Assuming that (3.10) is established for s < r, we now prove it for s = r + 1.
We set kyy1 = k- + I, where I, = I(k,,a, f,p, R) > 0 is the integer entering
condition (H). In view of (3.3) and (3.4), we have*

/f,iduzf ‘l‘zrfki,rdMZ/ +/
X X Xr X\Xr

< { sup (P £E) () pu(X) + | locp(X\ X)

veEXRr
< AR inf (B, £i5) () piu(Xn) + | loet(X \ X).
It follows that
P fif (W) = AR+ A (R) 7 Flloop(X\ XR) 20 for v € X,

Let us estimate the expression ||Br,., fllx = [P, fr, [|u- We have

/X I, i,

where

d“:/ +/ < Do) + Dol Fi) + 1 flloon(X\ Xr), (3.12)
Xr X\Xr

DL(fE) = /X B, 1 — Ap(R)SE ] d

Now note that

D.(ff) < /X (B0 S5 ©) = A o+ A ) oo (X A\ X))
+ Ag(R) " S oo(X \ X).
This implies that
Dy(fi5) + Dr(fi) < 447 (R) 7| loon(X \ X)+
AP ) = AL o+ 1)

< (1= nXp)Ar(B) 7)1k llu + 447 (B) 7 flloopp(X\ Xg).

4Here and henceforth a formula involving the symbol % is a brief notation for the two
formulas corresponding to the upper and lower signs.
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Substituting this expression into (3.12) and using the induction hypothesis, we
obtain

/X B f L < (1— p(Xp)Ap(R)) Y fllut

+ (144, (B) ) [ Flloons(X N\ X)) Y (1= (X p)Ap(R) ),
=0

which completes the proof of (3.10).
It follows from (3.10) and (3.11) that

f(R)

el < 7= 1 oo + ar (R

< u(XA\Xp)Ap(R){n(Xp)(1 + 445 (R) ™) I fllo + af(R)slgllllg)

The expression in the brackets on the right-hand side of (3.13) is no greater
than 5. Hence, in view of (3.5), the right-hand side of (3.13) can be made
arbitrarily small by a suitable choice of R and s. This completes the proof
of (3.8).

3.3 Sufficient conditions for application of Theorem 3.1

Let B(k,v,T), v e X, T € B(X), be a Feller transition function. Suppose that
there is a determining family R for P(X) such that R is invariant with respect
to addition of a constant, and the following two conditions hold:

(Hy) For any f € R, R > 0, and # > 0 and an arbitrary v € Xpg there is
an integer ko = ko(f, R,3) > 1, not depending on v, and a Borel subset
O(f,v,R, ) C X such that

|Brf (V) = Puf(w)| < B for k>ky, v €O0(fv,R,f).

(Hz) There is an integer py > 0 such that for any p > pg, R > 0, 8 > 0, and
f € R there is a constant € = e(f, p, 3) > 0, not depending on R, and an
integer | = I(f, p, 8, R) > 1 for which

%(Z,UO,O(f,v,p, 6)) >¢ forany v°eXp, ve X,, (3.14)
where the set O(f, v, p, ) is defined in condition (Hy).

Theorem 3.2. Suppose that conditions (Hy) and (Hy) are satisfied. Then (H)
holds for R with

4 fllos
ae(f,p,a/2)’

where e(f, p,a/2) is the constant in condition (Hs). In particular, there is at
most one stationary measure i € P(X) concentrated on the union of Xg, R > 0.

Af(a,p, R) = Ag(a,p) = (3.15)
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Proof. Let f € R be arbitrary function satisfying (3.1) and (3.2) for an inte-
ger p > 1. We must prove that (3.3) and (3.4) hold. To simplify notation, we
confine ourselves to the case of the index +.

Without loss of generality, it can be assumed that p > po, where pg is the
integer in condition (Hz). Let vi € X, be such that

«
fif (vg) > 5 k> 0.

By condition (Hy), there is an integer ko = ko(f, p,a/2) > 1 and a sequence of
Borel sets O = O(f, vi, p, a/2) such that

@) > % for v' €Ok, k> ko. (3.16)

Let ¢ = e(f,p,a/2) > 0 and | = I(f,p,/2,R) > 1 be the constants entering
condition (Hs). In view of (3.14) and (3.16), we have

sup (Buf) () < 1]l (317)
veEXR
Jnf (B ) = nf [ (o) g @)

> i [ B )

2 %‘l‘(lw,Ok) > 7@5(30,5,@/2). (3.18)

Combining (3.17) and (3.18), we arrive at the required inequality.

We now prove the assertion on the uniqueness of a stationary measure. Since
the constant Af(a, p, R) is in fact independent of R (see (3.15)), there is at most
one stationary measure such that

WX\ Xp)—0 as R — oo. (3.19)

It remains to note that (3.19) is equivalent to the condition that the measure p
is concentrated on the union of Xg, R > 0. O

4 Uniqueness of a stationary measure for the
reduced chain

4.1 Main result

We denote by B(k, T, T') the transition probabilities for the family of Markov
chains {T*} defined in the space measurable space (F%,, B(F%,)) (see (2.19),
(2.20)) and by PBj and PBj the corresponding Markov semi-groups. We shall
also need the following metric generating the Tikhonov topology on $n:

0
dist(Y', %) = Y |1 -7 A2k

l=—00
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Theorem 4.1. Suppose that condition (1.4) is satisfied for some s > 0. There
is a constant K, > 2M such that if a finite integer N satisfies (2.14) with
K=K, and

bj #0 for j=1,...,N, (4.1)

then P has a unique stationary measure 1 that is concentrated on the union of
the sets F5,(2M,R), R > 0. Moreover, for any f € Cy(F%) and an arbitrary
integer R > 0, we have

PBrf(X) — (1, f) wniformly in ¥ € Fy(2M,R) as k — oo. (4.2)

Proof. The existence of a stationary measure follows from Proposition 1.11 and
Theorem 2.2. To prove the uniqueness and convergence (4.2), we apply the RPF
type theorem established in Section 3.
1) We set
Xr=Fy(2M,R), X =F%.

