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Introduction

The aim of this course is to give a self-contained concise introduction to the
qualitative theory of nonlinear PDE’s with random perturbation. We consider



the parabolic equation
U_Au+g(u):f(taw)a xED, (01)

where D € R" is a bounded domain and f(¢,z) is a given function depending
on a random parameter. After studying the initial-boundary value problem
for (0.1), we show that its solutions form a family of Markov processes in the
infinite-dimensional phase space L?(D). This enables one to define an evolution
in the space of probability measures on the phase space and, in particular, to
introduce the concept of stationary measure. We next establish some a priori
estimates for the time and ensemble averages of solutions and combine them
with the Prokhorov compactness criterion to construct a stationary measure for
the equation in question. Finally, we discuss the problem of uniqueness and
mixing for Markov chains in finite-dimensional spaces.

Notation

Let (€2, F,P) be a probability space and let X be a Polish space with metric dx.
We shall use the following notation:

Bx is the Borel o-algebra on X.

P(X) is the set of probability Borel measures on X.

Cy(X) is the space of bounded continuous functions f : X — R endowed with
the norm

[flloc = sup [f(w)].
ueX

If p € P(X) and f € Cp(X), then we write

(o) = /X £(u) pdus) = /X Fw) .

If 4 € P(X), then L' (X, u) is the set of measurable functions f : X — R with
finite norm

1= [ 17l n(a).
L(X) is the space of functions f € Cp(X) such that

- [f(w) = f@)I
1flle = ||f||oo+21;12 ix(o) <

We use the following three metrics on the space P(X):

||,U/1 - /’L2Hvar ‘= Ssup |:U/1(F) - M2(F)|’

reBx

s — p2lli == sup  [(f, p1) — (f, p2)l,
I £lloe<1

1 — pollz := sup |(f, u1) — (f, p2)l-
Ifll<1

If a,b € R, then a Vb (a A b) denotes the maximum (minimum) of a and b.



1 Preliminaries

1.1 Probability spaces, random variables, distributions

Let 2 be a set with o-algebra F, i.e., a family of subsets of ) that contains 2
and satisfies the following two properties:

o if Bie Ffori=1,2,..., then ), B; € F;
o if B F,then B°=Q\ B e F.

Any pair (Q, F) possessing the above properties will be called a measurable
space.

Ezample 1.1. Let X be a Polish space and let Bx be the Borel o-algebra on X,
i.e., the minimal o-algebra generated by the open subsets of X. Then (X, Bx)
is a measurable space. In what follows, we assume that all Polish spaces are
endowed with their Borel o-algebra.

Let P be a probability measure on a measurable space (2, F), i.e., Pis a
countably additive function from F to [0,1] such that P(Q) = 1. Any such
triple (2, F,P) will be called a probability space.

Ezample 1.2. Let us consider the interval I = [0,1] endowed with the Borel
o-algebra By, and let £ be the Lebesgue measure on I. Then (I,B;,f) is a
probability space.

Let (92, F,P) be a probability space and let (X, B) be a measurable space.
Given an X-valued random variable £ (i.e., a map from Q to X such that
¢71T) € F for any T € B), we define its distribution D(£) as the image of P
under &:

D(E)(T) = P(67(1)) = P({w € Q: €(w) € T)).
Thus, the distribution of £ is a probability measure on (X, B). The space of all
probability measures on a measurable space (X, B) will be denoted by P(X).

Ezercise 1.3. Let (X, B) be a measurable space and let u € P(X). Show that
there is an X-valued random variable whose distribution coincides with p.

Solution. Let us set Q = X, F = B, P = p and consider a random variable
defined by the formula £(w) = w. Then, for any I" € B, we have

P{¢ €T} = Plw e I} = u(I),
and therefore D(§) = p. O

A random variable £ : 2 — X is said to be simple if takes on finitely many
values. If X is a separable Banach space, then ¢ is said to be integrable if

/Q €)1 x B(dw) < . (11)

Exercise 1.4. Let £ : 2 — X be an integrable random variable.



(i)* Show that there is a sequence of simple random variables & : @ — X such
that

/Q I€(w) — &k (w)||x P(dw) — 0 as k — oo. (1.2)

(ii) Show that if & : @ — X is a sequence of simple random variables satisfy-
ing (1.1), then the limit

lim /ng(w) P(dw) (1.3)

k—o0

exists and does not depend on {&}.

If £ : Q — X is an integrable random variable, then the limit (1.3) is called
the integral of & over ) and is denoted by

Efz/ﬂf(w)]}”(dw).

1.2 Independence, product of probability spaces

Let (Q, F,P) be a probability space, let A be a set of indices, and let F,, C F,
a € A, be a family of sub-o-algebras in 2.

Definition 1.5. The family {F,,« € A} is said to be independent if for any
finite set of indices aq,...,a, € A and any B; € F,,, i =1,...,n, we have

IP)(Bl e Bn) = P(Bl) T P(Bn)'

Let (X4, Ba), @ € A, be a family of measurable spaces and let £, be some
X4-valued random variables defined on the same probability space (2, F,P).
Let us denote by F, = 0(&,) the o-algebra generated by &,, i.e., the family of
sets B € F that can be represented in the form £, !(T') for some I' € B,,.

