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Abstract

We study space-periodic 2D Navier–Stokes equations perturbed by an
unbounded random kick-force. It is assumed that Fourier coefficients of
the kicks are independent random variables all of whose moments are
bounded and that the distributions of the first N0 coefficients (where N0

is a sufficiently large integer) have positive densities against the Lebesgue
measure. We treat the equation as a random dynamical system in the
space of square integrable divergence-free vector fields. We prove that
this dynamical system has a unique stationary measure and study its
ergodic properties.
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0 Introduction

We continue our study of the randomly forced 2D space-periodic Navier–Stokes
system (NS), started in [KS1, KS2]. That is, we consider the equations

u̇− ν∆u + (u,∇)u+ ∇p = ηω(t, x), div u = 0, (0.1)

where x ∈ T
2 = R

2/Z2, 0 < ν ≤ 1 is the viscosity, u = u(t, x) is the velocity
field, and p = p(t, x) is the pressure. Equations (0.1) are supplemented by the
conditions

〈u〉 ≡ 〈η〉 ≡ 0, div η = 0.

The brackets 〈·〉 signify the space averaging. The right-hand side ηω is a random
process with range in the functional space

H = {u ∈ L2(T2,R2) : div u = 0, 〈u〉 = 0},

and Equations (0.1) defines a random dynamical system in H . We provide H
with the usual orthonormal basis {e1, e2, . . . } formed by the trigonometric vec-
tor fields Cs

(
−s2
s1

)
sin(s · x) and Cs

(
−s2
s1

)
cos(s · x), s ∈ Z

2 \ {0}. The ej’s are
eigenvectors of the Laplacian, −∆ej = αjej . We assume that the eigenvalues αj
are indexed in non-decreasing order.

In [KS1], we consider the NS equations forced by a bounded random kick-
force

ηω =
∑

k∈Z

δ(t− kT )ηk(x), ηk =

∞∑

j=1

bjξjkej(x), (0.2)

where bj ≥ 0 are some constants such that

b2 := b21 + b22 + · · · <∞,

and {ξjk} are independent random variables. It is assumed in [KS1] that the
distribution D(ξjk) of the random variable ξjk is k-independent and has the
form

D(ξjk) = pj(r)dr for j ≥ 1, k ∈ Z, (0.3)

where pj ’s are Lipschitz continuous functions such that pj(0) > 0 and supp pj ⊂
[−1, 1].
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Let {St, t ≥ 0} be flow-maps of the free NS equation (0.1) with η ≡ 0. If
u(t, x) is a solution for (0.1) with a kick-force (0.2) normalised to be a continuous
from the right curve in H , then for any integer k and for t ∈ [Tk, T (k + 1)] we
have (see Figure 1 below)

u(t) =

{
St−Tk(u(Tk)), t < T (k + 1)
ST (u(Tk)) + ηk, t = T (k + 1).

(0.4)

Accordingly, long-time behaviour of solutions for (0.1), (0.2) is described by
long-time behaviour of solutions for the following random dynamical system
with discrete time:

uk = S(uk−1) + ηk, (0.5)

where S = ST and uk = u(Tk, ·) ∈ H .
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Figure 1: Evolution defined by (0.1), (0.2)

In [KS1], we show that if relations (0.3) hold with densities pj as above and

bj 6= 0 for 1 ≤ j ≤ N0 (0.6)

for some finite N0 = N0(ν, b) ≥ 1, then the random dynamical system (0.5) has
in H a unique stationary measure λ. Moreover, if (uk, k ≥ 0) satisfies (0.5) for
k > 0 and u0 = u, then

D(uk) ⇀ λ as k → ∞ (0.7)

for any choice of the initial vector u ∈ H .1

We note that if bj 6= 0 for all j ≥ 1 and
∑
b2j < ∞, then these results

apply to Equation (0.1) with any ν > 0, any T > 0 and with arbitrarily large
kick-force η as above. See the Introduction to [KS1] for discussion of this result
and see [G, KS1] for its relations with statistical hydrodynamics.

1In [KS1], we study in fact the system (0.3) restricted to the domain of attainability from
zero A, which is a compact subset of H, invariant for (0.3), and prove that the restricted system
has a unique stationary measure and satisfies (0.7) for u ∈ A. In the short paper [KS2] we
show that this measure is a unique stationary measure for the system in the whole space H

and prove that (0.7) holds for any u ∈ H.
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Next, E, Mattingly, Sinai [EMS] and Bricmont, Kupiainen, Lefevere [BKL]
considered the 2D NS equations perturbed by a white noise force

η =

∞∑

j=1

bjẇj(t)ej(x),

where w1, w2, . . . are independent standard Brownian motions. Under the as-
sumption that bj 6= 0 for 1 ≤ j ≤ N0(ν) and bj = 0 for j > N with some
∞ > N ≥ N0(ν), they obtained results similar to those reviewed above. We do
not discuss these results here, but we mention that, as it is shown in [BKL], for
almost all initial functions u(0, x) the distribution of a solution converges to the
stationary measure exponentially fast.

In this work we study the NS equation with unbounded random kick-forces.
That is, we consider Equations (0.1), (0.2), where the independent random
variables ξjk have k-independent distributions as in (0.3), the densities pj are
absolutely continuous and everywhere positive,

∫ ∞

−∞

∣∣∣∣
∂pj(r)

∂r

∣∣∣∣ dr <∞ for all j ≥ 1; pj(r) > 0 for all j ≥ 1, r ∈ R,

(0.8)
and decay at infinity faster than any negative degree of r. We consider in fact
the following two extreme cases which are allowed by our techniques:

(A) (finite moments) the densities pj satisfy (0.8) and
∫ ∞

−∞

|r|mpj(r) dr ≤ Cm for all m ≥ 1, j ≥ 1, (0.9)

with some fixed constants Cm, m ≥ 1.

(B) (finite second exponential moments) the densities pj satisfy (0.8) and
∫ ∞

−∞

eκ0r
2

pj(r)dr ≤ C0 for any j ≥ 1,

with some fixed positive constants κ0 and C0;

We stress that in (A) and (B) it is not assumed that
∫
pjdr = 0.

For any s > 0, we denote Hs = H ∩ Hs(T2; R2), where Hs(T2; R2) is the
Sobolev space of order s with the corresponding norm ‖ · ‖s.

Main Theorem. Let us assume that condition (A) is satisfied and

∞∑

j=1

b2jα
s
j <∞ for some s > 0.

Then there is an integer N0 < ∞ with the following property: if (0.6) holds,

then the random dynamical system (0.5) has a unique stationary measure λ such

that ∫

H

|u|mλ(du) <∞ for all m ≥ 1.

Moreover, the following assertions hold:
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a) λ(Hs) = 1;

b) if (uk, k ≥ 0) is a solution of Equation (0.5) with a deterministic ini-

tial function u0 = u, then, for λ-almost all u, convergence (0.7) holds.

Moreover,

Ef(uk) → (λ, f) as k → ∞, (0.10)

where f is any continuous function on Hs such that |f(u)| ≤ C1 +C2‖u‖ps
for some finite constants C1, C2, and p.

c) if bj 6= 0 for all j, then suppλ = H, and convergence (0.10) holds uni-

formly in u ∈ Hs, ‖u‖s ≤ R, for any R > 0.

Finally, if condition (B) is also satisfied, then
∫
H e

β|u|2λ(du) < ∞ for some

β > 0, and convergence (0.10) holds for λ-almost all u ∈ H and any function

f ∈ C(Hs) such that |f(u)| ≤ C exp(σ‖u‖κs ), where the positive constants σ
and κ are sufficiently small.

If s > 1, then the delta-function is a continuous functional on the space Hs.
Accordingly, if s > 1 and u(t, x) is a solution for (0.1) such that u(0, x) =
u0 ∈ H , then, for λ-almost all u0 ∈ H , the correlation tensor of the solution
Eui(k, x)uj(k, y) converges as k → ∞ to the correlation tensor of the measure λ,
equal to

∫
ui(x)uj(y)λ(du). If u0 is an arbitrary vector in H , then in this

statement the convergence should be replaced by the Cesàro convergence.
The proof of the Main Theorem remains true if condition (A) is replaced by

the following weaker assumption with M ≥ 20:

(AM) the densities pj satisfy (0.8), and (0.9) holds for m ≤M and all j ≥ 1.

In this case, the stationary measure λ hasM ′ ≤M finite moments, whereM ′

goes to infinity with M , and (0.10) holds for any continuous functional f : H →
R satisfying the inequality |f(u)| ≤ C1 + C2‖u‖M

′

s .
The proof of the Main Theorem, which occupies Sections 1 – 5, follows the

scheme developed in [KS1] to work with bounded kick-forces. It is based on
a Foiaş–Prodi type reduction of (0.5) to a finite-dimensional abstract Gibbs
system which has a unique stationary solution due to a version of the Ruelle–
Perron–Frobenius theorem.

In fact, the Main Theorem can be strengthened as follows:

Amplification. Under the assumption of the above theorem, convergence (0.10)
holds for any u ∈ H, uniformly on bounded subsets of H.

This result can be derived from the Main Theorem (and some intermediate
assertions), using the methods of [KS2]. Since the corresponding arguments
differ from those used in this work, we shall present them in another publication.

ACKNOWLEDGEMENTS. This research was supported by the EPSRC
grant GR/N63055/01.
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Notation

We denote by Z be the set of all integers and by Z0 be the set of non-positive
integers.

Let X be a topological space. We shall use the following notation.

[B]X is the closure in the space X of its subset B.
BX(x, r) is a closed ball in X of radius r centred at x ∈ X.
B(X) is the σ-algebra of Borel subsets of X.
P(X) is the set of probability measures on (X,B(X)).
C(X) is the space of real-valued continuous functions on X.
Cb(X) is the space of bounded functions f ∈ C(X). It is endowed with the
supremum-norm ‖f‖∞.
L1(X, µ) is the space of Borel functions on X with finite norm

‖f‖µ :=

∫

X

∣∣f(x)
∣∣ dµ(x).

The integral of a function f(x) over the space X with respect to a measure µ
will sometimes be denoted by (µ, f):

(µ, f) =

∫

X

f(x) dµ(x) =

∫

X

f dµ.

D(ξ) is the distribution of a random variable ξ.
a ∨ b (a ∧ b) is the maximum (minimum) of real numbers a and b.
We denote by Ci, i = 1, 2, . . . , unessential positive constants.

1 Preliminaries: equations, estimates and the
Markov chain

1.1 Description of the class of problems in question

Let us consider the Navier–Stokes (NS) system (0.1). Applying the L2-orthogo-
nal projection Π onto the space H of divergence-free vector fields with zero
mean value (see the Introduction), we can write this system as

u̇+ νLu+B(u, u) = η(t, x), x ∈ T
2, 0 < ν ≤ 1, (1.1)

(for instance, see [CF]). Here u(t) is a two-dimensional vector field with values
in the functional space H . The operators L and B have the form

Lu = −∆u, B(u, v) = Π(u,∇)v.

It is assumed that the right-hand side of (1.1) is a kick-force as in the Introduc-
tion. To simplify notations, we assume that T = 1. Then η takes the form

η(t, x) =

+∞∑

k=−∞

δ(t− k)ηk(x), (1.2)
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where δ(·) is the Dirac measure and ηk, k ∈ Z, is a sequence of i.i.d. random
variables with range in H . We note that if g(t) : R → H is a continuous function
with compact support, then

∫ +∞

−∞

〈η(t), g(t)〉dt =
+∞∑

k=−∞

〈ηk, g(k)〉,

where 〈·, ·〉 denotes the scalar product in H .
We now turn to a description of the sequence {ηk}. Let α1 ≤ α2 ≤ · · · be

eigenvalues of the positive self-adjoint operator L acting in H and let ej(x),
j ≥ 1, be the corresponding eigenfunctions as in the Introduction. We shall
assume that the random vector ηk has the form

ηk(x) =

∞∑

j=1

bjξjkej(x), (1.3)

where {ξjk} is a family of independent scalar random variables satisfying con-
dition (A) (see the Introduction), and {bj} is a sequence of real numbers such
that

∞∑

j=1

b2jα
s
j <∞, s ≥ 0. (1.4)

In what follows, we always assume that inequality (1.4) and condition (A) are
satisfied. In particular, it follows that

E ‖ηk‖ms <∞ for any m ≥ 1, (1.5)

where ‖ · ‖s stands for the sth Sobolev norm:

‖u‖s =

( ∞∑

j=1

αsj |uj|2
)1/2

.

Moreover, if {ξjk} satisfies also condition (B), then

E exp
(
a‖ηk‖2

s

)
<∞

for any constant a > 0 such that

ab2jα
s
j ≤ κ0 for all j ≥ 1.

To simplify notation, we shall write |u| and ‖u‖ instead of ‖u‖0 and ‖u‖1,
respectively. In what follows, the constants bj are assumed to be fixed, and we
shall not specify dependence of different parameters on them.

We now define the notion of a solution for Equation (1.1). For any s ≥ 0 we
introduce the space Hs = H ∩ Hs(T2,R2) endowed with the norm ‖ · ‖s. We
note that the operator

√
L defines an isomorphism Hs → Hs−1, s ≥ 1.

Let I ⊂ R be an open interval (which can be of infinite length).
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Definition 1.1. A mapping u(t) : I → H is called a regular curve if it belongs
to L1

loc(I,H
1) and is continuous at non-integer points of I while at integer points

it is continuous from the right and has a limit from the left.

For a Banach space X , let C1
0 (I,X) be the set of continuously differentiable

functions f(t) : I → X with compact support.

Definition 1.2. A regular curve u(t) : I → H is called a solution of Equa-

tion (1.1) with a deterministic force of the form (1.2) if the left- and right-hand
sides of (1.1) coincide as linear functionals on the space C1

0 (I,H1). That is,

∫

I

(
−〈u, v̇〉 + ν〈

√
Lu,

√
Lv〉 + 〈B(u, u), v〉

)
dt =

∫

I

〈η, v〉dt =
∑

k∈Z∩I

〈ηk, v(k)〉

(1.6)
for any v ∈ C1

0 (I,H1).
A random process u = uω(t), t ∈ I, with range in H is called a solution of

Equation (1.1) with a random force of the form (1.2), (1.3) if for almost all ω
the mapping uω(t) : I → H is a regular curve satisfying (1.1).

We note that if u(t, x) is a solution of Equation (1.1), then, due to (1.6), we
have

u(k, x) − u(k − 0, x) = ηk(x) for any integer k ∈ I, (1.7)

while on any interval not containing integer points the function u(t, x) satisfies
the free Navier–Stokes equations

u̇+ νLu+B(u, u) = 0, u(t) ∈ H. (1.8)

In particular, (0.4) holds with T = 1.