Let R C Cy(F?%;) be the set of continuous cylindrical functions on F3, i.e., the
set of functions f: F}; — R for which there is an integer m > 0 and a bounded
continuous function F': (§x)™ 1 — R such that

f)=F(v—m,—m,...,v0,%0), T = (:;,) e Fy. (4.3)

Clearly, R is a determining family for P(F%).

It will be proved in Sections 4.2 and 4.3 that if an integer N satisfies (2.14)
with sufficiently large K > 2M, then the transition function PB(k,2",T") obeys
conditions (Hy) and (Hg) in which

O(f,7,R,B) = {Y' € Fy NFn(K,R) : dist(Y',Y) < r}, (4.4)

where K is a fixed constant not depending on f, Y, R, 3, and N, while r depends
only on f, R, and 8. By Theorems 3.1 and 3.2, this will imply the uniqueness
of a stationary measure concentrated on the union of F%,(2M, R), R > 0, and
also convergence (4.2) in L'(X, y)-norm for any f € R. Moreover, as is shown
in Proposition 4.4, the sequence formed of the restrictions of the functions Py f
to X p is uniformly equicontinuous for any integer R > 0. Therefore, by Arzela—
Ascoli theorem, a subsequence Py, f converges uniformly on any Xpg. In view
of the Li-convergence, the limit is uniquely determined, and hence the whole
sequence uniformly converges to (u, f).

2) We now show that (4.2) holds for any function f € Cy(F%;). Since X, is a
compact subset of X, the restriction of f to X, is uniformly continuous for any
integer p > 0. Let us denote by f, an arbitrary uniformly continuous extension
of f‘xp to Hn such that

[folloo < 3[[flloo-

For instance, we can take

£o(0) = int {F(X) +w, (a0, 7))},
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where w,(r), r > 0, is the modulus of continuity of f |X :
P

wy(r) =sup{|f(X") — F(*)|: T, T* € X,,d(X", T?) <r}.

Let us denote by Jr,: Hn — Hn the operator taking each T = (17,1 < 0)
to (...,0,7_r,...,2%). We define the function

for(X) = £,(JLY), T € Hn.

Clearly, we have f,, € R. Thus, convergence (4.2) holds for f = f,r.
Let us fix arbitrary R > 0 and write

|§ka(r) — (1, f)‘ < “pkpr(T) — (1, pr)| 4 ‘(/%f _ pr)|_|_
+ [Bef () = Bifor(X)]. (4.5)

As it was mentioned above,

Sup ‘mkpr(T) — (u f/JL)| = e1(k, L, p), (4.6)
YeXr

where €1(k, L, p) — 0 as k — oo for any fixed L > 1 and p > 0. Furthermore, it
is clear that

sup d(¥,JY)—0 as L—oo forany p>0.
rex,

Therefore, in view of the uniform continuity of f,, we have

sup |for.(X) = f(1)| = sup |fo(JLT) = [,(X)| < e2 = e2(L, p),
TeX, TeX,

where €2(L, p) — 0 as L — oo for any p > 1. It follows that

‘(Nvf_pr)| </X|f—pr|dM</Xp+/X\Xp
S/ If = forldp + 4[| fllocp(X\ X,)

P

< e2(L, p) + 4| flloop(X\ Xp). (4.7)
Finally, to estimate the third term on the right-hand side of (4.5), we note that

B F(X) — P for ()] < /X Pk, 1, dX)|f () — fon (X))

< [ o S BT XA X,
(4.8)
Combining (4.5), (4.6), (4.7), and (4.8), we derive
[P f ()= (w, )] < 61(76,L,p)+€2(L7P)+4Hf|\oo(‘43(k,raX\Xp)+M(X\?§p)))-
4.9
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To conclude that the right-hand side of (4.9) goes to zero, we need the lemma
below. We formulate two estimates the first of which is used here and the other
will be needed in the next subsection.

Lemma 4.2. For any integer R > 0 and any m > 1 there is a constant Cry, > 0
such that

Bk, T, Fy\Fy2M,p)) < Crmp™ ™ for k>p>1, (4.10)
Pk, T, Fy \FNBM,p)) < Crmp™™  for k,p=1, (4.11)

where T € F3,(2M, R).

Let us fix an arbitrary ¢ > 0. In view of (4.10) and the fact that p is
concentrated on U,>0X,, there is an integer p > 0 such that the third term on
the right-hand side of (4.9) is less than ¢ for k& > p. We then choose integers
L > 1 and ko > p so large that e1(k,L,p) < e for k > ko and e2(L, p) < e.
Combining all these estimates, we see that (4.9) does not exceed 4¢ for k > ko.
Thus, to complete the proof of (4.2), it remains to establish Lemma 4.2. (]

Proof of Lemma 4.2. Let us fix arbitrary m > 1. It is clear that it suffices
to establish (4.10) and (4.11) for sufficiently large p. We fix an arbitrary ¥ €
F%,(2M, R) and denote by U = (:;) the element of F*(2M, R) such that IINU =
Y. Let (u;,1 > 0) be the solution of the problem (1.27), (1.28) with the initial
function u® = vy + Wo(Y) (note that |u°| < (2MR)'/?) and let a; := |w|? +
lmk||2. Application of Proposition 1.5 with k_ = 0, k4 = ko = k and Remark 1.6
to the solution u;, 0 <1 < k, shows that, with probability no less than e,,, :=

1—Chpp™™, we have
(k—T+1){a)h <2M((k—T)Vp+1), 0<T <k (4.12)
Since U € F*(2M, R), we conclude that if p > R, then
()% <2M for T < —R. (4.13)
Combining (4.12) and (4.13), we see that for T < 0, with probability > €,

(@) = (T + k+ 1) ((IT] + 1)(an)G + ka)})
<M(T|+k+1)""2RVIT|+1)+kVp)

oM if k>p>2R,
=1 3M if |T|+k>p>R

We have thus proved that

Y’B(kaTaFﬁv(2M7 p)) Z gpm =1- Cmpima k> P > 2Ra
m(kaTaF;V(SMvp))ZEPm:1_Cmp_ma kz 1) pZR

This implies the required inequalities (4.10) and (4.11). O
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It Section 5, we shall need a corollary of Theorem 4.1. Let us recall that {7}
is isomorphic to the family of Markov chains {8*} defined by (2.17), (2.18). We
denote by P and P} the Markov semigroups for {6%}.