Definition 1.6. The family {¢,,a € A} is said to be independent if the cor-
responding family of o-algebras {F,,a € A} is independent, i.e., for any finite
set of indices a1,...,a, € Aand any I'; € B,,, i =1,...,n, we have

P{la, €T1,. . ba, €Tn} = [[P{€a, €T}

=1

Ezercise 1.7. Show that a family of random variables {&,, « € A} is independent
iff for any finite set of indices a1,...,a, € A and any bounded measurable
functions f; : X, = R, i =1,...,n, we have

E{f[lfi@m)} - f[lzafi(fai» (1.4

Hint: Begin with the case of simple functions.



We now describe a simple way for constructing independent random vari-
ables. Let (4, Fa,Pa), a € A, be a family of probability spaces. Define the
product space

Q= HQa:{w:(wa,aeA):waeQaforanya}
acA

and denote by F the product o-algebra, i.e., the minimal o-algebra generated
by the sets of the form

Ba,,..oan = {(wa,a €A):wy €B1,... Wy, € Bn}, (1.5)
where n is a finite integer and B; € F,, fori =1,...,n.

Theorem 1.8. There is a unique probability measure on (2, F) such that
P(Ba,....an) = HIP’OH (B;) for any set Ba, ... a,- (1.6)
i=1

Proof. The uniqueness is based on the technique of monotone classes, and we
first recall the corresponding result, which will be useful in many other situa-
tions.

Step 1: Monotone classes. Let € be a set and let M be a family of subsets
of . We shall say that M is a monotone class if it contains 2 and possesses
the following properties:

e if A, Be Mand ANB =&, then AUB € M,
e if ABe Mand AC B, then B\ A€ M;
o if Aje Mfori=1,2...,and Ay C Ay C ---, then |J; 4; € M.

It is clear that any o-algebra is a monotone class, but not vice versa. The
following lemma gives a sufficient condition ensuring that the minimal monotone
class generated by a family of subsets coincides with the minimal o-algebra.

Lemma 1.9. Let C be a family of subsets of Q0 such that for any A, B € C we
have AN B € C. Then the minimal monotone class containing C coincides with
the minimal o-algebra generated by C.

Proof. Tt suffices to show that the minimal monotone class M containing C is a
o-algebra. This will be established if we prove that the intersection of any two
sets in M is also an element of M.

Let us fix an arbitrary A € C and set

Ma={BeM:ANB e M}.

It is clear that M4 is a monotone class and M4 D C. Therefore, by the
definition of M, we must have M4 D M. We have thus shown that, for any
A € C and B € M, the intersection A N B belongs to M.

We now fix A € M and consider the family M 4. Repeating literally the
above argument, we can show that M4 D M. This completes the proof of the
lemma. U



Step 2: Uniqueness of product measure. To prove the uniqueness, we suppose
that there are two probability measures P and P’ satisfying (1.6) and introduce
the family

M={AeF:PA) ="P(A))}
It is easy to verify that M is a monotone class. Moreover, by assumption, it
contains the family C of sets of the form (1.5). Since C satisfies the condition
of Lemma 1.9, we conclude that M coincide with the o-algebra F. Thus, the
measures P and P’ are equal.

To prove the existence, we first show that the function P defined by for-
mula (1.6) on the family C is continuous from above at @ and then use the
Lebesgue extension theorem to extend it to the o-algebra F.

Step 3: Continuity of P. We claim that if {T'x} C C is a decaying sequence of
sets such that Nk Ty, = &, then P(T';) — 0 as k — oo. Without loss of generality,
we can assume that there is a sequence of indices {ax} C A and measurable
sets BE € F,,,i=1,...,k, such that

Iy ={w=(wa, € A) 1wy, € BE fori=1,... k}

We shall show that if P(I'y) > ¢ for some € > 0 and all £ > 1, then there is a
sequence b, € Q,, , m > 1, such that any element (w,,a € A) with w,,, = by
for m > 1 belongs to the intersection of I'y.

Let us set

gm(w) = lim / / Iv,(w)dP,,, - dP,,.
Qu, Qu

n—roo
m—+1

It is a matter of direct verification to show that the functions g,, are well defined
and possess the following properties:

e The function g, depends only on wqy,,...,wy,,, and supp g, C I'y,.
e For any m > 1, we have
[ omn) P, = gnle). (17)
Qf’erl
o If P(T'y) > ¢ for all k > 1, then
/ g1(w) dPq, > e. (1.8)
Quy

We now assume that P(T'y) > ¢ for all k¥ > 1 and construct the sequence by,
recursively. We shall write g, (ways---,Wa,,) instead of g, (w). It follows
from (1.8) that there is by € ,, such that g1(b1) > e. If by,....b,, are al-
ready constructed, then relation (1.7) implies that

/ Gmt1(b1, . b, Way ) APa = Gm(b1, .. D) > €.

QQWL+1



Therefore there is b1 € Qq,,., such that g,41(bi,...,bpy1) > €. Since
supp gm C Iy, we see that any point (ws,a € A) € Q with w,, = b; for
t = 1,...,m belongs to I',,,. This shows that the sequence b,, possesses the
required property.