1.2 Cauchy problem and a priori estimates

We now consider the Cauchy problem for Equation (1.1):

u(0, x) = u0(x), (1.9)

where u0(x) is a random variable in H . We shall assume that it is independent
of η1, η2, . . . and that all of its moments are finite:

E |u0|m <∞ for any m ≥ 1. (1.10)

We have the following theorem on the correctness of the Cauchy problem:

Theorem 1.3. Assume that (1.10) is satisfied. Then the problem (1.1), (1.9)
has a unique solution defined for t ≥ 0. Moreover, for any m ≥ 1 we have the

estimate

E |u(k)|m ≤ qkE |u0|m + C(m)ν−(m−1)dν(k)E |ηk|m, k ≥ 1, (1.11)
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where 0 < ν ≤ 1, q = e−να1 , C(m) > 0 is a constant not depending on u0, k,
and ν, and

dν(k) = 1 + q + · · · + qk−1 ≤ α−1
1 eα1ν−1.

Finally, if (1.4) holds for some s > 0 and l = l(s) ≥ 1 is the smallest integer

no less than s, then there is a constant C(l,m) > 0 such that

E ‖u(k)‖ms ≤ C(l,m)

{
ν−m/2E |uk−1|m + E ‖ηk‖ms , l = 1,

1 + ν−5lm/2
E |uk−1|ml + E ‖ηk‖ms , l ≥ 2,

(1.12)

where k ≥ 1 and ml = m(2l + 1).

In case the random variables u0 and ηk have finite second exponential mo-
ments, stronger estimates for the solutions hold:

Theorem 1.4. Suppose that the random variables ξjk satisfy condition (B) and

there is ρ > 0 such that

E exp
(
ρν|u0|2

)
<∞. (1.13)

Then the solution of the problem (1.1), (1.9) constructed in Theorem 1.3 satisfies

the inequality

E exp
(
σ0ν|u(k)|2

)
≤ d(k)

(
E exp

(
σ0ν|u0|2

))qk

, k ≥ 1, (1.14)

where 0 < ν ≤ 1, q = e−α1ν , σ0 = ρ ∧ (aα1e
−α1), and

d(k) =
(

E exp(a|ηk|2)
)1+q+···+qk−1

≤
(
E exp(a|ηk|2)

) 1
1−q

.

Moreover, if (1.4) holds for some s > 0 and l is the smallest integer no less

than s, then there are positive constants Cl and σl, depending only on σ0 and l,
such that

E exp
(
σlν

pl‖u(k)‖2κl
s

)
≤ ClE exp(a‖ηk‖2

s) E exp
(
σ0ν|u(k − 1)|2

)
, k ≥ 1.

(1.15)
Here κ1 = 1, p1 = 2, and

κl =
1

2l+ 1
, pl =

7l+ 1

2l+ 1
for l ≥ 2.

The proof of Theorems 1.3 and 1.4 is carried out by standard methods and
is given in the Appendix (see Section 6).

We shall also need some estimates for the rate of growth and for the mean
value of solutions (and of the right-hand side of the equation).

For any sequence of non-negative numbers ak and arbitrary integers m ≤ n,
we set

〈ak〉nm =
1

n−m+ 1

n∑

k=m

ak.

In the case m > n, we set 〈ak〉nm = 〈ak〉mn .
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Proposition 1.5. Let k− ≤ k0 ≤ k+ be some integers, where k+ (k−) can take

the value +∞ (−∞), and let u(t, x) be a solution of (1.1) that is defined for

k− ≤ t ≤ k+ and satisfies the inequality

sup
k−≤k≤k+

E |u(k)|m ≤ Nmν
−m for 0 < ν ≤ 1, m ≥ 1, (1.16)

where the constants Nm > 0 do not depend on ν. Then there is a constant

M > 1, not depending on Nm and ν, and a non-negative random variable

Tν(ω) ∈ Z such that

〈
|u(k)|2 + ‖ηk‖2

s

〉T
k0

≤Mν−2 for k− ≤ T ≤ k+, |T − k0| ≥ Tν(ω). (1.17)

Moreover, for any m > 1 there is a constant Cm > 0 such that

ETmν ≤ Cm
(
N2m + E|η1|4(m+2)

)
ν−m for 0 < ν ≤ 1. (1.18)

In this proposition and everywhere below, we assume that k < k+ if k+ =
+∞ and k > k− if k− = −∞.

Remark 1.6. If in Proposition 1.5 we assume that condition (B) is also satisfied
and replace inequality (1.16) by the stronger estimate

sup
k−≤k≤k+

E eσ0ν|u(k)|2 ≤ N0 for 0 < ν ≤ 1, (1.19)

then (1.17) holds with a constant M > 1 (depending on σ0 solely) and an
integer-valued non-negative random variable Tν(ω) ∈ Z such that

E eσTν ≤ C0 for 0 < ν ≤ 1,

where the positive constants C0 and σ depend only on N0 and σ0, respectively.
Proof of this assertion follows the same scheme as that of Proposition 1.5, and
we shall not dwell on it.

We also note that, due to Theorems 1.3 and 1.4, Proposition 1.5 and its
modification above apply to any solution of the problem (1.1), (1.9), where the
random variable u0 satisfies condition (1.10) or (1.13).

Proof of Proposition 1.5. To simplify notation, we confine ourselves to the case
when k0 = k− = 0 and k+ = +∞. Moreover, we shall only show that

〈
|u(k)|2

〉T
0
≤Mν−2 for T ≥ Tν(ω).

It will be clear from the proof that the same arguments apply in the general
case.

1) We first note that

|u(T )|2 + 2ν

T∑

k=1

∫ k

k−1

‖u(t)‖2dt = |u(0)|2 +

T∑

k=1

(
|ηk|2 + 2〈ηk, u(k − 0)〉

)
, (1.20)
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where T ≥ 1 is an arbitrary integer. Indeed, since on any open interval (k−1, k)
the solution u(t, x) satisfies the free NS equations (1.8), we have (see (6.3) with
l = 0)

|u(k − 0)|2 − |u(k − 1)|2 + 2ν

∫ k

k−1

‖u(t)‖2dt = 0. (1.21)

Besides, relation (1.7) implies that

|u(k)|2 = |u(k − 0)|2 + |ηk|2 + 2〈ηk, u(k − 0)〉. (1.22)

Combining (1.21) and (1.22), we derive

2ν

∫ k

k−1

‖u(t)‖2dt = |u(k − 1)|2 − |u(k)|2 + |ηk|2 + 2〈ηk, u(k − 0)〉.

Taking the sum over k = 1, . . . , T , we obtain (1.20).
2) We now recall that (see [CF])

|St(v)| ≤ e−να1t|v|, t ≥ 0, (1.23)

where α1 > 0 is the first eigenvalue of L. It follows from (1.23) that

2|〈ηk, u(k − 0)〉| ≤ (να1)
−1|ηk|2 + να1|u(k − 0)|2

≤ (να1)
−1|ηk|2 + ν

∫ k

k−1

‖u(t)‖2dt.

Substitution of this inequality into (1.20) results in

|u(T )|2 + ν

T∑

k=1

∫ k

k−1

‖u(t)‖2dt ≤ |u(0)|2 + (1 + α−1
1 ν−1)

T∑

k=1

|ηk|2. (1.24)

Now note that, by (1.21) and (1.23), we have

ν

∫ k

k−1

‖u(t)‖2dt ≥ 1 − e−2α1ν

2
|u(k − 1)|2.

Combining this with (1.24), we derive

T∑

k=0

|u(k)|2 ≤ cν−2
(
ν|u(0)|2 + T E |η1|2 + Σ(T )

)
, (1.25)

where c = c(α1) > 0 is a constant and

Σ(T ) =

T∑

k=1

(
|ηk|2 − E |ηk|2

)
.

Direct verification shows that, for any integer p ≥ 1,

E
∣∣Σ(T )

∣∣2p ≤ cp (E|η1|4p)T p, (1.26)
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where cp > 0 is a constant depending only on p. We now set

t(ω) = min
{
t ∈ Z+ : Σ(t′) ≤ t′ for t′ ≥ t

}
.

Using (1.26) and applying the Chebyshev inequality, we derive

E tm =
∞∑

j=1

P{t = j}jm ≤
∞∑

j=1

P

{∣∣Σ(j − 1)
∣∣2p > j2p

}
jm

≤ cp E|η1|4p
∞∑

j=1

jm−p ≤ 2cp E|η1|4p.

where p = m+ 2. Taking into account (1.25), we conclude that

〈
|u(k)|2

〉T
0
≤ c

(
E |η1|2 + 1

)
ν−2 for T ≥ Tν(ω),

where Tν(ω) = t(ω) ∨
(
ν|u(0)|2). This completes the proof of inequality (1.17)

in which M = c
(
E |η1|2 + 1

)
.

1.3 Markov chain

We recall that St denotes the semigroup generated by the free NS system (1.8).
Consider a solution u(t, x) of the problem (1.1), (1.9) and set uk = u(k, x),
k ≥ 0. Due to (0.4), we have

u0 = u0, (1.27)

uk = S(uk−1) + ηk, (1.28)

where S = S1 and k ≥ 1. Clearly, Equation (1.28) defines a random dynamical
system (RDS) in H . Since the random variables ηk and u0 are independent, the
set of solutions corresponding to all u0 ∈ H is a family of Markov chains with
the transition function

P (k, u0,Γ) = P
{
uk ∈ Γ

}
, u0 ∈ H, Γ ∈ B(H).

Denote by
Pk : Cb(H) → Cb(H), P ∗

k : P(H) → P(H)

the Markov operators corresponding to P (k, u0,Γ).2 It follows from Theorem 1.3
that if condition (1.4) is satisfied for some s ≥ 0, then P ∗

1 µ(Hs) = 1 for any
µ ∈ P(H). In particular, when µ is the delta-measure concentrated at u0, we
obtain

P (k, u0, Hs) = 1 for any k ≥ 1. (1.29)

In what follows, we shall need some properties of the operators Pk and P ∗
k .

The following two lemmas show that Pk can be extended to a broader class of
functionals.

2Since the map S : H → H is continuous, for any f ∈ Cb(H) the function Pkf(u) =
R

H
P (k, u, dv)f(v) is continuous in u. Hence, Pk maps the space Cb(H) into itself.

12



Lemma 1.7. Suppose that condition (1.4) holds for some s > 0. Then Pk can

be extended to a continuous operator from Cb(H
s) to Cb(H) whose norm is equal

to 1.

Proof. It suffices to consider the case k = 1. Let f ∈ Cb(H
s). In view of

Theorem 1.3, for any initial function u0 ∈ H the solution u1 = u(1, x) belongs
to Hs with probability 1, so that the random variable f(u1) is well-defined.
Moreover, since the operator S : H → Hs is continuous (see Lemma 6.1), we
conclude from (1.28) that u1 continuously depends (in Hs-norm) on u0 ∈ H
for all ω. Therefore the function f(u1) is also continuous. The continuity of
the function P1f(u0) = Ef(u1) follows now from the Lebesgue theorem on
dominated convergence. It remains to note that if |f(u)| ≤ 1 for all u ∈ H , then
|Ef(u1)| ≤ 1, that is, the norm of the operator P1 : Cb(H

s) → Cb(H) does not
exceed 1.

We now show that the operators Pk can be continued to a class of functionals
growing at infinity. For any increasing positive function β(r), r ≥ 0, we denote
by C(Hs;β) the space of continuous functions f(u) : Hs → R such that

|f(u)| ≤ constβ
(
‖u‖s

)
, u ∈ Hs.

It is clear that C(Hs;β) is a Banach space with respect to the norm

‖f‖s,β := sup
u∈Hs

{
|f(u)|/β

(
‖u‖s

)}
.

We recall that the integer l = l(s) ≥ 1 and the constants ml (l ≥ 2), κl, σl,
and pl are defined in Theorems 1.3 and 1.4, and set ml = m for l = 0, 1.

Lemma 1.8. Under the conditions of Theorem 1.3, for any m > 1 and m′, 1 ≤
m′ < m, the operator Pk can be extended to a continuous map from C(Hs, βm′)
to C(H ;βml

), where βd(r) = 1+ rd. Moreover, for any ν, 0 < ν ≤ 1, the norms

of the extended operators are bounded uniformly in k ≥ 1.

Remark 1.9. Under the assumptions of Theorem 1.4, the operator Pk extends
to a bounded map from C(Hs; γ) to C(H ; γ′). Here γ(r) = exp(cr2κl) and
γ′(r) = exp(c′r2), where κl is defined in Theorem 1.4 and c and c′ are some
positive constants that can be easily recovered from Theorem 1.4.

Proof. The proofs of all assertions are similar, and to simplify notation, we
confine ourselves to the case s = 0. Let f ∈ C(H ;βm′) and let hR(r) be a
continuous function equal to 1 and 0 for r ≤ R and r ≥ R + 1, respectively.
Obviously, the function fR(u) = hR(|u|)f(u) belongs to Cb(H). It follows from
Lemma 1.7 and inequality (1.11) that for any R2 > R1 ≫ 1 we have

∣∣PkfR1
(u) − PkfR2

(u)
∣∣ ≤

∣∣∣∣
∫

H

(
hR2

(|v|) − hR1
(|v|)

)
f(v)µk(dv)

∣∣∣∣

≤ const

∫

R1≤|v|≤R2+1

(
1 + |v|

)m′

µk(dv) (1.30)

≤ const (1 +R1)
m′−m, (1.31)
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where µk = P (k, u, ·). We note that inequality (1.31) holds uniformly in u from
bounded subsets of H . Letting R1 to go to infinity, we conclude that there is a
limit

lim
R→∞

PkfR(u) =: Pkf(u),

and the limiting function Pkf is continuous in u ∈ H . Moreover, it follows
from (1.11) that

∣∣Pkf(u)
∣∣ ≤

∣∣∣∣
∫

H

f(v)µk(dv)

∣∣∣∣ ≤ ‖f‖0,βm′

∫

H

(
1 + |v|

)m′

µk(dv)

≤ const ν−m‖f‖0,βm′

(
1 + |u|

)m
.

This completes the proof in the case s = 0.

We now turn to the problem of existence of a stationary measure.

Definition 1.10. A probability measure λ ∈ P(H) is said to be stationary for

Equation (1.1) if P ∗
1 λ = λ.

We recall that the support suppµ of a measure µ is defined as the minimal
closed set of full measure and that D(ξ) denotes the distribution of a random
variable ξ.

Proposition 1.11. Suppose that condition (1.4) is satisfied for some s > 0.
Then there is a stationary measure λ ∈ P(H) such that λ(Hs) = 1 and

∫

H

‖u‖mr λ(du) ≤ C(l,m)





ν−m for r = 0,
ν−3m/2 for 0 < r ≤ 1,

ν−(5l+2)m/2 for 1 < r ≤ s,
(1.32)

where m ≥ 1, 0 < ν ≤ 1, l = l(r) is the smallest integer no less than r,
and C(l,m) is a constant not depending on ν. Moreover, there is a stationary

Markov chain (uk, k ∈ Z) satisfying (1.28) for all k ∈ Z such that D(uk) = λ.
Finally, if all the constants bj in (1.3) are non-zero and λ0 ∈ P(H) is an

arbitrary stationary measure for P ∗
k , then suppλ0 = H.