Corollary 4.3. Under the conditions of Theorem 4.1, the Markov semigroup Pj;
has a unique stationary measure A € P(F3,) that is concentrated on the union
of F$,(2M, R), R > 0. Moreover, for any f € Cy(FS,) we have

Pipf(u) — (A f) wuniformly in w e F (2M,R) as k — oc.

4.2 Checking condition (H;)

For any integer m > 0, let R,, be the set of those f € R for which the cor-
responding function F in (4.3) is defined on (Hx)™*!. We recall that the set
O(f,Y, R, ) is defined in (4.4).

Proposition 4.4. Let the conditions of Theorem 4.1 be fulfilled and let K > 2M
be arbitrary constant. Then for any integer R > 0 and any B > 0 there is
r =r(R,[,K) > 0 satisfying the following property: if f € R, for an integer
m > 1, then

B f(XY) = B f (X)) < B flloe for k>m+1,

where Y' € F5,(2M,R), T* € Fy NFn(K,R), and dist(Y",?) < r. In
particular, the sequence ‘ka‘xR, k > m+ 1, is uniformly equicontinuous for
any R > 0, and condition (Hy) holds with any domain O(f,T,R,3) of the
form (4.4).

Proof. 1) Let dv be the Lebesgue measure on the finite-dimensional space Hy
and let da(¢)) be the distribution of the random variables 1, on H3-. We denote
by D(v), v € Hy, the density of the random variables @}, with respect to dv. (It
follows from (1.3) and the conditions imposed on &, that D(v) = vazl pj(bjz;),
where v = (21,...,25) € Hy.) Direct verification shows that for f € R,, and
k > m + 1 we have (cf. [KS1, Section 1.3])

‘ka(T) = /(ﬁs i F(Tk_m, .o ,Tk)Dk(T,Tk)gk(di), (414)

where Ty, = (11,..., %) and £ (dT ) = dv; . .. dvgda(yy) . .. da(y),

k
Di(¥;1y,..., 1) = HD(Uz —To(X. 11,...,7i-1)), (4.15)
=1

and Ty is the first component of the operator T defined in (2.21), that is, To(Y) =
PnS(vo + Wo(v,4)).

2) Now let T' € F%,(2M, R) and T2 € F, N Fn (K, R). For any k > 1, we
denote by Vi = Vi(Y"',T?) the doubled variational distance between the two
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measure on ($%)* defined by the densities Dy (X", %), i = 1,2. In other words,
Vi = / (D0 Th) = Du(X,T)| €4(dT).
H3)

Since || F|loo = ||f|lo0, it follows from (4.14) and (4.15) that
[Brf () = Pef ()] < [ flloc Vi

Thus, it is sufficient to estimate V. To this end, we note that

Vie < Vi +/ D1 (Y, Do) A (XY, Y2 7%) 44 (dT %) =: Vit + I,
(y)s )k
" (4.16)
where

Ak(Tl,TQ;Tk) = |D(’Uk — To(TQ,kal) — D(’U}C — T()(Tl,?kfl))‘.

We now derive an estimate for I, = I (Y, T?).

3) Let us fix arbitrary K > 2M and B > 1. To estimate I, we represent the
domain of integration (£%)* as the union of a sequence of non-intersecting sub-
sets on each of which the expression Ay (T, 12 T%) admits a uniform estimate.
Namely, for any integer p > R we set

Ak(p) = A¥(p)\ AF(p—1),

where A¥(R—1) = @ and A*(p) is the set of those (11, ..., k1) € (H%)" ! for
which (Y, 73, ...,7—1) € F%(3M, p). Tt is easy to see that the union of A*(p),
p > R, coincides with ($%)*~! for any k > 1. Let us write the integral I as

Ti=3" Ty, (4.17)
p=R
where
Ikp = Ik,,(Tl,T2) = / Dk_l(Tl,Tk_l)Ak(Tl, TQ;Tk) ék(di)
AR (p)x 9%
(4.18)

By the mean value theorem, we have
Ap(XH X% T0) < Qrlor) [To(X, Timr) — To(X? Ti1)], (4.19)
where
1
Qk(vk) = / |VD(Uk - QT()(Tl,Tk,l) - (1 - O)To(TQ,?kfl)H do.
0
It is clear that
Qr(v) 1(dYy) < Q,

oy
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where Q > 0 is a constant not depending on ¥, ¥? and T4_;. Therefore,
by (4.17) — (4.19), we obtain

I, <@ Z / D1 (Y, Th1)x
p=R AF(p)

X |To(X" Te1) = To(X?, Thor)| Lr—1(dTi—1)

<Q Z hkp/ D1 (Y, V1) li—1(dT k1)
Ak (p)
p=R

<QY hip Bk — 1,7, A%(p)), (4.20)
p=R

where A¥(p) is the set of elements in F?; of the form (Tl,Tk_l) with Tg_;1 €
A*(p), and

hkp = hkp(Tl,T2) = sup |T0(T1,Tk,1) — T()(T2,?k,1)‘.
Ti_1€A%(p)

4) We now estimate hy,. To this end, we need the following lemma.