Step 4: Extension to the o-algebra. We now define a measure on F by the
formula

P(T) = inf{i P(C;): T C D Ci, C; € c},
i=1 i=1

where I' € F, and the infimum is taken over all countable covering {C;} of T’
by sets belonging to C. Using the continuity property established in Step 3, it
can be shown that P is a o-additive measure on F (see Section 3.1 in [Dud02]
for details). O

The probability space (€, F,P) is called the product space of (Qy, Fa,Pq),
a € A. Tt follows from (1.6) that if £, are some random variables defined on 2,
then their natural extensions! to Q are independent.

Ezercise® 1.10. Let &1, ...,&, be independent X-valued random variables and
let f: X x---x X — R be a bounded measurable function of n variables. Then
Ef(&1,---,6n) =Eu, - Eu, f(§1(w1), - 6n(wn))- (1.9)

Hint: Use the technique of monotone classes (cf. Steps 1 and 2 of the proof of
Theorem 1.8).

1.3 Conditional expectation

Let (2, F,P) be a probability space and let £ be a real-valued integrable random
variable.

Proposition 1.11. For any sub-c-algebra G C F there is a G-measurable ran-
dom variable n such that

/ &(w)P(dw) :/ n(w)P(dw) for any B € G. (1.10)
B B

If 17 is another G-measurable random variable satisfying (1.10), then n(w) = f(w)
for a.e. w.

Proof. Let us consider a signed measure on (£2,G) defined by the formula

w(B) = /Bg(w)IP’(dw), Beg. (1.11)

1By the natural extension of £, to © we mean the random variable defined by the relation

€a(w) = €a(wa).



The measure p is absolutely continuous with respect to IP. Hence, by the Radon—
Nikodym theorem (see Theorem 5.5.4 in [Dud02]), there is a G-measurable func-
tion n(w) such that

w(B) = /Bn(w) P(dw) for any B € G.

Comparing this relation with (1.11), we arrive at (1.10).
If 77 is another G-measurable random variable satisfying (1.10), then

!LONW—ﬁWDPMm=ﬂ for any B € G,

whence it follows that 1 = 7 almost surely. O

Definition 1.12. The random variable 1 constructed in Proposition 1.11 is
called the conditional expectation of £ given G and is denoted by E (£]G).

Ezercise 1.13. Let (Q, F,P) be a probability space. Suppose that Q is rep-
resented as a countable union of disjoint subsets §2;, ¢ > 1, and let G be the
sub-c-algebra generated by {Q;, ¢ > 1}. Construct the conditional expectation
of a real-valued random variable £ given G.

Ezercise 1.14. Show that, if £ is G-measurable, then E (£ |G) = &, and if o(§)
and G are independent, then E (£ |G) = E¢. Furthermore, if G C G/, then

E(E(]G)]G) =E(£]Q). (1.12)

Ezercise® 1.15. Let £ and 1 be random variables defined on a probability space
(2, F,P) and valued in a Polish space X and let G C F be a o-algebra such
that £ is G-measurable and 7 is independent of G. Show that for any bounded
measurable function f: X x X — R we have

E(f(&n)G) = (Ef(z,n)],_
Hint: Use the technique of monotone classes.

1.4 Metrics on the space of probability measures

Let X be a Polish space endowed with its Borel o-algebra Bx. We denote
by Cy(X) the space of continuous functions f: X — R with finite norm

[flloo = sup | f(w)].
ueX

Since the family P(X) of probability measures on (X, Bx) is a subset in the
dual space of Cy(X), we can endow it with the dual metric

i1 = poll = sup{[(f, 1) = (s p2)] + f € Co(X), [ flloo < 1},



where, for any f € Cp(X) and p € P(X), we set

(F) = [ sntan) = [ fw)a

Let us introduce another metric on P(X).

Definition 1.16. The total variation distance between two probability mea-
sures 1 and ps is defined by the formula

111 = piz[var == sup{|p1 (L) — p2(T)] : T € B }.
Theorem 1.17. For any p1, pe € P(X), we have
11 = pell% = 2 llur — pzllvar- (1.13)

Proof. We shall need the following auxiliary assertion, which is of independent
interest.

Proposition 1.18. Let m be a positive Borel measure on X. Suppose that
w1, p2 € P(X) are absolutely continuous with respect to m. Then

s =t = 5 [ a0 = pota)l dm = 1= [ (pu A o)), (114)

where p;(u), i = 1,2, is the density of p; with respect to m.

Taking this proposition for granted, let us prove the theorem. Let m be a
finite measure satisfying the conditions of Proposition 1.18. For instance, we
can take m = p1 + p2. Using the first relation in (1.14), for any f € Cp(X) with
Iflloo <1 we derive

|(f, 1) — (s 1) < /X | £ () (pr (1) — pa(ue)) | dm < 2 [lis — pisll v

which implies that
||:U/1 - /L2H:o S 2 HMI - ,U/2||Var~

To establish the converse inequality, we set
Y={ueX:pi(u) > p2u)} (1.15)

Let us consider a function f(u) that is equal to 1 on Y and to —1 on the
complement of I'. We have

(fvﬂl)—(fauz)Z/Xf(u)(m(u)—pg(u))dm

- /X 1 (0) — po(w)| dm = 2 |1 — polhars (116

where we used the first relation in (1.14). To complete the proof of (1.13), it
suffices to choose a sequence f, € Cp(X) such that ||fn]lc < 1 for all n and

fo(u) = f(u) for m-a.e. u € X and note that (fn, 1) — (fn, p2) tends to the
left-hand side of (1.16) as n — oo. O



Ezercise® 1.19. Let X be a Polish space endowed with its Borel o-algebra and
let m be a positive finite measure on X. Show that for any bounded measur-
able function f: X — R there is a sequence of continuous functions uniformly
bounded by sup | f| that converges to f almost surely. Hint: It suffices to prove
that f can be approximated by continuous functions in the space L!(X,m); any
bounded measurable function can be approximated uniformly by bounded sim-
ple functions; the indicator function of any measurable set can be approximated
by bounded continuous functions.