Proof. The existence of a stationary measure and inequality (1.32) can easily
be proved by the Bogolyubov–Krylov argument using Theorem 1.3 and the
Prokhorov theorem on the weak compactness of a tight family of measures
(cf. [DZ]). The fact that λ(Hs) = 1 follows immediately from (1.29) and the
Chapman–Kolmogorov relation

λ(Γ) =

∫

H

P (1, u,Γ)λ(du), u ∈ H, Γ ∈ B(H). (1.33)

The existence of a stationary solution of (1.28) with distribution λ follows from
the Prokhorov and Skorokhod theorems. (For the proof of this assertion in
the case when the support of the distribution of ηk is a bounded subset in H ,
see [KS1, Section 1.2].)
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To prove the last assertion of the theorem, we note that if γ is the distribution
of the random variable ηk defined by the formula (1.3) in which all bj are non-
zero, then γ(U) > 0 for any open set U ⊂ H (see Lemma 6.2 in the Appendix).
It follows that P (1, u, U) > 0. Setting Γ = U and λ = λ0 in (1.33), we conclude
that λ(U) > 0 for any open set U .

Combining Propositions 1.5 and 1.11, we obtain the following assertion.

Proposition 1.12. Suppose that (1.4) holds for some s > 0. Let λ0 ∈ P(H)
be a stationary measure for P ∗

k that satisfies the condition

∫

H

|u|mλ0(du) ≤ Nmν
−m for m ≥ 1, 0 < ν ≤ 1, (1.34)

where Nm > 0 do not depend on ν, and let (uk, k ∈ Z) be a stationary solution

of (1.28) such that D(uk) = λ0. Then there is a constant M ≥ 1 and for

any k0 ∈ Z there exists an integer-valued non-negative random variable Tν(ω)
satisfying (1.18) such that (1.17) holds for |T − k0| ≥ Tν .

Remark 1.13. Analogues of Propositions 1.11 and 1.12 are true in the case
when condition (B) holds. In this situation, the stationary measure λ satisfies
the inequalities

∫

Hr

exp
(
σνpl‖u‖2κl

s

)
λ(du) ≤ Cr, 0 < ν ≤ 1,

where 0 ≤ r ≤ s, l = l(r) is the smallest integer no less than r, κ0 = p0 = 1,
the constants pl and κl with l ≥ 1 are defined in Theorem 1.4, and Cr > 0 is a
constant not depending on ν. Moreover, the random variable Tν(ω) has a finite
exponential moment.

2 Lyapunov–Schmidt reduction

In this section we prove a result of the Foiaş–Prodi type and show that if a
Markov chain {uk} is a stationary solution of Equation (1.28), then sufficiently
high Fourier modes of uk are uniquely defined by low modes of the sequence
(ul, l ≤ k). This will enable us to reduce the problem of uniqueness of a sta-
tionary solution for (1.28) to a similar question for a Gibbs system with a
finite-dimensional phase space.

2.1 Formulation of the result

To simplify notations, from now on we assume that

ν = 1.

Let us define Hs as the closure in Hs of the linear manifold spanned by those
vectors ej whose coefficients bj in expansion (1.3) are non-zero. It is clear that
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if all the coefficients bj are non-zero, then Hs = Hs. For any integer N ≥ 2,
let HN be the subspace in H spanned by the vectors ej , j = 1, . . . , N − 1, and
let H⊥

N be its orthogonal complement. We set

Hs
N = Hs ∩HN , Hs⊥

N = Hs ∩H⊥
N

and note that
|w| ≤ α

−1/2
N ‖w‖ for any w ∈ H⊥

N , (2.1)

where αj , j ≥ 1, are the eigenvalues of L indexed in increasing order. We
denote by PN and QN the orthogonal projections ontoHN andH⊥

N , respectively.
Finally, we set

Hs = H ×Hs, HsN = HN ×Hs⊥
N ,

and for any s ≥ 0 and any integer N ≥ 1 we define the projections

ΠN : Hs → HsN ,

(
u

η

)
7→

(
PNu

QNη

)
.

We shall also use the corresponding projections in the spaces of sequences:

ΠN :
(
Hs

)Z0 →
(
HsN

)Z0
,

(
u

η

)
7→

(
PNu

QNη

)
,

where PNu = (PNul, l ≤ 0) and QNη = (QNηl, l ≤ 0). In the case N = ∞, we
set

Π∞ : Hs → H,

(
u

η

)
7→ u, Π∞ :

(
Hs

)Z0 → HZ0 ,

(
u

η

)
7→ u.

Applying QN to (1.28), we obtain

wk = QNS(vk−1 + wk−1) + ψk, (2.2)

where
vk = PNuk, wk = QNuk, ψk = QNηk.

We wish to show that, for a sufficiently large class of sequences (vl, l ≤ 0) and
(ψl, l ≤ 0), Equation (2.2) with k ≤ 0 has a unique solution (wl, l ≤ 0), and the
dependence of the zeroth component w0 on vl and ψl decays exponentially as
a function of l. To formulate the corresponding results, we have to introduce
some notations.

For a sequence u = (ul, l ≤ k) with ul ∈ H and integers m ≤ n ≤ k we set

〈
|u|2

〉n
m

≡
〈
|ul|2

〉n
m

=
1

n−m+ 1

n∑

l=m

|ul|2.

In what follows, we shall need the following two-sided estimate for
〈
|u|2

〉n
m

:

2〈〈u〉〉nm ≤ 〈|u|2〉nm ≤ c〈〈u〉〉nm (2.3)
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where c = 2(1 − e−α1)−1 and

〈〈u〉〉nm =
1

n−m+ 1

n∑

l=m

∫ 1

0

∥∥St(ul)
∥∥2
dt.

To prove (2.3), we note that if u(t) is a solution of the homogeneous NS sys-
tem (1.8), then

|u(t)|2 + 2

∫ t

0

‖u(θ)‖2dθ = |u(0)|2, t ≥ 0. (2.4)

This estimate immediately implies the left-hand inequality in (2.3). Combin-
ing (1.23) with ν = 1 and (2.4), we derive

∫ t

0

‖u(θ)‖2dθ ≥ 1

2
(1 − e−2α1t)|u(0)|2,

whence follows the right-hand estimate in (2.3).
For any K > 0 and any integer R ≥ 0, we denote by Fs(K,R) the set of

sequences3 (
u
η

)
=

((
uk

ηk

)
, k ≤ 0

)
, uk ∈ H, ηk ∈ Hs, (2.5)

such that Equation (1.28) is satisfied for k ≤ 0, and the following inequality
holds: 〈

|uk|2 + ‖ηk‖2
s

〉0

T
≤ K, T ∈ Z, T ≤ −R. (2.6)

It is clear that (2.6) is equivalent to the inequality

(|T | + 1)
〈
|uk|2 + ‖ηk‖2

s

〉0

T
≤ K(|T | ∨R+ 1), T ≤ 0, (2.7)

which implies, in particular, that

|uk|2 + ‖ηk‖2 ≤ K(R ∨ |k| + 1), k ≤ 0. (2.8)

We also introduce the space Fs(K) of sequences (2.5) that satisfy the inequality

lim sup
T→−∞

〈
|uk|2 + ‖ηk‖2

s

〉0

T
≤ K.

It is clear that Fs(K,R) ⊂ Fs(K) for any integer R ≥ 0. The sets Fs(K) and
Fs(K,R) are subsets of the linear space H = (H0)Z0 . We endow H with the

Tikhonov topology. That is, a sequence
(
uk

ηk

)
converges to

(
u
η

)
if ukl → vl in H

and ηkl → ηl in H for each l ≤ 0. This topology metrisable; for instance, one
can use the distance

dist
((
u1

η1

)
,
(
u2

η2

))
=

0∑

l=−∞

(
|u1
l − u2

l | + |η1
l − η2

l |
)
∧ 2l.

3The choice of the space F
s(K, R) is implied by the fact that if {uk} is a stationary solution

for (1.28) all of whose moments are finite, then with probability 1 the sequence (ul, ηl, l ≤ 0)
belongs to F

s(M, R) for an integer R ≥ 0, where M > 0 is the constant in Proposition 1.12.

17



The sets Fs(K) and Fs(K,R) are provided with the topology of H.
We stress that the topology in the spaces Fs(K) and Fs(K,R) is defined in

terms of the L2-norm | · |, rather than the Hs-norm ‖ · ‖s.
In the theorem below, we have compiled some properties of the spaces Fs(K)

and Fs(K,R). We abbreviate F0(K) = F(K) and F0(K,R) = F(K,R).

Theorem 2.1. (i) Let s > 0 and let M > 0 be the constant defined in Propo-

sition 1.5. Then for any K ≥ M the space Fs(K) is nonempty. Moreover, for

any integer R ≥ 0, F(K,R) is closed in H and Fs(K,R) is compact in H.

(ii) There is a constant C∗ > 0 such that if N ∈ [N0,∞], where N0 =
N0(K) ≥ 1 is the smallest integer satisfying the condition

logαN0
> C∗K,

then the restriction of the projection ΠN to F(K) is injective. Moreover, for

any integer l ≤ 0 the operator

Wl : FN (K) ≡ ΠNF(K) → H⊥
N

taking each Υ =
(
v
ψ

)
= ΠN

(
u
η

)
to wl = QNul satisfies the inequality

∣∣Wl(Υ
1) −Wl(Υ

2)
∣∣ ≤ |ψ1

l − ψ2
l |+

+

l−1∑

k=−∞

(
Cα

−1/2
N

)l−k
exp

{
C(l − k)

(〈
|u1|2

〉l−1

k
+

〈
|u2|2

〉l−1

k

)}
|Υ 1
k − Υ 2

k |.

(2.9)

Here Υ i =
(vi

k

ψi
k

)
∈ FN (K), i = 1, 2, C > 0 is a constant not depending on K,

N , and Υ i, and |Υ 1
k − Υ 2

k | = |v1
k − v2

k| + |ψ1
k − ψ2

k|.

Theorem 2.1 will be proved in Subsection 2.3. In the next subsection, we
use this result to establish equivalence of two families of Markov chains related
to a stationary measure for the original equation.

2.2 Theorem on isomorphism

In what follows, we assume that condition (1.4) is satisfied for some s > 0.
According to assertion (i) of Theorem 2.1, in this case Fs(K,R) is a compact
subset of H for any R ≥ 0 and K ≥ M . We denote by Bs(K) the Borel σ-
algebra on the topological space Fs(K) and by Ps(K) the set of all probability
measures on (Fs(K),Bs(K)). In the case s = 0 we shall simply write B(K)
and P(K).

We recall that to Equation (1.28) there corresponds an RDS and a family of
Markov chains {θk} in H given by the formulas

θ0 = u, (2.10)

θk = S(θk−1) + ηk, (2.11)
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where k ≥ 1. Let us fix arbitrary stationary measure λ0 ∈ P(H) for (2.10),
(2.11) with finite moments (see (1.34)) and denote by M > 0 the constant in
Proposition 1.12. Along with {θk}, let us consider another family of Markov
chains in Fs(K), K ≥M , defined by the rule

Θ0 =
(
u
η

)
, (2.12)

Θk =
(
Θk−1,S(Θk−1) +

(
ηk

ηk

))
, (2.13)

where k ≥ 1 and

S : H
s ≡

(
Hs

)Z0 → Hs, S(U) =

(
S(u0)

0

)
for U ∈ H

s.

It is easy to see that (2.13) defines an RDS in Fs(K) in the sense that if
Θk ∈ Fs(K), K ≥ M , then Θk+1 ∈ Fs(K) for all ω ∈ Ω. Accordingly,
Equations (2.12) and (2.13) define a family of Markov chains in Fs(K). More-
over, if (uk, k ∈ Z) is a stationary solution for (2.11) such that D(uk) = λ0

(see Propositions 1.5 and 1.11), then the random vector
((
uk

ηk

)
, k ≤ 0

)
belongs

to Fs(K) with probability 1, and its distribution Λ0 is a stationary measure
for (2.12), (2.13).

We now consider the image of {Θk} under the projection ΠN . Here and
everywhere below, we assume that

N0 ≤ N ≤ ∞, logαN0
> C∗K, (2.14)

where C∗ > 0 is the constant in Theorem 2.1. We shall see that all these
projections are equivalent to the original chain {Θk}.

For any integers K ≥M and N ≥ N0, we set

FsN (K,R) = ΠNFs(K,R), FsN (K) = ΠNFs(K).

Thus, for N < ∞ the set FsN (K,R) consists of those sequences Υ =
(
v
ψ

)
for

which there is
(
u
η

)
∈ Fs(K,R) such that v = PNu and ψ = QNη. By as-

sertion (ii) of Theorem 2.1, the pair
(
u
η

)
is uniquely determined. Similarly,

Fs∞(K,R) consists of the sequences u = (uk, k ≤ 0) that are the first compo-
nent of an element

(
u
η

)
∈ Fs(K,R), which is also unique since ηk = uk−S(uk−1).

The spaces FsN (K) and Fs∞(K) can be described in a similar way.
In what follows, we assume that FsN (K) is endowed with the Tikhonov topol-

ogy of the space HN = (HN )Z0 . We confine ourselves to the case K = 2M
(although the arguments below remain valid for all K ≥M). To simplify nota-
tions, we shall write Fs and FsN instead of Fs(2M) and FsN (2M), respectively.
Since ΠN : Fs → FsN is a one-to-one continuous mapping, we can define its
inverse Π−1

N . We claim that for any integer N ≥ N0 = N0(2M) the mapping

ΠN : (Fs,B(Fs)) → (FsN ,B(FsN))

is an isomorphism of measurable spaces. Indeed, the fact that ΠN is measurable
(that is, Π−1

N (Γ) ∈ B(Fs) for any Γ ∈ B(FsN)) follows from the continuity of ΠN .
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Therefore, it suffices to show that ΠN (Γ) ∈ B(FsN) for any Γ ∈ B(Fs). To this
end, we first note that

Fs =
⋂

K>2M

∞⋃

R=1

Fs(K,R).

It follows that Fs is a Borel subset of H and, hence, the Borel σ-algebra B(Fs)
coincides with the collection of subsets Γ ⊂ Fs for which there is a Borel set
Γ̃ ∈ B(H) such that Γ = Γ̃ ∩ Fs.

We now fix an arbitrary Γ ∈ B(Fs). Since the restriction of ΠN to the
compact set Fs(K,R) is continuous together with its inverse, the set ΠN (Γ) =
ΠN (Γ) ∩ FsN belongs to B(FsN ).

What has been proved implies, in particular, that the composition mapping

Φ = Π∞ ◦ Π−1
N : FsN → Fs∞

defines an isomorphism of measurable spaces with the inverse

Ψ = ΠN ◦ Π−1
∞ : Fs∞ → FsN .