Lemma 4.5. There is a constant C' > 0 such that for any K > 2M and any
integer p > 0 we have

To(X)] < (K(p+1)"?, (4.21)
0
o) ~To(X?)| <0 Y (Cay'/?) 9eCKUdvorrl _ 72| (4.22)
q=—00

where T, Y% € Fn (K, p) N Fy (K).

Taking this assertion for granted, let us complete the proof of the proposition.

By definition, we have (Y, 7}_1) € F%(3M,p) N F3, for Ty € A¥(p).
It follows that (Y%, 7,_1) € Fn(3K,p) N F3. Therefore, in view of inequal-
ity (4.21) with K replaced by K; := 3K, we have

1/2

hip < sup {|To(X", L) + [ To (X Tho)|} <2(Ka(p+1)) 7. (4.23)
Ti-1€A*(p)
On the other hand, inequality (4.22) implies that
1—k
hipy <C Z (Ca;\flm)_quKl(‘q‘vp-’—l)|qu+k71 _ TqQJrk,ﬂ
q=—00
0
<C Z (Ca;vl/Q)—q+k—1eCK1(\q\+k)+CK1p |qu _ qu|
q=—00
<C(R)2 0 (420

34



where d = d(¥*,T?), C1(R) > 0 is a constant depending only on R, and the
constant K in (2.14) is chosen to be so large that 2(C' K7 +log C+log2) < logay .
Note that the third inequality in (4.24) uses the estimate

0
dr',r’)<C'(R) Y 201} =77, Y Y*cFy(K R).

g=—00

Combining (4.23) and (4.24), we derive
hiy < (C1(R)27F K1 d) A (2K (p+1)1/?). (4.25)

5) We can now easily complete the proof of the proposition. We wish to show
that Vi, < B if d(Y*,T?) < r, where 7 = #(3) > 0 is sufficiently small. In view
of inequality (4.11) with m = 3 and the inclusion A*(p) C F3 \ F&(3M,p—1)
for p > R+ 1, we have

Pk~ 1,7, A (p)) < Cpsp™ (4.26)

forallk > 1, p> Rand T € F5,(2M, R). Substituting (4.25), (4.26) and (4.20)
into (4.16) and iterating the resulting inequality, we arrive at

k o)
Vi <CrsQY ) p_g{(Cl(R) 27k CK1p g) A (2K (p + 1)1/2)}

Jj=1p=R

< N(d) = Cy f: f: p (279 DP d) A p'/?},

j=1p=R

where Cy and D are positive constants. Thus, the expression Vj can be esti-
mated by the double series 3(d) vanishing for d = 0. By the Lebesgue theorem
on dominated convergence, the required assertion will be established if we show
that the series converges uniformly in d € [0, 1]. Since all the terms in the sum
¥ (d) are non-decreasing functions of d, it suffices to prove the convergence for
d=1.

To this end, we divide the domain of summation (i.e., j > 1, p > R) into
two non-intersecting sets:

S1=A{(p):279D° < p"/?2792} Sy = {(j,p) : 277 D* > p!/?277/%}
Let ¥; and 35 be the sums corresponding to S; and Se, respectively. Clearly,

Y1 <Oy Z p_5/22_j/2 < 0.
(4,p)€S1

On the other hand, if (j, p) € Sz, then j < ¢p, where ¢ > 0 depends only on D.

Therefore,
Yo < Cy Z Z p_5/2 < Cchp_3/2 < 0.
p=R j<cp p=R
Thus, it remains to establish Lemma 4.5. O
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Proof of Lemma 4.5. Inequality (4.21) is a simple consequence of the definition
of Ty and Fy (K, p):

ITo(X)] = |S(vo + Wo(X))| < lul < (K(p+ )%, u=wo+ Wo(X).
Let us prove (4.22). Inequality (2.22) with ¢ = 1 implies that
[ To(X") = To(X?)| = [S(vg + Wo(T)) = S(ug + Wo(T?))]

! 2
< (Jvy — v + W (X") = Wo(T?))) exp{Cl/O | Se(u) ]| dt}, (4.27)

where u* = v +Wo ("), i = 1,2. In view of (2.7), (2.9), (2.3) and the definition
of the space Fy (K, p), we have

Wo(Xh) = Wo(T?)|

< b= ufl+ 3T (Coay ) ep{Calal ('), + (1), ) iy - 731

g=—00
-1
< b — 02| + Z (020[]—\]1/2)*QGQCzK(|lZ|\/p+1)|qu —T¢12|7 (4.28)
q=—00

where Y1, 7? € Fn(K,p) NF5(K) and u' = &(T"), i = 1,2. Moreover, by
inequality (2.4),

K(lglvp+1), ¢<0. (429)

N =

! 1\]12 Lo 1
[ sty Par < Gt < 5

Combining (4.27)—(4.29), we derive (4.22). O

K(p+1)<

4.3 Checking condition (H,)
We recall that Bx (T, r) denotes the ball of radius r in X centred at 1.

Proposition 4.6. Under the conditions of Theorem 4.1, there is an integer
po > 1 and positive constants K and C such that if p > pg, then the following
assertions hold:

(i) For any R > 0 there is an integer 5 = I5(R) > 1 such that

B, YO, F3(2M, po)) > 1/2  for any 1, > 1, T° € F3(2M,R).
(4.30)

(ii) For anyr > 0, any integer p > po, and an arbitrary ¥ € F3,(2M, p) there
ise =¢(p,r) >0 and an integer la = 1o(X, p,r) > 1 such that

P, Y%, Bx (X, 1) NFn(K,p) > e for any Y° e F3(2M,po). (4.31)
Moreover, there is an integer 15 = 15(p,r) > 1 such that lo(X, p,7) < 13
for all Y € F%,(2M, p).
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(iii) The transition function P(k, T, T) satisfies condition (Hy) in which the
set O(f, Y, R, 3) has the form (4.4).