Proof of Proposition 1.18. A direct verification shows that

%Imfpz\:%(p1+p2)*p,

where p = p; A p2. Integrating the above relation over X with respect to m, we
obtain the second equality in (1.14).

‘We now show that
o = e < 1— /X plu) dm. (1.17)

Let Y be the set defined by (1.15). Then, for any I' € Bx, we have

() =020 = [ (1= pyam < [ (py = paam

=/my(p1—p)dmﬁ/x(m—p)dm=1—/Xp(u)dm.

In view of the symmetry, this inequality implies (1.17).

To prove the converse inequality, we denote by Y ¢ the complement of Y and
note that p = p; on Y and p = ps on Y. It follows that

i (Y) — pa(Y) = /Y (o1 — ps) dm

_ (/}/pldm—i—/cpdm)—(/ngdm—k/cpdm)
i (/Y/pldm/cmdm) ([ [ oan)

This completes the proof of the proposition. O

In what follows, we shall need a weaker topology on P(X). Let £(X) be the
space of functions f € Cy(X) such that

._ |f(u) = f(v)]
£l = Il flloc +21;13 Taxmo) < 00,

where dx is the metric on X. For any pui, pus € P(X), we set
1 = a2z = sup{|(f, 1) = (f,p2)|  f € LX), [|flle < 1} (1.18)

10



Ezercise® 1.20. Show that |[x1 — pal|; defines a metric on P(X). Hint: The
triangle inequality is obvious; to prove that p; = po if ||u1 — pe|z = 0, it
suffices to show that i (F) = ps(F) for any closed set F' C X; to this end, find
a sequence f € L(X) converging to the indicator function of F.

The following theorem is of fundamental importance. Its proof can be found
in [Dud02] (see Theorem 11.3.3 and Corollary 11.5.5).

Theorem 1.21. (i) The set P(X) is a complete metric space with respect
to || - [

(ii) A sequence {pn} C P(X) converges to p € P(X) in the metric || - ||} if
and only if

(fspn) = (fip)  asn— oo for any f € Cyp(X).

2 Randomly forced parabolic equations
In this section, we consider the problem

4 — Au+g(u) = h(z) +n(t,z), zeD, (2.1)

ul,,, =0. (2.2)
Here D C R" is a bounded domain with boundary 0D € C?, A is the Laplace
operator, g € C*(R) is a real-valued function, h € L?(D), and 7 is a random
process of the form

o0
nt,) =3 me(@)d(t — k), (2.3)
k=1
where §(t) is the Dirac measure concentrated at zero and {7} is a sequence
of independent identically distributed (i.i.d.) random variables in L?(D). We
shall show that the initial value problem for (2.1) — (2.3) is well posed and that
the restrictions of its solutions to integer times form a homogeneous family of
Markov chains.

Here is the plan of this section. In § 2.1, we have compiled some properties of
Sobolev spaces. Section 2.2 is devoted to studying the problem (2.1), (2.2) with
n = 0. In particular, we establish global existence of solutions and derive some
a priori estimates. In §2.3, we turn to the problem (2.1) — (2.3) and prove the
Markov property for its solutions. We also introduce the corresponding Markov
semigroups and establish their basic properties. Finally, in §2.4, we prove the
strong Markov property.

2.1 Some properties of Sobolev spaces

Let D C R™ be a bounded domain with smooth boundary 0D and let s > 0 be
an integer. Recall that the Sobolev space H*(D) is defined as the set of func-
tions u € L?(D) such that %u € L?*(D) for any multi-index o = (a, ..., )

11



of length |a| = oy 4+ -+ + a, < s. The space H*(D) is endowed with the norm

1/2
el ey = ( ) |a“u||2) ,

laf<s

where || - || stands for the norm in L?(D).

Let C*(D) be the space of s times continuously differentiable functions on D
whose derivatives up to the order s admit a continuous extension to D. The
aim of the following exercise is to show that, for the elements of H*(D), one
can define their restriction to the boundary 9D.

Exercise 2.1. (i) Show that if 9D € C*, then C*(D) is dense in H*(D).

(ii) Let v : C*(D) — C(0D) be the operator that takes each function u(z) to
its restriction to the boundary 0D. Show that there is a constant C' > 0
such that

Ivull2opy < Cllullgrpy for all w € HY(D). (2.4)
Combine inequality (2.4) with (i) to prove that v can be extended by
continuity to an operator from H(D) to L*(0D).
We now set
Hy(D) = {ue H' (D) : u|,, = 0}.
The following exercise establishes the Friedrichs inequality, which shows that

the L? norm of any function v € H}(D) is bounded by the L? norm of its
gradient and therefore the latter defines an equivalent norm on Hg (D).