We also note that

Φ(Υ ) = (ul, l ≤ 0
)
, ul = vl + W0(Υ ), (2.15)

Ψ(u) =
((
vl

ψl

)
, l ≤ 0

)
, vl = PNul, ψl = QN

(
ul − S(ul−1)

)
, (2.16)

where the operator W0 is defined in Theorem 2.1.
We now describe the families of Markov chains resulting from application

of ΠN to {Θk}. It is a matter of direct verification to show that for N = ∞ we
obtain

θ
0 = u, (2.17)

θk =
(
θk−1, S(θk−1

0 ) + ηk
)
, (2.18)

where k ≥ 1 and θk = (θkl , l ≤ 0), and for N0 ≤ N <∞ we have

Υ 0 =
(
v
ψ

)
, (2.19)

Υ k =
(
Υ k−1, T (Υ k−1) +

(
ϕk

ψk

))
, (2.20)

where ϕk = PNηk, ψk = QNηk, and

T

(
v

ψ

)
=

(
PNS(v0 + W0(v,ψ))

0

)
. (2.21)

We shall treat (2.18) and (2.20) as either random dynamical systems or Markov
chains in the corresponding phase spaces. Note that the mapping Φ conjugates
the two dynamical systems: if θk = Φ(Υ k), then θk+1 = Φ(Υ k+1).

20



Let us denote by P(k,u,Γ) and P(k,Υ ,Γ) the transition probabilities for the
families {θk} and {Υ k}, respectively, and by Pk and Pk the Markov semigroups
associated with them. The above construction implies that

P(k, Φ(u), Φ(Γ)) = P(k,Υ ,Γ), Υ ∈ FsN , Γ ∈ B(FsN ),

and, hence,
(Pkf) ◦ Φ = Pk(f ◦ Φ), f ∈ Cb(F

s
N ).

We now set

Θk =
(
uk

ηk

)
, uk = (ul, l ≤ k), ηk = (ηl, l ≤ k),

where (uk, k ∈ Z) is a stationary solution such that D(uk) = λ0. It is clear that
{Θk} is a stationary Markov chain in Fs satisfying (2.13) for all k ∈ Z. Let us
consider its image under the projections ΠN and Π∞:

Υ k = ΠNΘk =
((
vl

ψl

)
, l ≤ k

)
, uk = Π∞Θk = (ul, l ≤ k),

where vl = PNul and ψl = QNηl. What has been said implies that if N
satisfies (2.14), then Υ k and uk are stationary Markov chains in FsN and Fs∞
that satisfy (2.20) and (2.18), respectively. Moreover, the distribution of each of
the sequences Υ k and uk uniquely determines the distribution of Θk. Thus, we
obtain a one-to-one correspondence between some classes of stationary measures
for (2.11), (2.18), and (2.20). More exactly, we have the following theorem.

Theorem 2.2. Let λ0 ∈ P(H) be a stationary measure for (2.11) satisfy-

ing (1.34) and let (uk, k ∈ Z) be a stationary solution of (2.11) with distri-

bution λ0. Then the distribution µ of the corresponding stationary Markov

chain Υ k in FsN is uniquely defined. Moreover, the measure µ uniquely deter-

mines λ0. In particular, if Equation (2.20) has at most one stationary measure

concentrated on the set

∞⋃

R=1

FsN (2M,R) ⊂ FsN (2M) ≡ FsN ,

then Equation (2.11) has a unique stationary measure that satisfies (1.34).

Remark 2.3. If {Υ k = (Υ kl , l ≤ 0), k ∈ Z} is a stationary solution for (2.20), then
{Υ k0 , k ∈ Z} is a stationary process. Its distribution in the space of sequences
{Υl, l ∈ Z} is an (abstract) Gibbs measure in the sense of Ruelle, Sinai and
Bowen, see discussion in [KS1]. Therefore, uniqueness of a stationary solution
for (2.20) which we prove in Section 4 below implies (is in fact equivalent to)
uniqueness of the corresponding 1D Gibbs system.

2.3 Proof of Theorem 2.1

(i) Since s > 0, Proposition 1.11 implies that there is a stationary solution
(uk, k ∈ Z) of (1.28) whose distribution satisfies inequality (1.19) with ν = 1
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and k± = ±∞. By Proposition 1.5, almost every realisation of the random
variable

((
uk

ηk

)
, k ≤ 0

)
belongs to Fs(M), and therefore Fs(K) 6= ∅ for K ≥M .

The proofs of the assertions on compactness and closedness are similar, and
we confine ourselves to proving that Fs(K,R) is compact in the space H with

Tikhonov topology. Let
(
ui

ηi

)
∈ Fs(K,R) be an arbitrary sequence. The defini-

tion of Fs(K,R) implies that for any l ≤ 0 the sequence ηil is bounded in Hs.
Furthermore, it follows from Equation (1.28) and the continuity of the map S
from H to Hs that the sequence uil is contained in a bounded subset of Hs.
Therefore, there are subsequences of {uil} and {ηil} that converge inH . It is clear
that the limiting pair of sequences

(
u
η

)
satisfies (1.28) and belongs to Fs(K,R).

This implies the required assertion.
(ii) The case N = ∞ is trivial, and therefore we shall assume that N <∞.

We shall need the following lemma whose proof is given in the Appendix (see
Section 6.4).

Lemma 2.4. There is a constant C > 0 such that the resolving semigroup of

the free NS system (1.8) satisfies the inequalities

∣∣St(u0
1) − St(u

0
2)

∣∣ ≤
∣∣u0

1 − u0
2

∣∣ exp

{
C

∫ t

0

∥∥Sθ(u0
1)

∥∥2
dθ

}
, (2.22)

∥∥St(u0
1) − St(u

0
2)

∥∥ ≤ C (t−3/2 ∨ 1)
∣∣u0

1 − u0
2

∣∣×

× exp

{
C

∫ t

0

(∥∥Sθ(u0
1)

∥∥2
+

∥∥Sθ(u0
2)

∥∥2
)
dθ

}
, (2.23)

where t ≥ 0 and u0
1, u

0
2 ∈ H.

Let

Υ i =

(
vi

ψi

)
= ΠN

(
ui

ηi

)
∈ FN (K), i = 1, 2.

We set wil = QNu
i
l and wi−l = QNS(uil−1). By (2.1), (2.3), and (2.23), for any

l ≤ 0 we have

|w1
l − w2

l | ≤ |w1−
l − w2−

l | + |ψ1
l − ψ2

l | ≤ α
−1/2
N ‖w1−

l − w2−
l ‖ + |ψ1

l − ψ2
l |

≤ Cα
−1/2
N D(l − 1, l)

(
|v1
l−1 − v2

l−1| + |w1
l−1 − w2

l−1|
)
+|ψ1

l − ψ2
l |

where for any integers p < q ≤ 0 we set

D(p, q) = exp
{
C(q − p)

(〈
|u1|2

〉q−1

p
+

〈
|u2|2

〉q−1

p

)}
.

Arguing by induction, for any m < l − 1 we derive

|w1
l − w2

l | ≤
l−1∑

k=m+1

(
Cα

−1/2
N

)l−k
D(k, l)

(
|v1
k − v2

k| + |ψ1
k − ψ2

k|
)
+

+ |ψ1
l − ψ2

l | +
(
Cα

−1/2
N

)l−m
D(m, l)|u1

m − u2
m|. (2.24)
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It follows from (2.7) and (2.8) that

D(k, l) ≤ const e2KC|k|, |uik| ≤ K1/2|k|1/2 + const, i = 1, 2.

Therefore, we can pass to the limit in (2.24) as m→ −∞ on condition that

logαN > 4KC + 2 logC.

This results in

|w1
l −w2

l | ≤ |ψ1
l −ψ2

l |+
l−1∑

k=−∞

(
Cα

−1/2
N

)l−k
D(k, l)

(
|v1
k−v2

k|+ |ψ1
k−ψ2

k|
)
. (2.25)

In particular, if Υ 1 = Υ 2, then u1 = u2 and, in view of (1.28), η1 = η2. It
remains to note that (2.25) coincides with (2.9).

3 A version of the Ruelle–Perron–Frobenius
theorem

In this section, we prove a version of the RPF-theorem which is a generalisation
of the corresponding result from [KS1] to systems with unbounded phase space.
Its application to the Markov semi-group corresponding to the family (2.19),
(2.20) will give us the required uniqueness of a stationary measure.

3.1 Statement of the result

Let X0 ⊂ X1 ⊂ · · · be an increasing family of compact metric spaces which
are subsets of a topological space X. We assume that the embeddings XR ⊂
XR+1 ⊂ X are isometries for any integer R ≥ 0. Let B(X) be the Borel σ-
algebra on X and let P(X) be the set of all probability measures on (X,B(X)).

Let P(k,υ,Γ) be a family of Feller transition probabilities on (X,B(X)) and
let

Pk : Cb(X) → Cb(X), P∗
k : P(X) → P(X), k ≥ 0,

be the corresponding Markov semi-groups. Recall that a subset R ⊂ Cb(X) is
called a determining family for P(X) if for arbitrary measures µ1, µ2 ∈ P(X)
the condition

∫

X

f(υ) dµ1(υ) =

∫

X

f(υ) dµ2(υ) for any f ∈ R

implies that µ1 = µ2.
For any function f(υ), denote by f+ and f− its positive and negative parts,

respectively:

f+ =
1

2

(
|f | + f

)
, f− =

1

2

(
|f | − f

)
.
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For a function f ∈ Cb(X), we shall write

f+
k = (Pkf)+, f−

k = (Pkf)−.

We shall assume that the condition below is satisfied (cf. hypothesis (H) in [KS1,
Section 4.1]):

(H) There is a determining family R for P(X) such that f−c belongs to R for

all f ∈ R and c ∈ R, and for any f ∈ R and α > 0 and arbitrary integers

R ≥ 0 and ρ ≥ 0 there are k0 = k0(α, f, ρ,R) ∈ N and A = Af (α, ρ,R) > 1
such that the following property holds: if

sup
υ∈Xρ

f+
k (υ) ≥ α for all k ≥ 0, (3.1)

sup
υ∈Xρ

f−
k (υ) ≥ α for all k ≥ 0, (3.2)

then for any k ≥ k0 there is l = l(k, α, f, ρ, R) > 0 such that

sup
υ∈XR

(
Plf

+
k

)
(υ) ≤ Af (α, ρ,R) inf

υ∈XR

(
Plf

+
k

)
(υ), (3.3)

sup
υ∈XR

(
Plf

−
k

)
(υ) ≤ Af (α, ρ,R) inf

υ∈XR

(
Plf

−
k

)
(υ). (3.4)

Sufficient conditions guaranteeing the validity of (H) are given in Section 3.3.
The following result is a generalisation of Theorem 4.1 in [KS1].

Theorem 3.1. Suppose that condition (H) is satisfied. Then the assertions

below hold.

(i) Let µ ∈ P(X) be a stationary measure of P∗
k such that

Af (α, ρ,R)µ(X \ XR) → 0 as R → ∞ (3.5)

for all f ∈ R, α > 0, and ρ ≥ 0. Then, for any f ∈ R,

Pkf → (µ, f) as k → ∞ in L1(X, µ). (3.6)

(ii) The operator P∗
k has at most one stationary measure µ ∈ P(X) satisfy-

ing (3.5).

3.2 Proof of Theorem 3.1

1) As in the case of a single metric space (see [KS1]), (i) implies (ii). Indeed, if
µ1, µ2 ∈ P(X) are two different stationary measures, then there is f ∈ R such
that (µ1, f) 6= (µ2, f). By (i),

Pkf → (µi, f) as k → ∞ in L1(X, µi), i = 1, 2.
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Therefore, there is a sequence of integers ks such that

Pks
f → (µi, f) as s→ ∞ µi-almost everywhere. (3.7)

Let Ci ⊂ X be set of convergence in (3.7). We have µ1(C1) = µ2(C2) = 1 and
C1 ∩ C2 = ∅, and hence µ1 and µ2 are singular.

We now compare the measures µ1 and µ = (µ1 +µ2)/2. Applying the above
argument to them, we see that µ1 and µ are singular, which contradicts the
definition of µ.

2) Thus, it suffices to establish (i). We can assume without loss of gener-
ality that (µ, f) = 0. Since ‖Pkf‖µ is a non-increasing sequence, the required
assertion will be established if we show that for any ε > 0 there is an integer
kε ≥ 1 such that

‖Pkε
f‖µ ≤ ε. (3.8)

Let us assume that for any integer ρ ≥ 0 there is a sequence ks(ρ) such that

sup
υ∈Xρ

f+
ks(ρ)(υ) → 0 as s→ ∞.

In this case, we have

∫

X

(Pks(ρ)f)+dµ(υ) =

∫

X

f+
ks(ρ)dµ(υ)

≤ ‖f‖∞µ(X \ Xρ) + sup
υ∈Xρ

f+
ks(ρ)(υ). (3.9)

It is clear that the right-hand side of (3.9) can be made arbitrarily small by an
appropriate choice of ρ and s. Moreover, it follows from the relation (µ, f) = 0
that (µ, f+

k ) = (µ, f−
k ), and therefore a subsequence of (µ, f+

k )+(µ, f−
k ) = ‖fk‖µ

goes to zero. What has been said obviously implies (3.8).
Similar arguments apply in the case when, for any integer ρ ≥ 0,

sup
υ∈Xρ

f−
ks(ρ)(υ) → 0 as l → ∞,

where ks(ρ) is a sequence going to +∞ with s.
3) Thus, we can assume that inequalities (3.1) and (3.2) hold for some pos-

itive constants α and ρ. In this case, by condition (H), for any integers R ≥ 0
and k ≥ k0(α, f, ρ,R) there is l = l(k, α, f, ρ, R) ≥ 0 such that (3.3) and (3.4)
are satisfied.

We now fix arbitrary integer R ≥ 0 and, repeating the scheme applied
in [KS1], construct a sequence of integers ks = ks(R) such that

‖Pks
f‖µ ≤ εf (R)

(
1 + af (R) + · · · + af (R)s−1

)
‖f‖∞ + af (R)s‖f‖µ, (3.10)

where s ≥ 0 and

εf (R) =
(
1+4Af (R)−1

)
µ(X\XR), af(R) = 1−µ(XR)Af (R)−1 < 1. (3.11)
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Here and henceforth, the dependence on α and ρ is not indicated explicitly.
The proof of (3.10) is by induction on s. For s = 0, in view of the relation

P ∗
k0
µ = µ, we have

‖Pk0f‖µ = ‖f‖µ,
which coincides with (3.10) for s = 0.

Assuming that (3.10) is established for s ≤ r, we now prove it for s = r+ 1.
We set kr+1 = kr + lr, where lr = l(kr, α, f, ρ, R) ≥ 0 is the integer entering
condition (H). In view of (3.3) and (3.4), we have4

∫

X

f±
kr
dµ =

∫

X

Plrf
±
kr
dµ =

∫

XR

+

∫

X\XR

≤
{

sup
υ∈XR

(
Plrf

±
kr

)
(υ)

}
µ(XR) + ‖f‖∞µ(X \ XR)

≤ Af (R)
{

inf
υ∈XR

(
Plrf

±
kr

)
(υ)

}
µ(XR) + ‖f‖∞µ(X \ XR).