Proof. We first show that (i) and (ii) imply (iii). Indeed, let us fix any r > 0

and any integers R > 0 and p > pg. Choosing | = I5(R) + I5(p,r) and [} =

1 —1(X,p,r), from (4.30), (4.31), and the Chapman—-Kolmogorov relation, we

derive

m(la Tov O(Tv P T)) 2 sp(lla Tov dr,)m(l% T/a O(Ta P ’I"))
X

>e(p,7)/2,

where O(Y, p,r) = Bx(¥,7) N Fxn (K, p). This proves the required assertion.

We now turn to the proof of (i) and (ii).

Proof of (i). For Y° € F,(2M, R), we set U = () = I'Y" € F*(2M, R)
(see Section 2.2). We denote by (u;,! > 0) the trajectory of the RDS (2.11)
which starts from ug (the zeroth component of ) and set u* = (u;,1 < k) and
a; = |ug|* +||nkl|?. Since [u°]? < 2M(R+1), inequality (1.11) implies that there
is an integer L1 = L1(R) > 1 such that

Cl(R—Fl), 1<k<L;—1,
E |uy| < { o S (4.32)

where the constant C7; > 0 does not depend on R > 0. Let us fix arbitrary
integer Ry > C1(R + 1) and estimate the probability of the event

|Uk| SRlv ||nk||s SRI k:]-a"'le_]-' (433)

In view of (4.32), (1.5) and the Chebyshev inequality, we have

Li—1
P{(4.33) holds} > 1 — > " (P{lux| > Ra} +P{|lmklls > Ri}) >1—p1,
k=1

where p1 = p1(R, R1) — 0 as Ry — oo for any fixed R. Furthermore, let us fix
sufficiently large integers po > 1 and Lo > po, set I := Ly + Lo, and take an
arbitrary [; > [7. Applying Proposition 1.5 to the solution ug, k— < k < k4,
where k_ = Ly and ky = ko = l1, we conclude that there is a constant Cy > 0,
not depending on R, such that with probability no less than pg =1 — Cyp, L

(a)p <M, Ly <T <l — po. (4.34)
Hence, we have shown that
P{(4.33) and (4.34) hold} > p:=po +p1 — 1. (4.35)

It is a matter of direct verification to show that if Ly > 2(R?L1 M ! + R), then
inequalities (4.33) and (4.34) imply that ((Z:), k <ly) € F§(2M, po). In view
of (4.35), it follows that for any U € F*(2M, R) we have

P{((3),k <h) € F*(2M, po)} > 1 — p1(R, R1) — Copy " (4.36)
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It remains to note that if py > 1 is so large that C’Opal < 1/4, then for any
fixed R > 0 we can choose Ry > R such that the right-hand side of (4.36) is no
less than 1/2. This completes the proof of (4.30).

Proof of (ii). We shall need the following elementary lemma.

Lemma 4.7. Let (x;,1 <0) be e sequence of non-negative numbers such that
0
Y @ <C(T|+1) for T<-—p, (4.37)
I=T

where p > 0 is an integer and C' > 0 is a constant not depending on T. Then
every integer interval A = [t1,t2] such that t1 < —p and t3 < 0 contains an
integer point p such that

X : o7 P q .
([—p—f—ll L="0 12—15]4—1 - -

Proof. Assuming the contrary, for each p € A we can find an integer m(p),
p < m(p) <0, such that

m(p)
Z x; > Co(m(p) —p+1). (4.38)
l=p

Let us define a finite sequence of integers p1,ps,...,p, by the following rule:

p1 = t1 and p; = m(pj—1) + 1 if j > 2 and m(pj_1) < ta. Setting AJ =
[pj, m(p;)] and using inequality (4.38), we derive

0 n n
Dom=Y Y wm>Co) (mp;) —pj+1) = Colts — tr+ 1),
I=t, 1

Jj=lleAJ Jj=
This contradicts inequality (4.37) with T = t;. O

1) To establish (4.31), we regard (2.20) as an RDS in X (rather than a
Markov chain), and using the isomorphism of (2.18) and (2.20), pass from a
random trajectory {Y*} to {u* = &(X*)}. More exactly, for T and T° as
in (4.31), let

R S 0
U= <"> — 'Y € F*(2M, p), U° = <;‘0> = II,' 70 € F*(2M, py).
We set Fr, = Fr(K, p)NF3, where L = N or L = 00, and consider the restriction
of U:F: — F% to Foo. In view of (2.16), inequality (2.22) implies that the
mapping ¥: Fo, — Fp is uniformly Lipschitz with a Lipschitz constant d not

depending on N. Therefore, inequality (4.31) will be proved if we show that

]P’{ul2 € Fuo, dist(u'2,d) < r/d} > e, (4.39)

38



where u¥, k > 0, is the random trajectory of (2.18) starting from u°.

2) We fix arbitrary p > pg and > 0. Let B > 0 be a sufficiently large
constant which will be chosen later. Let an integer 71 = Ti(r,B) > 1 and
a positive constant 6; = d1(r, B) < 1 be such that dist(u/,0) < r/d for any
element v’ € F2_ whose components satisfy the inequalities

Wf| < Be Ut 45, 1-Ty <j<0. (4.40)

Since <|ﬁ|2>2 < 2M for ¢ < —p, the sequence x; = |u|?, [ < 0, satisfies the
conditions of Lemma 4.7 with C = 2M. Let Ty = Ty(p,r, B) be the smallest
even integer exceeding (2731) V p. Applying Lemma 4.7 with ¢t; = —T5 and
to = —T5/2, we find an integer T'= T'(p,r, B), T1 < T < T5, such that

(a?) T <4M for 0<I<T. (4.41)