Exercise 2.2. Show that the constant
o= inf{||Vu|?* : w € Hy(D), ||lul| = 1} (2.5)
is positive. Use this fact to prove the Friedrichs inequality:
Hu||§{1(D) < (1+a ') [|Vul* for any u € H}(D). (2.6)

Finally, let us define H~!(D) as the dual space of H}(D), i.e., the space of
continuous linear functionals ¢ : H} (D) — R endowed with the norm

1]l -1 (py = sup [£(u)],

where the supremum is taken over all u € Hg (D) such that |juf g1 (py < 1.

Ezercise 2.3. (i) Show that H~!(D) is included in the space of distributions
on D and that a distribution ¢ belongs to H~'(D) iff there is a con-
stant C' > 0 such that

()| < Cllellgrpy for all p € C5(D).

(ii) Show that the operator A is continuous from Hg (D) to H~!(D) and has
a continuous inverse A~!,

(iii)* Show that if 9D € C?, then the operator A™! is continuous from L?(D)
to H%(D). Hint: see Theorem 8.12 in [GTO1].

12



2.2 Well-posedness and a priori estimates for parabolic
equations

Let us consider the following problem in a bounded domain D C R"™ with
boundary 0D € C?:

4 — Au+ g(u) = h(z), (2.7)
ulyp =0,
u(0, ) = up(x).
We assume that the function g € C*(R) satisfies the condition

K :=sup ¢’ (u)| < oo. (2.10)
u€R

For any T > 0, let us set
X = C(0,T; L*(D)) N L*(0,T; HX (D)),
Yr = C(0,T; Hy(D)) N L*(0,T; H(D)),

and denote by X the space of functions u(¢, ) on Ry x D whose restriction to
[0,T] x D belongs to Xp for any T > 0.

Theorem 2.4. Suppose that (2.10) is satisfied. Then for any ug,h € L*(D)
the following assertions hold.

Existence and uniqueness: There is a unique function u € X that satisfies
Eq. (2.7) fort > 0, x € D ‘in the sense of distributions and the initial con-
dition (2.9). Moreover, the operator S; that takes the pair (ug,h) to u(t,-)
is uniformly Lipschitz from L*(D) x L?(D) to L*(D) for any fived t > 0.

Regularity : For any T > 0, the function u(t,x) satisfies the inclusions
i€ L*(0,T; H Y (D)), t7u€Yr. (2.11)

Moreover, the operator S; is uniformly Lipschitz from L*(D) x L*(D)
to H} (D) for any fized t > 0.

Boundedness: Suppose that

L:= sgg(—g(u)u) < 0. (2.12)

Then
u(t, )| t u(s,)||?ds = 2L vo t u(s,-))ds .
[Ju(t, ) +2/0 [Vu(s,-)[|*ds = 2L l(D)t+2/0(h, (s,-))ds, (2.13)

wheret > 0, and (-, -) stands for the scalar product in L*(D). In particular,
we have the estimate

lut, )II* < ™ fuol* +C2, >0, (2.14)
where C? = a=2(2Lavol(D) + ||h]?).

13



The proof of this theorem is based on the following lemma, which is of
independent interest. Let us consider the linear equation

w—Au= f(t,z), =x€D. (2.15)

Lemma 2.5. Let T > 0. Then for any ug € L*(D) and f € L*(0,T; L*(D))
there is a unique function w € Xp that satisfies (2.15) fort € (0,T), x € D in the

sense of distributions and the initial condition (2.9). Moreover, the assertions
below hold.

Duhamel representation: Let Ap be the Laplace operator in L*(D) regarded
as an unbounded operator with the domain D = H?*(D)N H}(D). Then

t
u(t, ) = e®Puy +/ =920 (5 .)ds, 0<t<T, (2.16)
0
where {etAP t > 0} is the semigroup generated by Ap.
Energy identity: For 0 <t < T, we have

t
0

nme+zA|wmwm%s=mmﬁ+2/<ﬂ@m@»w. (2.17)

A priori estimates: The following estimate holds for 0 <t <T':

nwwW+2A|VM@2@s2wﬂ2+@[;f@W@). (2.18)

Furthermore, if h € L?(0,T, L*(D)), then

t t 2 t
\Y% 2 A 2ds < 2 2( d) 2ds,
muwH+Asnwm|wan+ Anws +Adm@;

and the solution u(t,x) satisfies inclusions (2.11).

Proof. We only outline the proof, which is divided into several steps. We shall
need the concept of an analytic semigroup and a sectorial operator (see Sec-
tion 1.3 in [Hen81]).

Step 1: Semigroup e*»P. Let us show that the operator Ap generates an
analytic semigroup in L?(D). To this end, it suffices to prove that Ap is a
sectorial operator (see Theorem 1.3.4 in [Hen81]). This fact will be established
if we show that it is a negative self-adjoint operator.

It is a matter of direct verification to show that Ap is symmetric and that

(Apu,u) = —/ |Vu|?’de <0 for any u € D.
D
Therefore, by the corollary of Theorem 1 in [Yos95, Section VIIL.3], to prove

that the operator Ap is self-adjoint, it suffices to show that its range coincides
with L?(D). This is a straightforward consequence of Exercise 2.3 (iii).
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Step 2: Fxistence. To prove existence of a solution, we first assume that uy €
D and f € C(0,T;D). In this case, well-known properties of the semigroup e~
(see [Hen81, Theorem 1.3.4]) imply that formula (2.16) defines a function

u € C(0,T;D)NC*0,T; L*(D)) (2.20)

that satisfies Eq. (2.15) and the initial condition (2.9). To construct a solution
in the general case, we consider arbitrary sequences ugr, € D and f;, € C(0,T;D)
that converge to ug and f in the spaces L?(D) and L*(0,T; L?(D)), respectively.
Using inequality (2.18) for solutions satisfying (2.20) (its proof is given below),
we can show that the corresponding functions ug (¢, z) converges in X7, and the
limiting function is a solution of problem (2.15), (2.9). The above argument
also implies the Duhamel representation (2.16).