It follows that

Plrf
±
kr

(υ) −Af (R)−1‖f±
kr
‖µ +Af (R)−1‖f‖∞µ(X \ XR) ≥ 0 for υ ∈ XR.

Let us estimate the expression ‖Pkr+1
f‖µ = ‖Plrfkr

‖µ. We have

∫

X

∣∣Plrfkr

∣∣dµ =

∫

XR

+

∫

X\XR

≤ Dr(f
+
kr

) +Dr(f
−
kr

)+ ‖f‖∞µ(X \XR), (3.12)

where

Dr(f
±
kr

) =

∫

XR

∣∣Plrf
±
kr

−Af (R)−1‖f±
kr
‖µ

∣∣ dµ.

Now note that

Dr(f
±
kr

) ≤
∫

XR

(
Plrf

±
kr

(υ) −Af (R)−1‖f±
kr
‖µ +Af (R)−1‖f‖∞µ(X \ XR)

)
dµ

+Af (R)−1‖f‖∞µ(X \ XR).

This implies that

Dr(f
+
kr

) +Dr(f
−
kr

) ≤ 4Af (R)−1‖f‖∞µ(X \ XR)+

+

∫

XR

{
Plr(f

+
kr

+ f−
kr

) −Af (R)−1(‖f+
kr
‖µ + ‖f−

kr
‖µ)

}
dµ

≤
(
1 − µ(XR)Af (R)−1

)
‖fkr

‖µ + 4Af (R)−1‖f‖∞µ(X \ XR).

4Here and henceforth a formula involving the symbol ± is a brief notation for the two
formulas corresponding to the upper and lower signs.
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Substituting this expression into (3.12) and using the induction hypothesis, we
obtain

∫

X

∣∣Pkr+1
f
∣∣dµ ≤

(
1 − µ(XR)Af (R)−1

)r+1‖f‖µ+

+
(
1 + 4Af (R)−1

)
‖f‖∞µ(X \ XR)

r∑

j=0

(
1 − µ(XR)Af (R)−1

)j
,

which completes the proof of (3.10).
It follows from (3.10) and (3.11) that

‖Pks(R)f‖µ ≤ εf(R)

1 − af (R)
‖f‖∞ + af (R)s‖f‖µ

≤ µ(X \ XR)Af (R)
{
µ(XR)(1 + 4Af (R)−1)

}
‖f‖∞ + af (R)s‖f‖µ.

(3.13)

The expression in the brackets on the right-hand side of (3.13) is no greater
than 5. Hence, in view of (3.5), the right-hand side of (3.13) can be made
arbitrarily small by a suitable choice of R and s. This completes the proof
of (3.8).

3.3 Sufficient conditions for application of Theorem 3.1

Let P(k,υ,Γ), υ ∈ X, Γ ∈ B(X), be a Feller transition function. Suppose that
there is a determining family R for P(X) such that R is invariant with respect
to addition of a constant, and the following two conditions hold:

(H1) For any f ∈ R, R ≥ 0, and β > 0 and an arbitrary υ ∈ XR there is

an integer k0 = k0(f,R, β) ≥ 1, not depending on υ, and a Borel subset

O(f,υ, R, β) ⊂ X such that
∣∣Pkf(υ′) − Pkf(υ)

∣∣ ≤ β for k ≥ k0, υ′ ∈ O(f,υ, R, β).

(H2) There is an integer ρ0 ≥ 0 such that for any ρ ≥ ρ0, R ≥ 0, β > 0, and

f ∈ R there is a constant ε = ε(f, ρ, β) > 0, not depending on R, and an

integer l = l(f, ρ, β,R) ≥ 1 for which

P
(
l,υ0, O(f,υ, ρ, β)

)
≥ ε for any υ0 ∈ XR, υ ∈ Xρ, (3.14)

where the set O(f,υ, ρ, β) is defined in condition (H1).

Theorem 3.2. Suppose that conditions (H1) and (H2) are satisfied. Then (H)
holds for R with

Af (α, ρ,R) = Af (α, ρ) =
4 ‖f‖∞

α ε(f, ρ, α/2)
, (3.15)

where ε(f, ρ, α/2) is the constant in condition (H2). In particular, there is at

most one stationary measure µ ∈ P(X) concentrated on the union of XR, R ≥ 0.
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Proof. Let f ∈ R be arbitrary function satisfying (3.1) and (3.2) for an inte-
ger ρ ≥ 1. We must prove that (3.3) and (3.4) hold. To simplify notation, we
confine ourselves to the case of the index +.

Without loss of generality, it can be assumed that ρ ≥ ρ0, where ρ0 is the
integer in condition (H2). Let υk ∈ Xρ be such that

f+
k (υk) ≥

α

2
, k ≥ 0.

By condition (H1), there is an integer k0 = k0(f, ρ, α/2) ≥ 1 and a sequence of
Borel sets Ok = O(f,υk, ρ, α/2) such that

f+
k (υ′) ≥ α

4
for υ′ ∈ Ok, k ≥ k0. (3.16)

Let ε = ε(f, ρ, α/2) > 0 and l = l(f, ρ, α/2, R) ≥ 1 be the constants entering
condition (H2). In view of (3.14) and (3.16), we have

sup
υ∈XR

(
Plf

+
k

)
(υ) ≤ ‖f‖∞, (3.17)

inf
υ∈XR

(
Plf

+
k

)
(υ) = inf

υ∈XR

∫

X

P(l,υ, dυ′)f+
k (υ′)

≥ inf
υ∈XR

∫

Ok

P(l,υ, dυ′)f+
k (υ′)

≥ α

4
P(l,υ, Ok) ≥

α ε(f, ρ, α/2)

4
. (3.18)

Combining (3.17) and (3.18), we arrive at the required inequality.
We now prove the assertion on the uniqueness of a stationary measure. Since

the constant Af (α, ρ,R) is in fact independent of R (see (3.15)), there is at most
one stationary measure such that

µ(X \ XR) → 0 as R → ∞. (3.19)

It remains to note that (3.19) is equivalent to the condition that the measure µ
is concentrated on the union of XR, R ≥ 0.

4 Uniqueness of a stationary measure for the

reduced chain

4.1 Main result

We denote by P(k,Υ ,Γ) the transition probabilities for the family of Markov
chains {Υ k} defined in the space measurable space (FsN ,B(FsN)) (see (2.19),
(2.20)) and by Pk and P∗

k the corresponding Markov semi-groups. We shall
also need the following metric generating the Tikhonov topology on HN :

dist
(
Υ 1,Υ 2

)
=

0∑

l=−∞

|Υ 1
l − Υ 2

l | ∧ 2l.
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Theorem 4.1. Suppose that condition (1.4) is satisfied for some s > 0. There

is a constant K∗ ≥ 2M such that if a finite integer N satisfies (2.14) with

K = K∗ and

bj 6= 0 for j = 1, . . . , N, (4.1)

then P∗
k has a unique stationary measure µ that is concentrated on the union of

the sets FsN (2M,R), R ≥ 0. Moreover, for any f ∈ Cb(F
s
N ) and an arbitrary

integer R ≥ 0, we have

Pkf(Υ ) → (µ, f) uniformly in Υ ∈ FsN (2M,R) as k → ∞. (4.2)

Proof. The existence of a stationary measure follows from Proposition 1.11 and
Theorem 2.2. To prove the uniqueness and convergence (4.2), we apply the RPF
type theorem established in Section 3.

1) We set
XR = FsN (2M,R), X = FsN .

Let R ⊂ Cb(F
s
N ) be the set of continuous cylindrical functions on FsN , i. e., the

set of functions f : FsN → R for which there is an integer m ≥ 0 and a bounded
continuous function F : (HN )m+1 → R such that

f(Υ ) = F (v−m, ψ−m, . . . , v0, ψ0), Υ =
(
v
ψ

)
∈ FsN . (4.3)

Clearly, R is a determining family for P(FsN ).
It will be proved in Sections 4.2 and 4.3 that if an integer N satisfies (2.14)

with sufficiently large K ≥ 2M , then the transition function P(k,Υ ,Γ) obeys
conditions (H1) and (H2) in which

O(f,Υ , R, β) =
{
Υ ′ ∈ FsN ∩ FN (K,R) : dist(Υ ′,Υ ) ≤ r

}
, (4.4)

whereK is a fixed constant not depending on f , Υ , R, β, andN , while r depends
only on f , R, and β. By Theorems 3.1 and 3.2, this will imply the uniqueness
of a stationary measure concentrated on the union of FsN (2M,R), R ≥ 0, and
also convergence (4.2) in L1(X, µ)-norm for any f ∈ R. Moreover, as is shown
in Proposition 4.4, the sequence formed of the restrictions of the functions Pkf
to XR is uniformly equicontinuous for any integer R ≥ 0. Therefore, by Arzelà–
Ascoli theorem, a subsequence Pkl

f converges uniformly on any XR. In view
of the L1-convergence, the limit is uniquely determined, and hence the whole
sequence uniformly converges to (µ, f).

2) We now show that (4.2) holds for any function f ∈ Cb(F
s
N ). Since Xρ is a

compact subset of X, the restriction of f to Xρ is uniformly continuous for any
integer ρ ≥ 0. Let us denote by fρ an arbitrary uniformly continuous extension
of f

∣∣
Xρ

to HN such that

‖fρ‖∞ ≤ 3‖f‖∞.
For instance, we can take

fρ(Υ ) = inf
Υ ′∈Xρ

{
f(Υ ′) + ωρ

(
d(Υ ,Υ ′)

)}
,
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where ωρ(r), r ≥ 0, is the modulus of continuity of f
∣∣
Xρ

:

ωρ(r) = sup
{
|f(Υ 1) − f(Υ 2)| : Υ 1,Υ 2 ∈ Xρ, d(Υ

1,Υ 2) ≤ r
}
.

Let us denote by JL : HN → HN the operator taking each Υ = (Υl, l ≤ 0)
to (. . . , 0, Υ−L, . . . , Υ0). We define the function

fρL(Υ ) = fρ(JLΥ ), Υ ∈ HN .

Clearly, we have fρL ∈ R. Thus, convergence (4.2) holds for f = fρL.
Let us fix arbitrary R ≥ 0 and write

∣∣Pkf(Υ ) − (µ, f)
∣∣ ≤

∣∣PkfρL(Υ ) − (µ, fρL)
∣∣ +

∣∣(µ, f − fρL)
∣∣+

+
∣∣Pkf(Υ ) − PkfρL(Υ )

∣∣. (4.5)

As it was mentioned above,

sup
Υ∈XR

∣∣PkfρL(Υ ) − (µ, fρL)
∣∣ := ε1(k, L, ρ), (4.6)

where ε1(k, L, ρ) → 0 as k → ∞ for any fixed L ≥ 1 and ρ ≥ 0. Furthermore, it
is clear that

sup
Υ∈Xρ

d(Υ , JLΥ ) → 0 as L→ ∞ for any ρ ≥ 0.

Therefore, in view of the uniform continuity of fρ, we have

sup
Υ∈Xρ

∣∣fρL(Υ ) − f(Υ )
∣∣ = sup

Υ∈Xρ

∣∣fρ(JLΥ ) − fρ(Υ )
∣∣ ≤ ε2 = ε2(L, ρ),

where ε2(L, ρ) → 0 as L→ ∞ for any ρ ≥ 1. It follows that

∣∣(µ, f − fρL)
∣∣ ≤

∫

X

|f − fρL| dµ ≤
∫

Xρ

+

∫

X\Xρ

≤
∫

Xρ

|f − fρL| dµ+ 4‖f‖∞µ(X \ Xρ)

≤ ε2(L, ρ) + 4‖f‖∞µ(X \ Xρ). (4.7)

Finally, to estimate the third term on the right-hand side of (4.5), we note that

∣∣Pkf(Υ ) − PkfρL(Υ )
∣∣ ≤

∫

X

P(k,Υ , dΥ ′)
∣∣f(Υ ′) − fρL(Υ ′)

∣∣

≤
∫

Xρ

+

∫

X\Xρ

≤ ε2(L, ρ) + 4‖f‖∞P(k,Υ ,X \ Xρ).

(4.8)

Combining (4.5), (4.6), (4.7), and (4.8), we derive
∣∣Pkf(Υ )−(µ, f)

∣∣ ≤ ε1(k, L, ρ)+ε2(L, ρ)+4‖f‖∞
(
P(k,Υ ,X\Xρ)+µ(X\Xρ)

)
.

(4.9)
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To conclude that the right-hand side of (4.9) goes to zero, we need the lemma
below. We formulate two estimates the first of which is used here and the other
will be needed in the next subsection.

Lemma 4.2. For any integer R ≥ 0 and any m ≥ 1 there is a constant CRm > 0
such that

P(k,Υ ,FsN \ FsN (2M,ρ)) ≤ CRmρ
−m for k ≥ ρ ≥ 1, (4.10)

P(k,Υ ,FsN \ FsN (3M,ρ)) ≤ CRmρ
−m for k, ρ ≥ 1, (4.11)

where Υ ∈ FsN (2M,R).

Let us fix an arbitrary ε > 0. In view of (4.10) and the fact that µ is
concentrated on ∪ρ≥0Xρ, there is an integer ρ ≥ 0 such that the third term on
the right-hand side of (4.9) is less than ε for k ≥ ρ. We then choose integers
L ≥ 1 and k0 ≥ ρ so large that ε1(k, L, ρ) ≤ ε for k ≥ k0 and ε2(L, ρ) ≤ ε.
Combining all these estimates, we see that (4.9) does not exceed 4ε for k ≥ k0.
Thus, to complete the proof of (4.2), it remains to establish Lemma 4.2.

Proof of Lemma 4.2. Let us fix arbitrary m ≥ 1. It is clear that it suffices
to establish (4.10) and (4.11) for sufficiently large ρ. We fix an arbitrary Υ ∈
FsN (2M,R) and denote byU =

(
u
η

)
the element of Fs(2M,R) such that ΠNU =

Υ . Let (ul, l ≥ 0) be the solution of the problem (1.27), (1.28) with the initial
function u0 = v0 + W0(Υ ) (note that |u0| ≤ (2MR)1/2) and let al := |ul|2 +
‖ηk‖2

s. Application of Proposition 1.5 with k− = 0, k+ = k0 = k and Remark 1.6
to the solution ul, 0 ≤ l ≤ k, shows that, with probability no less than ερm :=
1 − Cmρ

−m, we have

(k − T + 1)〈al〉kT ≤ 2M
(
(k − T ) ∨ ρ+ 1

)
, 0 ≤ T ≤ k. (4.12)

Since U ∈ Fs(2M,R), we conclude that if ρ ≥ R, then

〈al〉0T ≤ 2M for T ≤ −R. (4.13)

Combining (4.12) and (4.13), we see that for T ≤ 0, with probability ≥ ερm,

〈al〉kT = (|T |+ k + 1)−1
(
(|T | + 1)〈al〉0T + k〈al〉k1

)

≤M(|T |+ k + 1)−1
(
2(R ∨ |T | + 1) + k ∨ ρ

)

≤
{

2M if k ≥ ρ ≥ 2R,
3M if |T | + k ≥ ρ ≥ R.