We claim that there is a deterministic trajectory @' = (ul, dy,..., %), | =

1,...,T, for (2.18) that corresponds to a control 7; = (g;) € 'H® and possesses
the following properties: '

|ty —y_p| < Be!, 1=0,...,T, (4.42)

1Gillp < 2B =g, 1=1,...,T, (4.43)

where p > 0. Taking this assertion for granted, let us show that (4.39) holds
with [y = T. It follows from (4.43) and the inclusion U € F*(2M, p) that

liills < 2Bl + 2MT)Y/2, 1=1,...,T.
Therefore, by Lemma 6.2, for any v > 0 the probability of the event
Q= {ln il <vl=1,....T}

can be estimated from below by a constant ¢ > 0 depending only on N, B, p,
r, and v (but not on 7). In view of the continuous dependence of trajectories
for (2.11) on the control n;, for any w € 2, we have

lug — | <5=46(v), 1=1,...,T,

where u;, I > 1, is the trajectory of (2.11) corresponding to 7;, and §(y) — 0
as v — 0. Combining this with (4.42), we conclude that u} = wjir — iy,
j=1-T,...,0, satisty (4.40) if 5(v) < 6;. Therefore,

du,4) <r/d for weQ,, y<I1.
Moreover, it is a matter of direct verification to show that u!? € F. (K, p),
where K = K (M, B) is sufficiently large. This completes the proof of (4.31).

3) Thus, it remains to establish the existence of a deterministic trajectory @
satisfying (4.42) and (4.43).
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Let us set
&1 =Py (-t — S(-1)), =7, 1=1,...T, (4.44)

where g is the zeroth component of u®. Note that the first relation in (4.44)
implies that o, = ¢, for I = 1,...,T. We claim that (4.42) and (4.43) hold
with an appropriate constant B > 0. Indeed, (4.43) is a simple consequence of
inequality (4.42) whose proof is by induction on . In view of (4.41) with [ =0
and the inclusion u® € F,(2M, po), we have

lito — | < Jiio| + i—7] < (2M(po + 1))/ +2M"/? .= B.
Let us assume that (4.42) is proved for 0 < 1 < k—1, k > 1. It follows from (4.41)
and inequality (2.24) in which m =0, [ = k, u}! = @,, and u? = @,_r that
i, — | < (Can)Fexp{ Ch({li; 26 + (fy—r 26" o — ir|
< (Cay'®F exp{2C(6M + B>k} B < e * B,
where the integer N > 1 is so large that
logay > 4C(6M + B?) +2(1 + log C).

This completes the induction and the proof of the proposition. O

5 Uniqueness and mixing for the original system

We recall that the Markov semigroups Py, and P} associated with Equation (1.1)
and the space C(H?®, ) of continuous functions with exponential growth at
infinity and the corresponding norm || f||s g were introduced in Section 1.3. Also
recall that we set B4(r) = (1 +7)4, r > 0.

As before, we assume that v = 1. For any integer R > 0, we denote by H(R)
the set of those u € H for which there is w € F2_(2M, R) such that uy = u,
where ug is the zeroth component of wu.

Theorem 5.1. Suppose that condition (1.4) is satisfied for some s > 0. Then
there is an integer N > 1 such that if

bj #0 for j=1,...,N, (5.1)

then the Markov semigroup P has a unique stationary measure A\ € P(H)
satisfying condition (1.34). Moreover, the measure X\ is concentrated on H®,
and if f € C(H®, By, for some m > 1, then for any integer R > 0, we have

P.f(u) — (A, f) as k— oo wuniformlyin we H(R). (5.2)

In particular, convergence (5.2) holds for M-almost all uw € H. Finally, if all the
constants b; in (1.3) are non-zero, then (5.2) holds uniformly with respect to
u € H?, |lul|ls <R, for any R > 0.
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Remark 5.2. The existence and uniqueness of a stationary measure and con-
vergence (5.2) can be established under a weaker assumption. Namely, instead
of (0.9), it suffices to assume that

[ ipieyar<c oran o3

This assertion can be derived by analysing the arguments in Sections 1 — 5. We
do not dwell on it and only show where the exponent 20 in (5.3) comes from.

When verifying condition (H;), we used (see (4.26)) inequality (4.11) with
m = 3, which, in turn, is based on the fact that the third moment of the random
variable T, (w) (see Proposition 1.5) is finite. The mth moment of T, can be
estimated by a constant depending only on Na,, and E|n;[*"+2) (see (1.16)
and (1.18)), and Na,, admits an estimate in terms of E |n;|*™ (see (1.11)).
For m = 3 we obtain the expression E |;|?°, which can be estimated by the
constant C in (5.3).

Proof of Theorem 5.1. The existence of a stationary measure satisfying (1.34)
and the fact that A(H®) = 1 are established in Proposition 1.11. The unique-
ness of such a measure follows from Theorem 2.2 and Corollary 4.3. Let us
prove (5.2).

1) We begin with the case f € Cy(H). Let us define a function f € C,(H),
H = H?, by the formula

f(u) = f(ug), w=(u,l<0).

We recall that Py, and P} stand for the Markov semigroups associated with the
family (2.17), (2.18). It is clear that Py f(u) = Py f(uo) for any u € F5_. Let
A € P(F%,) be the unique stationary measure for P;. By Corollary 4.3, we have

Ppf(u) = (X, f) as k— oo uniformly in we F. (2M,R).

Since the projection w = (u;,l < 0) — wup maps A to A, we conclude that
(A, f) = (A, f). Therefore (5.2) holds uniformly in v € H(R) for any R > 0.

2) To show that (5.2) remains valid for f € C(H, ), we use Lemma 1.8.
Namely, for L > 0 let hr(r) denote a continuous function that is equal to 1
and 0 for r < L and r > L + 1, respectively. We take an arbitrary function
f € C(H, B,,) and represent it in the form

f(u) = fo(w) +go(u),  fo(u) = hr(lu))f(u).
Since fr, € Cy(H), we conclude that
Piofr(u) — (A, fr) as k— oo uniformly in wé€ H(R).