Step 3: Uniqueness. To prove uniqueness, we assume that u € Xr is a
solution of problem (2.15), (2.9) with ug = 0 and f = 0. Let us fix an arbitrary
7 € (0, 7] and consider the dual problem

v+Av=0 0<t<m, (2.21)
U(T’m):::@(x)a (2'22)

where ¢ € C§°(D) is an arbitrary function. Repeating the argument in Step 2, it
can be shown that problem (2.21), (2.22) has a solution v(¢, x) satisfying (2.20)

with T = 7. We have
d . .
a(u(t),v(t)) = (4,v) + (u,v) =0,

and since u(0) = 0, we conclude that (u(7),¢) = 0 for any ¢ € C§°(D) and
7 € (0,T]. Thus, we see that u = 0.

Step 4: Estimates and regularity. We first assume that f € C(0,T,D)
and ug € D. In this case, the solution satisfies (2.20). Multiplying Eq. (2.15)
by 2u and integrating in x € D, we obtain

d 2 2
S @I + 2 Vu@)” = 2(£(), u(t)).

Integrating this equation in time, we derive the energy identity (2.17).
To prove (2.18), we replace t by 7 in (2.17) and take the supremum of both
sides with respect to 7 €]0,¢]. This results in

sup () +2 [ 19u(s)|Pds) < ol +2( sup ) [ 17l s

0<r<t
This implies inequality (2.18).

Finally, to prove (2.19), we multiply Eq. (2.15) by —2tAu and integrate
in x € D. After some simple transformations, we obtain

%(t IVu)l?) + 2t [Au®)|* = [IVu@)[* — 2t(£(t), Au(t)).
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Noting that |2¢(f, Au)| < t||f||* + t|| Au||?, integrating in time and using (2.18),
we arrive at (2.19).

To prove the required assertions in the general case, we use a standard
limiting argument. For instance, let us establish inequality (2.19) and the sec-
ond inclusion in (2.11). We choose sequences ugr, € D and f;, € C(0,T,D)
that converge to up and f in the spaces L*(D) and L?*(0,T, L*(D)), respec-
tively. Let ug (¢, ) be the corresponding solutions. Applying inequalities (2.18)
and (2.19) to ug — u,, and using the continuity of A5' : L?(D) — H?*(D) ,
we see that {uy} and {¢tZu;} are Cauchy sequences in the spaces Xy and Y7,
respectively. It follows that the limiting function satisfies the second inclusion
in (2.11) and that we can pass to the limit as kK — oo in inequality (2.19) with
u = ug. The proof of the lemma is complete. O

Proof of Theorem 2.4. The proof is divided into four steps.

Step 1: Ezistence. We shall use the contraction mapping principle to con-
struct a solution. Namely, let us fix an arbitrary 7' > 0 and endow the space X
with the norm

—At 2 ! 2 1/2
fulle = sup_ e (Ju(o)]* +2 [ [Va(s) Pds)
0<t<T 0

where A > 0 is a large parameter and will be chosen later. Consider a mapping
F: Xr — Xr that takes each function v € Xr to the solution of the problem

i —Au=h(z)—gw), u0,x)=mup(x).

It is clear that u € Xr is a solution of the problem (2.7) — (2.9) if and only
if it is a fixed point of F. We claim that F' is a contraction for sufficiently
large A > 0. Indeed, if v; € Xp, i = 1,2, and u; = F(v;), then the difference
u = uy; —ug € Xy satisfies Eq. (2.15) with f(¢,z) = g(v2) — g(v1) and vanishes
at t = 0. Therefore, by (2.18), we have

I1700) = Pl <2 sup (e [ a(wn () = oa(s)) ds)

<2 sup (e_M/ e |log — va| xp ds)
0

0<t<T
S ZK)\_1||U1 - 'UQ”XT. (223)

Thus, if A > 2K, then the mapping F' is a contraction in X7 and has a unique
fixed point. Since T' > 0 is an arbitrary constant, we conclude that there is a
solution u € X.

Step 2: Uniqueness and Lipschitz property. Let ug;, h; € L?(D) for i = 1,2
and let u; = S¢(ugi, hi). Then, for any T' > 0, the difference u = u; — ug € Xp
is a solution of the problem

i — Au=h(z) — (g(ur) — g(uz)), u(0,z) = up(x), (2.24)
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where h = h; — he and ugp = ug1 — ug2. Repeating the argument used in the
proof of (2.23), we can show that

t
Jur = sy < VEJuoll 42 sup (e [ (Al + XK un ~ |y ds)
0<t<T 0
< V2|uo|| + 2 (JIll + KA fur — usll . )-
Choosing A = 4K, we conclude that
[ur (£) — ua(8)]| < 2v2 X (luor — woa|| + T ||y — hall), 0<t<T. (2.25)

This inequality implies the uniqueness of solution and the Lipschitz property of
the operator S;.