We have thus proved that

P(k,Υ ,FsN (2M,ρ)) ≥ ερm = 1 − Cmρ
−m, k ≥ ρ ≥ 2R,

P(k,Υ ,FsN (3M,ρ)) ≥ ερm = 1 − Cmρ
−m, k ≥ 1, ρ ≥ R.

This implies the required inequalities (4.10) and (4.11).
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It Section 5, we shall need a corollary of Theorem 4.1. Let us recall that {Υ k}
is isomorphic to the family of Markov chains {θk} defined by (2.17), (2.18). We
denote by Pk and P∗

k the Markov semigroups for {θk}.

Corollary 4.3. Under the conditions of Theorem 4.1, the Markov semigroup P∗
k

has a unique stationary measure λ ∈ P(Fs∞) that is concentrated on the union

of Fs∞(2M,R), R ≥ 0. Moreover, for any f ∈ Cb(F
s
∞) we have

Pkf(u) → (λ, f) uniformly in u ∈ Fs∞(2M,R) as k → ∞.

4.2 Checking condition (H1)

For any integer m ≥ 0, let Rm be the set of those f ∈ R for which the cor-
responding function F in (4.3) is defined on (HN )m+1. We recall that the set
O(f,Υ , R, β) is defined in (4.4).

Proposition 4.4. Let the conditions of Theorem 4.1 be fulfilled and let K ≥ 2M
be arbitrary constant. Then for any integer R ≥ 0 and any β > 0 there is

r = r(R, β,K) > 0 satisfying the following property: if f ∈ Rm for an integer

m ≥ 1, then

∣∣Pkf(Υ 1) − Pkf(Υ 2)| ≤ β‖f‖∞ for k ≥ m+ 1,

where Υ 1 ∈ FsN (2M,R), Υ 2 ∈ FsN ∩ FN (K,R), and dist(Υ 1,Υ 2) ≤ r. In

particular, the sequence Pkf
∣∣
XR

, k ≥ m + 1, is uniformly equicontinuous for

any R ≥ 0, and condition (H1) holds with any domain O(f,Υ , R, β) of the

form (4.4).

Proof. 1) Let dv be the Lebesgue measure on the finite-dimensional space HN

and let dα(ψ) be the distribution of the random variables ψk on Hs⊥
N . We denote

by D(v), v ∈ HN , the density of the random variables ϕk with respect to dv. (It

follows from (1.3) and the conditions imposed on ξjk thatD(v) =
∏N
j=1 pj(bjxj),

where v = (x1, . . . , xN ) ∈ HN .) Direct verification shows that for f ∈ Rm and
k ≥ m+ 1 we have (cf. [KS1, Section 1.3])

Pkf(Υ ) =

∫

(Hs
N

)k

F (Υk−m, . . . , Υk)Dk(Υ ;Υ k) ℓk(dΥ k), (4.14)

where Υ k = (Υ1, . . . , Υk) and ℓk(dΥ k) = dv1 . . . dvkdα(ψ1) . . . dα(ψk),

Dk(Υ ;Υ1, . . . , Υk) =

k∏

l=1

D
(
vl − T0(Υ , Υ1, . . . , Υl−1)

)
, (4.15)

and T0 is the first component of the operator T defined in (2.21), that is, T0(Υ ) =
PNS(v0 + W0(v,ψ)).

2) Now let Υ 1 ∈ FsN (2M,R) and Υ 2 ∈ FsN ∩ FN (K,R). For any k ≥ 1, we
denote by Vk = Vk(Υ

1,Υ 2) the doubled variational distance between the two
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measure on (HsN )k defined by the densities Dk(Υ
i, Υ k), i = 1, 2. In other words,

Vk =

∫

(Hs
N

)k

∣∣Dk(Υ
1, Υ k) −Dk(Υ

2, Υ k)
∣∣ ℓk(dΥ k).

Since ‖F‖∞ = ‖f‖∞, it follows from (4.14) and (4.15) that
∣∣Pkf(Υ 1) − Pkf(Υ 2)| ≤ ‖f‖∞Vk.

Thus, it is sufficient to estimate Vk. To this end, we note that

Vk ≤ Vk−1 +

∫

(Hs
N

)k

Dk−1(Υ
1, Υ k−1)∆k(Υ

1,Υ 2;Υ k) ℓk(dΥ k) =: Vk−1 + Ik,

(4.16)
where

∆k(Υ
1,Υ 2;Υ k) =

∣∣D
(
vk − T0(Υ

2, Υ k−1

)
−D

(
vk − T0(Υ

1, Υ k−1)
)∣∣.

We now derive an estimate for Ik = Ik(Υ
1,Υ 2).

3) Let us fix arbitrary K ≥ 2M and B ≥ 1. To estimate Ik, we represent the
domain of integration (HsN )k as the union of a sequence of non-intersecting sub-
sets on each of which the expression ∆k(Υ

1,Υ 2;Υ k) admits a uniform estimate.
Namely, for any integer ρ ≥ R we set

Ak(ρ) = Ãk(ρ) \ Ãk(ρ− 1),

where Ãk(R−1) = ∅ and Ãk(ρ) is the set of those (Υ1, . . . , Υk−1) ∈ (HsN )k−1 for
which (Υ 1, Υ1, . . . , Υk−1) ∈ FsN (3M,ρ). It is easy to see that the union of Ak(ρ),
ρ ≥ R, coincides with (HsN )k−1 for any k ≥ 1. Let us write the integral Ik as

Ik =
∞∑

ρ=R

Ikρ, (4.17)

where

Ikρ = Ikρ(Υ
1,Υ 2) =

∫

Ak(ρ)×Hs
N

Dk−1(Υ
1, Υ k−1)∆k(Υ

1,Υ 2;Υ k) ℓk(dΥ k).

(4.18)
By the mean value theorem, we have

∆k(Υ
1,Υ 2;Υ k) ≤ Qk(vk)

∣∣T0(Υ
1, Υ k−1) − T0(Υ

2, Υ k−1)
∣∣, (4.19)

where

Qk(vk) =

∫ 1

0

∣∣∇D
(
vk − θT0(Υ

1, Υ k−1) − (1 − θ)T0(Υ
2, Υ k−1)

)∣∣ dθ.

It is clear that ∫

Hs
N

Qk(vk) ℓ1(dΥk) ≤ Q,
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where Q > 0 is a constant not depending on Υ 1, Υ 2 and Υ k−1. Therefore,
by (4.17) – (4.19), we obtain

Ik ≤ Q

∞∑

ρ=R

∫

Ak(ρ)

Dk−1(Υ
1, Υ k−1)×

×
∣∣T0(Υ

1, Υ k−1) − T0(Υ
2, Υ k−1)

∣∣ ℓk−1(dΥ k−1)

≤ Q

∞∑

ρ=R

hkρ

∫

Ak(ρ)

Dk−1(Υ
1, Υ k−1)ℓk−1(dΥ k−1)

≤ Q

∞∑

ρ=R

hkρ P(k − 1,Υ 1,Ak(ρ)
)
, (4.20)

where Ak(ρ) is the set of elements in FsN of the form (Υ 1, Υ k−1) with Υ k−1 ∈
Ak(ρ), and

hkρ = hkρ(Υ
1,Υ 2) = sup

Υk−1∈Ak(ρ)

∣∣T0(Υ
1, Υ k−1) − T0(Υ

2, Υ k−1)
∣∣.

4) We now estimate hkρ. To this end, we need the following lemma.

Lemma 4.5. There is a constant C > 0 such that for any K ≥ 2M and any

integer ρ ≥ 0 we have

∣∣T0(Υ )
∣∣ ≤

(
K(ρ+ 1)

)1/2
, (4.21)

∣∣T0(Υ
1) − T0(Υ

2)
∣∣ ≤ C

0∑

q=−∞

(Cα
−1/2
N )−qeCK(|q|∨ρ+1)|Υ 1

q − Υ 2
q |, (4.22)

where Υ ,Υ 1,Υ 2 ∈ FN (K, ρ) ∩FsN (K).

Taking this assertion for granted, let us complete the proof of the proposition.
By definition, we have (Υ 1, Υ k−1) ∈ FsN (3M,ρ) ∩ FsN for Υ k−1 ∈ Ak(ρ).

It follows that (Υ 2, Υ k−1) ∈ FN (3K, ρ) ∩ FsN . Therefore, in view of inequal-
ity (4.21) with K replaced by K1 := 3K, we have

hkρ ≤ sup
Υk−1∈Ak(ρ)

{
|T0(Υ

1, Υ k−1)| + |T0(Υ
2, Υ k−1)|

}
≤ 2

(
K1(ρ+ 1)

)1/2
. (4.23)

On the other hand, inequality (4.22) implies that

hkρ ≤ C

1−k∑

q=−∞

(Cα
−1/2
N )−qeCK1(|q|∨ρ+1)|Υ 1

q+k−1 − Υ 2
q+k−1|

≤ C
0∑

q=−∞

(Cα
−1/2
N )−q+k−1eCK1(|q|+k)+CK1ρ |Υ 1

q − Υ 2
q |

≤ C1(R) 2−k eCK1ρ d, (4.24)
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where d = d(Υ 1,Υ 2), C1(R) > 0 is a constant depending only on R, and the
constantK in (2.14) is chosen to be so large that 2(CK1+logC+log 2) ≤ logαN .
Note that the third inequality in (4.24) uses the estimate

d(Υ 1,Υ 2) ≤ C′(R)
0∑

q=−∞

2q |Υ 1
q − Υ 2

q |, Υ 1,Υ 2 ∈ FN (K,R).

Combining (4.23) and (4.24), we derive

hkρ ≤
(
C1(R) 2−k eCK1ρ d

)
∧

(
2K

1/2
1 (ρ+ 1)1/2

)
. (4.25)

5) We can now easily complete the proof of the proposition. We wish to show
that Vk ≤ β if d(Υ 1,Υ 2) ≤ r, where r = r(β) > 0 is sufficiently small. In view
of inequality (4.11) with m = 3 and the inclusion Ak(ρ) ⊂ FsN \FsN (3M,ρ− 1)
for ρ ≥ R + 1, we have

P
(
k − 1,Υ 1,Ak(ρ)

)
≤ CR3ρ

−3 (4.26)

for all k ≥ 1, ρ ≥ R and Υ 1 ∈ FsN (2M,R). Substituting (4.25), (4.26) and (4.20)
into (4.16) and iterating the resulting inequality, we arrive at

Vk ≤ CR3Q

k∑

j=1

∞∑

ρ=R

ρ−3
{(
C1(R) 2−k eCK1ρ d

)
∧

(
2K

1/2
1 (ρ+ 1)1/2

)}

≤ Σ(d) := C2

∞∑

j=1

∞∑

ρ=R

ρ−3
{
(2−j Dρ d) ∧ ρ1/2

}
,

where C2 and D are positive constants. Thus, the expression Vk can be esti-
mated by the double series Σ(d) vanishing for d = 0. By the Lebesgue theorem
on dominated convergence, the required assertion will be established if we show
that the series converges uniformly in d ∈ [0, 1]. Since all the terms in the sum
Σ(d) are non-decreasing functions of d, it suffices to prove the convergence for
d = 1.

To this end, we divide the domain of summation (i. e., j ≥ 1, ρ ≥ R) into
two non-intersecting sets:

S1 =
{
(j, ρ) : 2−jDρ ≤ ρ1/22−j/2

}
, S2 =

{
(j, ρ) : 2−jDρ > ρ1/22−j/2

}

Let Σ1 and Σ2 be the sums corresponding to S1 and S2, respectively. Clearly,

Σ1 ≤ C2

∑

(j,ρ)∈S1

ρ−5/22−j/2 <∞.

On the other hand, if (j, ρ) ∈ S2, then j ≤ cρ, where c > 0 depends only on D.
Therefore,

Σ2 ≤ C2

∞∑

ρ=R

∑

j≤cρ

ρ−5/2 ≤ C2c

∞∑

ρ=R

ρ−3/2 <∞.

Thus, it remains to establish Lemma 4.5.
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Proof of Lemma 4.5. Inequality (4.21) is a simple consequence of the definition
of T0 and FN (K, ρ):

∣∣T0(Υ )
∣∣ =

∣∣S(v0 + W0(Υ ))
∣∣ ≤ |u| ≤

(
K(ρ+ 1)

)1/2
, u = v0 + W0(Υ ).

Let us prove (4.22). Inequality (2.22) with t = 1 implies that

∣∣T0(Υ
1) − T0(Υ

2)
∣∣ =

∣∣S(v1
0 + W0(Υ

1)) − S(v2
0 + W0(Υ

2))
∣∣

≤
(
|v1

0 − v2
0 | + |W0(Υ

1) −W0(Υ
2)|

)
exp

{
C1

∫ 1

0

∥∥St(u1)
∥∥2
dt

}
, (4.27)

where ui = vi0+W0(Υ
i), i = 1, 2. In view of (2.7), (2.9), (2.3) and the definition

of the space FN (K, ρ), we have

|W0(Υ
1) −W0(Υ

2)|

≤ |ψ1
0 − ψ2

0 | +
−1∑

q=−∞

(
C2α

−1/2
N

)−q
exp

{
C2|q|

(〈
|u1|2

〉−1

q
+

〈
|u2|2

〉−1

q

)}
|Υ 1
q − Υ 2

q |

≤ |ψ1
0 − ψ2

0 | +
−1∑

q=−∞

(
C2α

−1/2
N

)−q
e2C2K(|q|∨ρ+1)|Υ 1

q − Υ 2
q |, (4.28)

where Υ 1,Υ 2 ∈ FN (K, ρ) ∩ FsN (K) and ui = Φ(Υ i), i = 1, 2. Moreover, by
inequality (2.4),

∫ 1

0

∥∥St(u1)
∥∥2
dt ≤ 1

2
|u1|2 ≤ 1

2
K(ρ+ 1) ≤ 1

2
K(|q| ∨ ρ+ 1), q ≤ 0. (4.29)

Combining (4.27)–(4.29), we derive (4.22).

4.3 Checking condition (H2)

We recall that BX(Υ , r) denotes the ball of radius r in X centred at Υ .

Proposition 4.6. Under the conditions of Theorem 4.1, there is an integer

ρ0 ≥ 1 and positive constants K and C such that if ρ ≥ ρ0, then the following

assertions hold:

(i) For any R ≥ 0 there is an integer l∗1 = l∗1(R) ≥ 1 such that

P(l1,Υ
0,FsN (2M,ρ0)) ≥ 1/2 for any l1 ≥ l∗1, Υ 0 ∈ FsN (2M,R).