It is easy to see that (A, fr) — (A, f) as L — oo. Furthermore, we note that

lgzllo.s,, — 0 as L — oo,
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where for any m’ > m. By Lemma 1.8, the norm of the operators
P2 C(H, Bm) — C(H, )

is bounded uniformly in k£ > 1. It follows that
|Pegr(u)] =0 as L — oo

uniformly in & > 0 and u € H(R) C Bg(R1), Ry = (2M (R + 1))'/2.
We now write

[P f(u) — (N )| < |Pefr(w) = O\ fo)| + [Pegr ()| + |\ fo = £ (5.4)

What has been said above implies that the right-hand side of (5.4) tends to zero
as k — oo.
The fact that (5.2) holds also for f € C(H?®, ) follows from Lemma 1.8.
3) We now assume that b; # 0 for all j > 1. To prove that (5.2) holds
uniformly in v € H®, |lu]ls < R, it suffices to show that the ball Bys:(R) is
contained in Hps for some R’ > 1. This assertion follows immediately from the
definition of F2_(2M, R). O

Remark 5.3. If in Theorem 5.1 we assume that condition (B) is also satisfied,
then convergence (5.2) holds for functions with exponential growth at infinity
(see Main Theorem in the Introduction). Namely, it suffices to assume that f(u)
is a continuous function on H*® such that |f(u)| < constexp(c|jul|2*t), where [
is the smallest integer no less than s, x; is the constant in Theorem 1.4 with
p = o0, and o > 0 is sufficiently small. This assertion can easily be proved by
repeating the above arguments and using Remark 1.9, and we shall not dwell
on it.

As we saw above, convergence (5.2) is a simple consequence of Theorem 4.1.
The following assertion shows that under the same conditions we have a much
stronger result. Its proof requires some new ideas and will be presented in a
subsequent publication.

Theorem 5.4. Under the conditions of Theorem 5.1, if (5.1) is satisfied for a
sufficiently large N > 1, then for any f € C(H®,,,), m > 1, and R > 0, we
have

Pof(u) — (A, f) as k— oo wuniformly in u € Bu(R). (5.5)

Moreover, if condition (B) is also satisfied, then (5.5) holds for any function
described in Remark 5.5.

6 Appendix
6.1 Proof of Theorem 1.3

The existence and uniqueness of a solution are obvious, so that we confine
ourselves to the proof of (1.11) and (1.12).
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1) We begin with the case s = 0. Taking the scalar product of (1.8) and u(t)
in H, we obtain
|S;(u)] < e 0|, t>0. (6.1)

Since
up = S(up—1) +nk, k=1, (6.2)

we conclude from inequality (6.1) with ¢ = 1 that, for any ¢ > 0,
Jug|™ < (L4 8)e™ ™ fug—1|™ + Cpn6 ™V ||,

where the constant C,, > 0 depends on m solely. Choosing ¢ = e~“'¥ and
§ =elm=Deav _ 1 we derive

Jur]™ < qlug—1]™ + C(m)r= " g™

Taking the average and iterating the resulting inequality, we obtain (1.11).
2) We now consider the case s > 0. We shall need the following lemma,
which is proved in Subsection 6.3.

Lemma 6.1. The resolving operator Sy of the free NS system (1.8) is continuous
from H to H® for anyt > 0 and s > 0. Moreover, for any integer | > 2 there is
a constant C; > 1 such that if u(t,x) is a solution of (1.8) fort >0, then

ol +20 [ 0@ < { 7 1 o

U 1 v ) u I+1 = Cl(y_l|u0|2—|—1/_5l|u0|2/’”), 1> 2,
(6.3)

where t > 0, and the constant k; is defined in Theorem 1.4. Furthermore, for

1 =0 the inequality sign in (6.3) can be replaced by equality.

To simplify notation, we confine ourselves to the case s > 1. Let us fix an
arbitrary k > 1. In view of relation (6.2) and inequality (6.3) with ¢ = 1, we
have (the integer [ = I(s) is defined in Theorem 1.3)

k|2 < 277 (1S Car- ) [+l ) < Gt (102 2y | D | 2),

which implies (1.12).

6.2 Proof of Theorem 1.4

We confine ourselves to the case s = 0. It follows from (6.1) and (6.2) that, for
any 6 > 0,
Jukl? < (14 8)e™ 2 ug_q | + (1 + 67 ) ||, (6.4)

Weset ¢ = e, 0 = e*” —1, and 09 = pA(aaie” ). Inequality (6.4) implies
that

oovlul® < oovqlup—11* + alnk|?,
and therefore, in view of independence of uiy_1 and 7, we have

I[.Eetfol/|uk,|2 < Eea\nk:\2E(effoV\uk—1|2)q < Eea\m-,\2 (Eeﬁo\uk—1\2)q.

Arguing by induction on k, we derive (1.14).
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6.3 Proof of Lemma 6.1

Inequality (6.3) is proved by induction on I. For [ = 0, it is well known (see [CF]).
We now fix an arbitrary [ = m > 1 and assume that inequality (6.3) is estab-
lished for I < m. Let us take the scalar product in H of equation (1.8) and the
function L™wu. Performing some simple transformations, we derive

m+1 m—1

>y, L B(u,u)) = 0.

(6.5)
If m = 1, then the last term on the left-hand side of (6.5) vanishes, and the re-
quired inequality can be established by integration with respect to time. There-
fore we assume that m > 2. In this case, we have the following estimate, which
follows easily from Holder’s and interpolation inequalities:

O (" [ul7,) — mt™ ullf, + 20t™ 7, 4y + 26" (L

(L5 0, 157 Bl w))| < e, 55 [ 5 ]
< Sl ey + = e, (6.6)

where ¢, and ¢, are positive constants. Substituting (6.6) into (6.5) and inte-
grating in time, we obtain

t
£ ()2, + v / 0™ [u(6)]1%,1d6 <
t t
<m / 6™ (8)]12,d6 + / 6 |u(8) 207D () 2™ db.
0 0
The required inequality follows now from the induction hypothesis.