Step 3: Regularity. To prove (2.11), we note that u(t,x) is a solution of
the problem (2.15), (2.9), where f = h — g(u) € L?(0,T;L?(D)). Hence, by
Lemma 2.5, inclusions (2.11) hold.

We now use inequality (2.19) to establish the Lipschitz property of S;.
Retaining the notation of Step 2, we recall that the difference v = u; — us
is the solution of the problem (2.24). Therefore, have inequality (2.19) with
f=h—(g(u1)—g(uz)). Applying the Cauchy inequality to estimate the second
term on the right-hand side of (2.19), we derive

t 1/2
VEIVu(t)] < fluoll + (3t [ s ->||2ds)

t 1/2
< ol + VBl + (3¢ [ o) = g(ua) s
0

< |+ VBE[H] + V3K sup ffus(s) = ua(s)]|
0<s<t

Combining this with (2.25), we obtain the inequality
IV (ua(t) = ua (8] < Cr(t72 luor — uoz|| + |ha — hall), 0<t<T,

which implies that Sy: L?(D) x L?(D) — Hg (D) is uniformly Lipschitz contin-
uous.

Step 4: Boundedness. Recall that u(t, z) is a solution of the problem (2.15),
(2.9) with where f = h — g(u) € L?(0,T;L*(D)). Applying the energy iden-
tity (2.17), we derive

lu(®)II* + 2/0 IVu(s)||*ds = [luol® + 2/0 (h = g(u), u) ds.

Taking into account condition (2.12), we obtain (2.13).
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Using the Cauchy and Friedrichs inequalities (see Exercise 2.2) to estimate
the second term on the right-hand side of (2.13), we obtain

e+ 2 [ s s < 28 v0l(D) 42 [ s, )l s
< 2Lvol(D)t +a 't ||h||* + oz/ot l|lu(s,-)||*ds,
whence it follows that
llu(t,)|I* + oz/ot |u(s, )||?ds < (2Lvol(D) 4+ a~*||h|?) ¢.

Application of the Gronwall inequality now results in (2.14). The proof of
Theorem 2.4 is complete. O

We now consider the problem (2.1) — (2.3), where {n;} is a sequence of
functions in L?(D). As before, we assume that D C R" is a bounded domain
with C? boundary, g(u) is a continuously differentiable function with bounded
derivative, and h € L?(D).

Definition 2.6. A function u(t, z) defined for t > 0, € D is called a solution
of (2.1) - (2.3) if the following two properties hold for any integer k > 1.

(i) The restriction of w(t,z) to the interval I := [k — 1,k) belongs to the
space C (I, L*>(D)) N L*(Iy, H}(D)) and satisfies Eq. (2.7).

(ii) There is a limit lim wu(t,-) = u;, and ux = uy, + 1k, where up = u(k,-)
t—k~

(see Figure 1).

&t
us
Ug

772 773
U2

0 1 2 3 t

Figure 1: Evolution defined by Equations (2.1) — (2.2)

Let us fix an arbitrary function ug € L?(D) and consider the initial-boundary
value problem (2.1) — (2.3), (2.9). Recall that we denote by S¢(ug, k) the resolv-
ing operator for (2.7) — (2.9) and set S(ug) = S1(up, k). Thus, S is a continuous
operator in L?(D).
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Theorem 2.7. Suppose that the conditions of Theorem 2.4 are satisfied. Then,
for any ug € L*(D), the problem (2.1) —(2.3), (2.9) has a unique solution u(t, z)
in the sense of Definition 2.6. Moreover, for any integer k > 1, we have

u, = S(up—1) + k- (2.26)

Proof. For integer values of t, we define u(t,x) inductively by relation (2.26),
and, for t € [k, k + 1), we set u(t,-) = Si—(ug). The resulting function is the
unique solution of the problem in question. O

2.3 Markov chain associated with the problem (2.1) — (2.3)

From now on, we shall study the discrete-time random dynamical system (RDS)
U = S(ukfl) + Nk, (2.27)
ug = u, (2.28)

where {7} is a sequence of independent identically distributed (i.i.d.) random
variables valued in the space H = L?(D) and u = u(x) is an initial (random)
function. We shall sometimes write ux(u) to indicate the dependence of the
trajectory on the initial function wu.

Theorem 2.8. Let {ur} be a sequence defined by (2.27), (2.28), where u is
an H-valued random variable independent of {ni,k > 1}. Then it satisfies the
Markov property. Namely, for any integers k,n > 0 and any bounded measurable
function f: H — R, we have

E (f(uktn) | Fi) = (B f(un(v)) |,_,, - (2.29)

where Fy, is the o-algebra generated® by 01, ..., N, and u, and the equality holds
almost surely.