(4.30)

(ii) For any r > 0, any integer ρ ≥ ρ0, and an arbitrary Υ ∈ FsN (2M,ρ) there

is ε = ε(ρ, r) > 0 and an integer l2 = l2(Υ , ρ, r) ≥ 1 such that

P(l2,Υ
0, BX(Υ , r) ∩ FN (K, ρ) ≥ ε for any Υ 0 ∈ FsN (2M,ρ0). (4.31)

Moreover, there is an integer l∗2 = l∗2(ρ, r) ≥ 1 such that l2(Υ , ρ, r) ≤ l∗2
for all Υ ∈ FsN (2M,ρ).
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(iii) The transition function P(k,Υ ,Γ) satisfies condition (H2) in which the

set O(f,Υ , R, β) has the form (4.4).

Proof. We first show that (i) and (ii) imply (iii). Indeed, let us fix any r > 0
and any integers R ≥ 0 and ρ ≥ ρ0. Choosing l = l∗1(R) + l∗2(ρ, r) and l1 =
l − l2(Υ , ρ, r), from (4.30), (4.31), and the Chapman–Kolmogorov relation, we
derive

P
(
l,Υ 0, O(Υ , ρ, r)

)
≥

∫

Xρ0

P(l1,Υ
0, dΥ ′)P(l2,Υ

′, O(Υ , ρ, r))

≥ ε(ρ, r)/2,

where O(Υ , ρ, r) = BX(Υ , r) ∩ FN (K, ρ). This proves the required assertion.
We now turn to the proof of (i) and (ii).

Proof of (i). For Υ 0 ∈ FsN (2M,R), we set U =
(
u
η

)
= Π−1

N Υ
0 ∈ Fs(2M,R)

(see Section 2.2). We denote by (ul, l ≥ 0) the trajectory of the RDS (2.11)
which starts from u0 (the zeroth component of u) and set uk = (ul, l ≤ k) and
al = |ul|2 +‖ηk‖2

s. Since |u0|2 ≤ 2M(R+1), inequality (1.11) implies that there
is an integer L1 = L1(R) ≥ 1 such that

E |uk| ≤
{
C1(R+ 1), 1 ≤ k ≤ L1 − 1,
C1, k ≥ L1,

(4.32)

where the constant C1 > 0 does not depend on R ≥ 0. Let us fix arbitrary
integer R1 ≥ C1(R+ 1) and estimate the probability of the event

|uk| ≤ R1, ‖ηk‖s ≤ R1 k = 1, . . . , L1 − 1. (4.33)

In view of (4.32), (1.5) and the Chebyshev inequality, we have

P{(4.33) holds} ≥ 1 −
L1−1∑

k=1

(
P{|uk| ≥ R1} + P{‖ηk‖s ≥ R1}

)
≥ 1 − p1,

where p1 = p1(R,R1) → 0 as R1 → ∞ for any fixed R. Furthermore, let us fix
sufficiently large integers ρ0 ≥ 1 and L0 ≥ ρ0, set l∗1 := L1 + L0, and take an
arbitrary l1 ≥ l∗1. Applying Proposition 1.5 to the solution uk, k− ≤ k ≤ k+,
where k− = L1 and k+ = k0 = l1, we conclude that there is a constant C0 > 0,
not depending on R, such that with probability no less than p0 = 1 − C0ρ

−1
0 ,

〈al〉l1T ≤M, L1 ≤ T ≤ l1 − ρ0. (4.34)

Hence, we have shown that

P{(4.33) and (4.34) hold} ≥ p := p0 + p1 − 1. (4.35)

It is a matter of direct verification to show that if L0 ≥ 2(R2
1L1M

−1 +R), then
inequalities (4.33) and (4.34) imply that

((
uk

ηk

)
, k ≤ l1

)
∈ FsN (2M,ρ0). In view

of (4.35), it follows that for any U ∈ Fs(2M,R) we have

P
{((

uk

ηk

)
, k ≤ l1

)
∈ Fs(2M,ρ0)

}
≥ 1 − p1(R,R1) − C0ρ

−1
0 . (4.36)
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It remains to note that if ρ0 ≥ 1 is so large that C0ρ
−1
0 ≤ 1/4, then for any

fixed R ≥ 0 we can choose R1 ≥ R such that the right-hand side of (4.36) is no
less than 1/2. This completes the proof of (4.30).

Proof of (ii). We shall need the following elementary lemma.

Lemma 4.7. Let (xl, l ≤ 0) be e sequence of non-negative numbers such that

0∑

l=T

xl ≤ C(|T | + 1) for T ≤ −ρ, (4.37)

where ρ ≥ 0 is an integer and C > 0 is a constant not depending on T . Then

every integer interval ∆ = [t1, t2] such that t1 ≤ −ρ and t2 ≤ 0 contains an

integer point p such that

1

q − p+ 1

q∑

l=p

xl ≤ C0 :=
C|t1|

t2 − t1 + 1
for p ≤ q ≤ 0.

Proof. Assuming the contrary, for each p ∈ ∆ we can find an integer m(p),
p ≤ m(p) ≤ 0, such that

m(p)∑

l=p

xl > C0(m(p) − p+ 1). (4.38)

Let us define a finite sequence of integers p1, p2, . . . , pn by the following rule:
p1 = t1 and pj = m(pj−1) + 1 if j ≥ 2 and m(pj−1) ≤ t2. Setting ∆j =
[pj ,m(pj)] and using inequality (4.38), we derive

0∑

l=t1

xl ≥
n∑

j=1

∑

l∈∆j

xl > C0

n∑

j=1

(m(pj) − pj + 1) ≥ C0(t2 − t1 + 1).

This contradicts inequality (4.37) with T = t1.

1) To establish (4.31), we regard (2.20) as an RDS in X (rather than a
Markov chain), and using the isomorphism of (2.18) and (2.20), pass from a
random trajectory {Υ k} to {uk = Φ(Υ k)}. More exactly, for Υ and Υ 0 as
in (4.31), let

Û =

(
û

η̂

)
= Π−1

N Υ ∈ Fs(2M,ρ), U0 =

(
u0

η0

)
= Π−1

N Υ
0 ∈ Fs(2M,ρ0).

We set FL = FL(K, ρ)∩FsL, where L = N or L = ∞, and consider the restriction
of Ψ : Fs∞ → FsN to F∞. In view of (2.16), inequality (2.22) implies that the
mapping Ψ : F∞ → FN is uniformly Lipschitz with a Lipschitz constant d not
depending on N . Therefore, inequality (4.31) will be proved if we show that

P
{
ul2 ∈ F∞, dist(ul2 , û) ≤ r/d

}
≥ ε, (4.39)
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where uk, k ≥ 0, is the random trajectory of (2.18) starting from u0.
2) We fix arbitrary ρ ≥ ρ0 and r > 0. Let B > 0 be a sufficiently large

constant which will be chosen later. Let an integer T1 = T1(r,B) ≥ 1 and
a positive constant δ1 = δ1(r,B) ≤ 1 be such that dist(u′,0) ≤ r/d for any
element u′ ∈ Fs∞ whose components satisfy the inequalities

|u′j| ≤ B e−(j+T1−1) + δ1, 1 − T1 ≤ j ≤ 0. (4.40)

Since 〈|û|2〉0q ≤ 2M for q ≤ −ρ, the sequence xl = |ul|2, l ≤ 0, satisfies the
conditions of Lemma 4.7 with C = 2M . Let T2 = T2(ρ, r, B) be the smallest
even integer exceeding (2T1) ∨ ρ. Applying Lemma 4.7 with t1 = −T2 and
t2 = −T2/2, we find an integer T = T (ρ, r, B), T1 ≤ T ≤ T2, such that

〈
|û|2

〉−T+l

−T
≤ 4M for 0 ≤ l ≤ T. (4.41)

We claim that there is a deterministic trajectory ũl = (u0, ũ1, . . . , ũl), l =

1, . . . , T , for (2.18) that corresponds to a control η̃l =
(ϕ̃l

ψ̃l

)
∈ Hs and possesses

the following properties:

|ũl − ûl−T | ≤ B e−l, l = 0, . . . , T, (4.42)

‖ϕ̃l‖p ≤ 2Bα
p/2
N , ψ̃l = ψ̂l−T , l = 1, . . . , T, (4.43)

where p ≥ 0. Taking this assertion for granted, let us show that (4.39) holds

with l2 = T . It follows from (4.43) and the inclusion Û ∈ Fs(2M,ρ) that

‖η̃l‖s ≤ 2Bα
s/2
N + (2MT )1/2, l = 1, . . . , T.

Therefore, by Lemma 6.2, for any γ > 0 the probability of the event

Ωγ :=
{
|ηl − η̃l| ≤ γ, l = 1, . . . , T

}

can be estimated from below by a constant ε > 0 depending only on N , B, ρ,
r, and γ (but not on Υ ). In view of the continuous dependence of trajectories
for (2.11) on the control ηl, for any ω ∈ Ωγ we have

|ul − ũl| ≤ δ = δ(γ), l = 1, . . . , T,

where ul, l ≥ 1, is the trajectory of (2.11) corresponding to ηl, and δ(γ) → 0
as γ → 0. Combining this with (4.42), we conclude that u′j := uj+T − ûj ,
j = 1 − T, . . . , 0, satisfy (4.40) if δ(γ) ≤ δ1. Therefore,

d(ul2 , û) ≤ r/d for ω ∈ Ωγ , γ ≪ 1.

Moreover, it is a matter of direct verification to show that ul2 ∈ F∞(K, ρ),
where K = K(M,B) is sufficiently large. This completes the proof of (4.31).

3) Thus, it remains to establish the existence of a deterministic trajectory ũl

satisfying (4.42) and (4.43).
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Let us set

ϕ̃l = PN
(
ũl−T − S(ũl−1)

)
, ψ̃l = ψ̂l−T , l = 1, . . . , T, (4.44)

where ũ0 is the zeroth component of u0. Note that the first relation in (4.44)
implies that ṽl = v̂l−T for l = 1, . . . , T . We claim that (4.42) and (4.43) hold
with an appropriate constant B > 0. Indeed, (4.43) is a simple consequence of
inequality (4.42) whose proof is by induction on l. In view of (4.41) with l = 0
and the inclusion u0 ∈ F∞(2M,ρ0), we have

|ũ0 − û−T | ≤ |ũ0| + |û−T | ≤
(
2M(ρ0 + 1)

)1/2
+ 2M1/2 := B.

Let us assume that (4.42) is proved for 0 ≤ l ≤ k−1, k ≥ 1. It follows from (4.41)
and inequality (2.24) in which m = 0, l = k, u1

r = ũr, and u2
r = ûr−T that

|ũk − ûk−T | ≤ (Cα
−1/2
N )k exp

{
Ck

(
〈|ũj |2〉k−1

0 + 〈|ûj−T |2〉k−1
0

)}
|ũ0 − û−T |

≤ (Cα
−1/2
N )k exp

{
2C(6M +B2)k

}
B ≤ e−kB,

where the integer N ≥ 1 is so large that

logαN ≥ 4C(6M +B2) + 2(1 + logC).

This completes the induction and the proof of the proposition.

5 Uniqueness and mixing for the original system

We recall that the Markov semigroups Pk and P ∗
k associated with Equation (1.1)

and the space C(Hs, β) of continuous functions with exponential growth at
infinity and the corresponding norm ‖f‖s,β were introduced in Section 1.3. Also
recall that we set βd(r) = (1 + r)d, r ≥ 0.

As before, we assume that ν = 1. For any integer R ≥ 0, we denote by H(R)
the set of those u ∈ H for which there is u ∈ Fs∞(2M,R) such that u0 = u,
where u0 is the zeroth component of u.

Theorem 5.1. Suppose that condition (1.4) is satisfied for some s > 0. Then

there is an integer N ≥ 1 such that if

bj 6= 0 for j = 1, . . . , N, (5.1)

then the Markov semigroup P ∗
k has a unique stationary measure λ ∈ P(H)

satisfying condition (1.34). Moreover, the measure λ is concentrated on Hs,

and if f ∈ C(Hs, βm) for some m ≥ 1, then for any integer R ≥ 0, we have

Pkf(u) → (λ, f) as k → ∞ uniformly in u ∈ H(R). (5.2)

In particular, convergence (5.2) holds for λ-almost all u ∈ H. Finally, if all the

constants bj in (1.3) are non-zero, then (5.2) holds uniformly with respect to

u ∈ Hs, ‖u‖s ≤ R, for any R ≥ 0.
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Remark 5.2. The existence and uniqueness of a stationary measure and con-
vergence (5.2) can be established under a weaker assumption. Namely, instead
of (0.9), it suffices to assume that

∫ ∞

−∞

|r|20pj(r) dr ≤ C for all j ≥ 1. (5.3)

This assertion can be derived by analysing the arguments in Sections 1 – 5. We
do not dwell on it and only show where the exponent 20 in (5.3) comes from.

When verifying condition (H1), we used (see (4.26)) inequality (4.11) with
m = 3, which, in turn, is based on the fact that the third moment of the random
variable Tν(ω) (see Proposition 1.5) is finite. The mth moment of Tν can be
estimated by a constant depending only on N2m and E|η1|4(m+2) (see (1.16)
and (1.18)), and N2m admits an estimate in terms of E |ηk|2m (see (1.11)).
For m = 3 we obtain the expression E |ηk|20, which can be estimated by the
constant C in (5.3).

Proof of Theorem 5.1. The existence of a stationary measure satisfying (1.34)
and the fact that λ(Hs) = 1 are established in Proposition 1.11. The unique-
ness of such a measure follows from Theorem 2.2 and Corollary 4.3. Let us
prove (5.2).

1) We begin with the case f ∈ Cb(H). Let us define a function f ∈ Cb(H),
H = HZ0 , by the formula

f(u) = f(u0), u = (ul, l ≤ 0).

We recall that Pk and P∗
k stand for the Markov semigroups associated with the

family (2.17), (2.18). It is clear that Pkf (u) = Pkf(u0) for any u ∈ Fs∞. Let
λ ∈ P(Fs∞) be the unique stationary measure for P∗

k. By Corollary 4.3, we have

Pkf(u) → (λ,f ) as k → ∞ uniformly in u ∈ Fs∞(2M,R).

Since the projection u = (ul, l ≤ 0) 7→ u0 maps λ to λ, we conclude that
(λ,f) = (λ, f). Therefore (5.2) holds uniformly in u ∈ H(R) for any R ≥ 0.

2) To show that (5.2) remains valid for f ∈ C(H,βm), we use Lemma 1.8.
Namely, for L > 0 let hL(r) denote a continuous function that is equal to 1
and 0 for r ≤ L and r ≥ L + 1, respectively. We take an arbitrary function
f ∈ C(H,βm) and represent it in the form

f(u) = fL(u) + gL(u), fL(u) = hL(|u|)f(u).