6.4 Proof of Lemma 2.4

1) Let u;(t), ¢ = 1,2, be two solutions of the free NS system (1.8) with initial
functions u?. Then the difference u = uy — ug satisfies the equation (recall that
v=1)

u+ Lu+ B(u,ur) + B(ug,u) =0. (6.7)

Let us take the scalar product of this equation with 2u(¢) in H. Since

1 2
|(B(u,ur),w)| < erlul [Jul [Jui]| < §Hull2 + 51||u1IIQIUI2

and (B(uz,u),u) = 0, we derive the differential inequality
Oelul® + [[ull® < Fflur || [uf? (6.8)

Applying the Gronwall inequality, we obtain
t
2
lu(t)]* < exp{c%/o [|lur(0)]| d9}|u0|2, u = ul —ud, (6.9)

44



which coincides with (2.22). Integration of (6.8) now results in

t

t
/0||u(9)||2d9g|u0|2+c§/0 s (0)]|*|w(6) 26
t
<P (14 [ (o) Pect 1o aeag )
0

< exp{cf /OtHul(G)szG}mOF. (6.10)
2) We now take the scalar product of (6.7) with 2¢Lu(t) in H:
O (tul®) + 2t|Lul® = ||u]|® — 2¢(B(u, u1), Lu) — 2t(B(uz, u), Lu).  (6.11)
Let us use the inequalities
loll%e < elvllLol, o]l < [o] [ Lo]
to estimate the second and third terms on the right-hand side of (6.11):

|(B(u, 1), Lu)| < [lulloollus|l | Lul < ezlul'?|Luf® 2 |ur V2| Lu |/

1
< SILul® + e fullual?| Lua (6.12)
|(Blug, u), Lu)| < [[uslloo||ull |Lu| < czlus|/?| Lug|"?[u]'/?| Lul*/?
1
< §|Lu|2—|—c§|u|2|uQ|2|LuQ|2. (6.13)

We now note that (see (6.1))
lwi(t)] < uf], t>0, i=1,2. (6.14)

Substituting (6.12) — (6.14) into (6.11) and integrating with respect to ¢, we
derive

t t t
ful? < [ ||u(0>||2d9+2c3{|u?|2 [ ot izapao+ e [ 0|u|2|LuQ|2d9}.
0 0 0

(6.15)
To estimate the expression in the brackets on the right-hand side of (6.15), we
apply inequalities (6.9) and (6.3) with [ = 1:

t t t
o0 [ ouiLofan < 0Pl exp{ et [ @) ao)} [ oiLras
0 0 0
¢
< ul P |ud)* exp{c%/ ||u1(9)||2d0}. (6.16)
0
Furthermore, it follows from (6.1) and (6.3) with [ = 0 that

t t
Wf? < 2(1 —e*2a1f)*1/ [ ui|2d0 < es(t* v 1)/ us(0)|d0.  (6.17)
0 0
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Substitution of (6.17) into (6.16) results in

t
]2 / luf|Lus[2d6 <
0

<aev( tnui(e)HQdo)Qexp{c% / t Jun ()18
< v yes| [ (@) + Jua(@)1)as bl (6.15)

The required inequality (2.23) follows now from (6.15), (6.10), and (6.18).

6.5 Lower bound for measures with positive density

Lemma 6.2. Let v be the distribution in H of the random variable
n(x) =Y bi&e;(),
j=1

where b; are real numbers satisfying condition (1.4) and &; are independent
scalar random variables whose distributions have strictly positive, continuous
densities p;(r) with respect to the Lebesque measure such that [; 72p;(r)dr < C
for all 5 > 1 and some constant C > 0 not depending on j. Then v(B) > 0
for any open ball B C H®. Moreover, for any p > s, R > 0, and r > 0 there
ise =¢e(p,R,7) > 0 such that v(B) > ¢ for any open ball B C H*® of radius r
centred at a point u® € HP, ||u°|, < R.

Proof. We recall that H7 and Hil denote the closed subspaces in H® spanned
by the vectors e;, j = 1,...,L — 1, and e;, j > L, respectively, and that Py,
and Qy, are the orthogonal projections in® H onto Hy, and Hy. It is clear that
for any u® € H* and r > 0 we have

Bys(u®,7) D By (0%, 7/v2) x Byysn (w®,7/V?2),

where v° = Pru®, w® = Qpu®, o = Prn, ¥ = Qrn, and L > 2 is an arbitrary
integer. Since ¢ and v are independent, we conclude that

P{n € By:(u’,r)} >P{p € By (vo,r/\/i)}P{w € Byt (wo,r/\/i)}. (6.19)

Let us choose an integer L > 2 so large that
[l < 5o Db < & (6:20)
w — ‘) < —. .
3 &UNTEC

Since D(y) has a strictly positive continuous density with respect to Lebesgue
measure, we conclude that the first factor on the right-hand side of (6.19) is

5In the case s = 0, we drop the index s from the notation of the spaces H*, ‘H37, and HiL.
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positive. To estimate the second factor, note that, in view of the first inequality
n (6.20), we have

By (w°,7/V2) D Byyar (r/2V/2).

Therefore,

P{+ € BHQL(w r/V2)} > P{|y|ls <r/2v2} =1 -P{||v|? > r*/8}. (6.21)

By the second inequality in (6.20), we have

2
E|y|? < CZanS < —

The Chebyshev inequality now implies that the right-hand side of (6.21) is also
positive.

To prove the second assertion, it suffices to note that the integer L > 2 sat-
isfying (6.20) can be chosen uniformly with respect to the set of balls described

in the statement of the lemma. O
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