Since fL ∈ Cb(H), we conclude that

PkfL(u) → (λ, fL) as k → ∞ uniformly in u ∈ H(R).

It is easy to see that (λ, fL) → (λ, f) as L→ ∞. Furthermore, we note that

‖gL‖0,βm′
→ 0 as L→ ∞,
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where for any m′ > m. By Lemma 1.8, the norm of the operators

Pk : C(H,βm) → C(H,βm′)

is bounded uniformly in k ≥ 1. It follows that

∣∣PkgL(u)
∣∣ → 0 as L→ ∞

uniformly in k ≥ 0 and u ∈ H(R) ⊂ BH(R1), R1 = (2M(R+ 1))1/2.
We now write

∣∣Pkf(u) − (λ, f)
∣∣ ≤

∣∣PkfL(u) − (λ, fL)
∣∣ +

∣∣PkgL(u)
∣∣ +

∣∣(λ, fL − f)
∣∣. (5.4)

What has been said above implies that the right-hand side of (5.4) tends to zero
as k → ∞.

The fact that (5.2) holds also for f ∈ C(Hs, βm) follows from Lemma 1.8.
3) We now assume that bj 6= 0 for all j ≥ 1. To prove that (5.2) holds

uniformly in u ∈ Hs, ‖u‖s ≤ R, it suffices to show that the ball BHs(R) is
contained in HR′ for some R′ ≫ 1. This assertion follows immediately from the
definition of Fs∞(2M,R).

Remark 5.3. If in Theorem 5.1 we assume that condition (B) is also satisfied,
then convergence (5.2) holds for functions with exponential growth at infinity
(see Main Theorem in the Introduction). Namely, it suffices to assume that f(u)
is a continuous function on Hs such that |f(u)| ≤ const exp(σ‖u‖2κl

s ), where l
is the smallest integer no less than s, κl is the constant in Theorem 1.4 with
ρ = ∞, and σ > 0 is sufficiently small. This assertion can easily be proved by
repeating the above arguments and using Remark 1.9, and we shall not dwell
on it.

As we saw above, convergence (5.2) is a simple consequence of Theorem 4.1.
The following assertion shows that under the same conditions we have a much
stronger result. Its proof requires some new ideas and will be presented in a
subsequent publication.

Theorem 5.4. Under the conditions of Theorem 5.1, if (5.1) is satisfied for a

sufficiently large N ≥ 1, then for any f ∈ C(Hs, βm), m ≥ 1, and R > 0, we

have

Pkf(u) → (λ, f) as k → ∞ uniformly in u ∈ BH(R). (5.5)

Moreover, if condition (B) is also satisfied, then (5.5) holds for any function

described in Remark 5.3.

6 Appendix

6.1 Proof of Theorem 1.3

The existence and uniqueness of a solution are obvious, so that we confine
ourselves to the proof of (1.11) and (1.12).
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1) We begin with the case s = 0. Taking the scalar product of (1.8) and u(t)
in H , we obtain

|St(u)| ≤ e−α1νt|u0|, t ≥ 0. (6.1)

Since
uk = S(uk−1) + ηk, k ≥ 1, (6.2)

we conclude from inequality (6.1) with t = 1 that, for any δ > 0,

|uk|m ≤ (1 + δ)e−να1m|uk−1|m + Cmδ
−(m−1)|ηk|m,

where the constant Cm > 0 depends on m solely. Choosing q = e−α1ν and
δ = e(m−1)α1ν − 1, we derive

|uk|m ≤ q|uk−1|m + C(m)ν−(m−1)|ηk|m.

Taking the average and iterating the resulting inequality, we obtain (1.11).
2) We now consider the case s > 0. We shall need the following lemma,

which is proved in Subsection 6.3.

Lemma 6.1. The resolving operator St of the free NS system (1.8) is continuous

from H to Hs for any t > 0 and s ≥ 0. Moreover, for any integer l ≥ 2 there is

a constant Cl ≥ 1 such that if u(t, x) is a solution of (1.8) for t ≥ 0, then

tl‖u(t)‖2
l + 2ν

∫ t

0

θl‖u(θ)‖2
l+1dθ ≤

{
ν−l|u0|2, l = 0, 1,
Cl

(
ν−l|u0|2 + ν−5l|u0|2/κl

)
, l ≥ 2,

(6.3)
where t ≥ 0, and the constant κl is defined in Theorem 1.4. Furthermore, for

l = 0 the inequality sign in (6.3) can be replaced by equality.

To simplify notation, we confine ourselves to the case s > 1. Let us fix an
arbitrary k ≥ 1. In view of relation (6.2) and inequality (6.3) with t = 1, we
have (the integer l = l(s) is defined in Theorem 1.3)

‖uk‖ms ≤ 2m−1
(
‖S(uk−1)‖ml +‖ηk‖ms

)
≤ Cml

(
1+ν−5lm/2|uk−1|m(2l+1)+‖ηk‖ms

)
,

which implies (1.12).

6.2 Proof of Theorem 1.4

We confine ourselves to the case s = 0. It follows from (6.1) and (6.2) that, for
any δ > 0,

|uk|2 ≤ (1 + δ)e−2α1ν |uk−1|2 + (1 + δ−1)|ηk|2. (6.4)

We set q = e−α1ν , δ = eα1ν−1, and σ0 = ρ∧(aα1e
−α1). Inequality (6.4) implies

that
σ0ν|uk|2 ≤ σ0νq|uk−1|2 + a|ηk|2,

and therefore, in view of independence of uk−1 and ηk, we have

E eσ0ν|uk|
2 ≤ E ea|ηk|

2

E
(
eσ0ν|uk−1|

2)q ≤ E ea|ηk|
2(

E eσ0|uk−1|
2)q

.

Arguing by induction on k, we derive (1.14).
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6.3 Proof of Lemma 6.1

Inequality (6.3) is proved by induction on l. For l = 0, it is well known (see [CF]).
We now fix an arbitrary l = m ≥ 1 and assume that inequality (6.3) is estab-
lished for l < m. Let us take the scalar product in H of equation (1.8) and the
function Lmu. Performing some simple transformations, we derive

∂t
(
tm‖u‖2

m

)
−mtm−1‖u‖2

m + 2νtm‖u‖2
m+1 + 2tm

(
L

m+1

2 u, L
m−1

2 B(u, u)
)

= 0.
(6.5)

If m = 1, then the last term on the left-hand side of (6.5) vanishes, and the re-
quired inequality can be established by integration with respect to time. There-
fore we assume that m ≥ 2. In this case, we have the following estimate, which
follows easily from Hölder’s and interpolation inequalities:

∣∣(L
m+1

2 u, L
m−1

2 B(u, u)
)∣∣ ≤ cm

∥∥u
∥∥ 4m−1

2m

m+1

∥∥u
∥∥m+1

2m
∣∣u

∣∣ 1
2

≤ ν

2

∥∥u
∥∥2

m+1
+ c′mν

1−4m
∥∥u

∥∥2(m+1)|u|2m, (6.6)

where cm and c′m are positive constants. Substituting (6.6) into (6.5) and inte-
grating in time, we obtain

tm‖u(t)‖2
m + ν

∫ t

0

θm‖u(θ)‖2
m+1dθ ≤

≤ m

∫ t

0

θm−1‖u(θ)‖2
mdθ + c′mν

1−4m

∫ t

0

θm‖u(θ)‖2(m+1)|u(θ)|2mdθ.

The required inequality follows now from the induction hypothesis.

6.4 Proof of Lemma 2.4

1) Let ui(t), i = 1, 2, be two solutions of the free NS system (1.8) with initial
functions u0

i . Then the difference u = u1 − u2 satisfies the equation (recall that
ν = 1)

u̇+ Lu+B(u, u1) +B(u2, u) = 0. (6.7)

Let us take the scalar product of this equation with 2u(t) in H . Since

∣∣(B(u, u1), u)
∣∣ ≤ c1|u| ‖u‖ ‖u1‖ ≤ 1

2
‖u‖2 +

c21
2
‖u1‖2|u|2

and (B(u2, u), u) = 0, we derive the differential inequality

∂t|u|2 + ‖u‖2 ≤ c21‖u1‖2|u|2 (6.8)

Applying the Gronwall inequality, we obtain

|u(t)|2 ≤ exp

{
c21

∫ t

0

∥∥u1(θ)
∥∥2
dθ

}
|u0|2, u0 = u0

1 − u0
2, (6.9)
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which coincides with (2.22). Integration of (6.8) now results in

∫ t

0

∥∥u(θ)
∥∥2
dθ ≤ |u0|2 + c21

∫ t

0

∥∥u1(θ)
∥∥2|u(θ)|2dθ

≤ |u0|2
(

1 +

∫ t

0

c21‖u1(θ)
∥∥2
ec

2
1

R

θ

0
‖u1(σ)‖2dσdθ

)

≤ exp

{
c21

∫ t

0

∥∥u1(θ)
∥∥2
dθ

}
|u0|2. (6.10)

2) We now take the scalar product of (6.7) with 2tLu(t) in H :

∂t
(
t‖u‖2

)
+ 2t|Lu|2 = ‖u‖2 − 2t

(
B(u, u1), Lu

)
− 2t

(
B(u2, u), Lu

)
. (6.11)

Let us use the inequalities

‖v‖2
∞ ≤ c22|v| |Lv|, ‖v‖2 ≤ |v| |Lv|

to estimate the second and third terms on the right-hand side of (6.11):
∣∣(B(u, u1), Lu)

∣∣ ≤ ‖u‖∞‖u1‖ |Lu| ≤ c2|u|1/2|Lu|3/2|u1|1/2|Lu1|1/2

≤ 1

2
|Lu|2 + c42|u|2|u1|2|Lu1|2, (6.12)

∣∣(B(u2, u), Lu)
∣∣ ≤ ‖u2‖∞‖u‖ |Lu| ≤ c2|u2|1/2|Lu2|1/2|u|1/2|Lu|3/2

≤ 1

2
|Lu|2 + c42|u|2|u2|2|Lu2|2. (6.13)

We now note that (see (6.1))

|ui(t)| ≤ |u0
i |, t ≥ 0, i = 1, 2. (6.14)

Substituting (6.12) – (6.14) into (6.11) and integrating with respect to t, we
derive

t‖u‖2 ≤
∫ t

0

‖u(θ)‖2dθ + 2c42

{
|u0

1|2
∫ t

0

θ|u|2|Lu1|2dθ + |u0
2|2

∫ t

0

θ|u|2|Lu2|2dθ
}
.

(6.15)
To estimate the expression in the brackets on the right-hand side of (6.15), we
apply inequalities (6.9) and (6.3) with l = 1:

|u0
i |2

∫ t

0

θ|u|2|Lui|2dθ ≤ |u0|2|u0
i |2 exp

{
c21

∫ t

0

∥∥u1(θ)
∥∥2
dθ

}∫ t

0

θ|Lui|2dθ

≤ |u0|2|u0
i |4 exp

{
c21

∫ t

0

∥∥u1(θ)
∥∥2
dθ

}
. (6.16)

Furthermore, it follows from (6.1) and (6.3) with l = 0 that

|u0
i |2 ≤ 2

(
1 − e−2α1t

)−1
∫ t

0

‖ui‖2dθ ≤ c3(t
−1 ∨ 1)

∫ t

0

∥∥ui(θ)
∥∥2
dθ. (6.17)
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Substitution of (6.17) into (6.16) results in

|u0
i |2

∫ t

0

θ|u|2|Lui|2dθ ≤

≤ c23(t
−2 ∨ 1)

(∫ t

0

∥∥ui(θ)
∥∥2
dθ

)2

exp

{
c21

∫ t

0

‖u1(θ)‖2dθ

}
|u0|2

≤ c23(t
−2 ∨ 1) exp

{∫ t

0

(
c21‖u1(θ)‖2 + ‖u2(θ)‖2

)
dθ

}
|u0|2. (6.18)

The required inequality (2.23) follows now from (6.15), (6.10), and (6.18).

6.5 Lower bound for measures with positive density

Lemma 6.2. Let γ be the distribution in H of the random variable

η(x) =

∞∑

j=1

bjξjej(x),

where bj are real numbers satisfying condition (1.4) and ξj are independent

scalar random variables whose distributions have strictly positive, continuous

densities pj(r) with respect to the Lebesgue measure such that
∫

R
r2pj(r) dr ≤ C

for all j ≥ 1 and some constant C > 0 not depending on j. Then γ(B) > 0
for any open ball B ⊂ Hs. Moreover, for any p > s, R > 0, and r > 0 there

is ε = ε(p,R, r) > 0 such that γ(B) ≥ ε for any open ball B ⊂ Hs of radius r
centred at a point u0 ∈ Hp, ‖u0‖p ≤ R.

Proof. We recall that Hs
L and Hs⊥

L denote the closed subspaces in Hs spanned
by the vectors ej, j = 1, . . . , L − 1, and ej , j ≥ L, respectively, and that PL
and QL are the orthogonal projections in5 H onto HL and H⊥

L . It is clear that
for any u0 ∈ Hs and r > 0 we have

BHs(u0, r) ⊃ BHs
L
(v0, r/

√
2) ×BHs⊥

L
(w0, r/

√
2),

where v0 = PLu
0, w0 = QLu

0, ϕ = PLη, ψ = QLη, and L ≥ 2 is an arbitrary
integer. Since ϕ and ψ are independent, we conclude that

P
{
η ∈ BHs(u0, r)

}
≥ P

{
ϕ ∈ BHs

L
(v0, r/

√
2)

}
P
{
ψ ∈ BHs⊥

L
(w0, r/

√
2)

}
. (6.19)

Let us choose an integer L ≥ 2 so large that

∥∥w0
∥∥
s
≤ r

2
√

2
,

∞∑

j=L

b2jα
s
j <

r2

8C
. (6.20)

Since D(ϕ) has a strictly positive continuous density with respect to Lebesgue
measure, we conclude that the first factor on the right-hand side of (6.19) is

5In the case s = 0, we drop the index s from the notation of the spaces Hs, Hs

L
, and Hs⊥

L
.
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positive. To estimate the second factor, note that, in view of the first inequality
in (6.20), we have

BHs⊥
L

(w0, r/
√

2) ⊃ BHs⊥
L

(r/2
√

2).

Therefore,

P
{
ψ ∈ BHs⊥

L
(w0, r/

√
2)

}
≥ P

{
‖ψ‖s ≤ r/2

√
2
}

= 1 − P
{
‖ψ‖2

s ≥ r2/8
}
. (6.21)

By the second inequality in (6.20), we have

E ‖ψ‖2
s ≤ C

∞∑

j=L

b2jα
s
j <

r2

8
.

The Chebyshev inequality now implies that the right-hand side of (6.21) is also
positive.

To prove the second assertion, it suffices to note that the integer L ≥ 2 sat-
isfying (6.20) can be chosen uniformly with respect to the set of balls described
in the statement of the lemma.
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