Proof. We shall write up(u) = ur(u;n1,...,m,) to indicate the dependence of
the trajectory of (2.27), (2.28) on the random variables {n,,}. We have

uk+n(u§7717 cee »ﬂk+n) = un(uk(u)§77k+17 cee J}k+n)~

Since uy(u) is Fr-measurable and {n;, i > k+1} is independent of Fy, it follows
from the above relation and Exercise 1.15 that

E (f (i (0) | F) = (B St 0iisns oo i) |y e (2:30)

Now note that the distributions of the vectors (ng+1, ..., Nk+n) and (91, .., 1)
coincide. Therefore,

Ef(un(v;nk+17 s 77’k+n) = Ef(“n(vﬂhv s 77]71))7

where v € H is an arbitrary deterministic function. Substitution of the above
relation into the right-hand side of (2.30) completes the proof of (2.29). O

2We denote by Fo the o-algebra generated by u.
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Ezercise 2.9. In the notation of Theorem 2.8, show that, if f: H x---x H =+ R
is a bounded measurable function of n + 1 arguments, then

E(f(ukvuk+1a~'~7uk+n) |}—k) = (Ef(v,ul(v)7...,un(v))) |

v=up "

The Markov property implies two important corollaries. To formulate them,
we introduce the transition function for the RDS (2.27). Namely, for any de-
terministic function v € H and any integer k > 0, we denote by Pg(v,-) the
distribution of ug(v):

Pe(v,T) = P{up(v) €T}, T € By. (2.31)

Corollary 2.10. Let u(z) be an H-valued random variable independent of {ny}
and let p be the distribution of u. Then the distribution of ur = ug(u) is given
by the formula

D)) = [ Pulw Do) (2.32)

In particular, the measure D(uy) depends only on p (but not on the random
variable u).

Proof. Let us fix an arbitrary Borel set I' C H. In view of relation (2.29) with
f(z) = Ir(z), we have

Efp(uk) = E {E (Ip(’u,k) |f0)} = E{(E Ip(uk(’l)))) |v:uo}'

It remains to note that E It (ug(v)) = P{ug(v) € T} = Pi(u,T). O

Corollary 2.11. The transition function Py(v,T') satisfies the Chapman—Kol-
mogorov relation. Namely, for any k,n >0, v € H, and ' € By, we have

Pk_m(v,F):/ILIPk(U,dz)Pn(z,F). (2.33)

Proof. In view of (2.29), we have

Piyn(0,T) = E It (w10 (v)) = E{E (It (up4n(v)) | Fi) }
=E{E (Ir(un(2))) |z:uk(v)} =E{P,(ux(v),1)}.

This expression coincides with the integral on the right-hand side of (2.33). O

We now introduce the Markov semigroups corresponding to the transition
function (2.31):

Pi: Cy(H) — Cy(H), B f (v) = /H Pu(v, d2) f(2),
;2 PH) - P(H), Piu(T) = /H Py (v, T)pu(dv).
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Egzercise 2.12. Show that the operators *B) and 9}, are well defined. Show also
that they form semigroups, that is, Py = Id and Bry., = Py, 0Py, and similarly
for P5. Hint: Use the Chapman-Kolmogorov relation (2.33).

Ezercise 2.13. Show that 9, and P}, are dual semigroups in the sense that

(Brf, 1) = (f,Brp) for any f € Cyp(H), p € P(H).

2.4 Strong Markov property

Let uy, be a trajectory of (2.27), (2.28). Recall that Fj, denotes the o-algebra
generated by u,n1, ..., n,. We shall assume that v is independent of {ny, k > 1}.

Definition 2.14. An integer-valued non-negative random variable 7 is called a
stopping time for the RDS (2.27), (2.28) if the event {T < k} belongs to F}, for
any k > 0.

Ezercise 2.15. (i) Show that if 7 and o are stopping times, then the random
variables 7+ o, 7 A o, and 7 V ¢ are also stopping times.

(ii) Let r > 0 a constant. Show that the random variable
Tu(r) = min{k > 0 : ||ug(v)|| < r}

is a stopping time.

For any stopping time 7, we shall denote by F. the o-algebra of the events
I' € F such that
'n{r<k}eF foranyk>0.

Exercise 2.16. Show that if a random variable 7 is a stopping time, then it is
F--measurable.

The following theorem establishes the strong Markov property for trajecto-
ries of (2.27) (cf. Theorem 2.8).

Theorem 2.17. Let f: H — R be a bounded measurable function and let T be
an almost surely finite stopping time. Then for any integer k > 0, we have

E (f(urqr(w) | Fr) = {E f(ur(v))} |v=uT(u) almost surely.

Outline of the proof. We need to show that, for any I € F,

E (e f(ur @) = E ({E S )}, _, ) (2.34)

where Ir is the indicator function of I'. To prove (2.34), let us note that

Ir = Zfrm{rzn}- (2.35)
n=0
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Since T',, := T'N {7 = n} belongs to F,, the Markov property implies that
E (Ian(UT+k(U))) =E (Il“n,f(un+k(“)))
=E (Ir, E{f (un+x(u)) | Fn})
—]E(IF {Ef('LLk }|’U u”(u))
Combining this relation with (2.35), we obtain (2.34). O
Ezercise 2.18. (i) Fill the missing details of the proof.

(ii) Formulate and prove a generalisation of Theorem 2.16 in the spirit of
Exercise 2.9.

3 Qualitative properties of solutions

In this section, we show that the time and ensemble averages of the L?-norm
of any trajectory for the RDS (2.27), (2.28) is bounded, for sufficiently large k,
by a constant not depending on the initial condition. We also introduce the
concept of a stationary measure and prove its existence.

3.1 Stabilisation of the time and ensemble averages

Recall that we set H = L?(D). In what follows, we shall need the following
inequality for S, which is a straightforward consequence of (2.14):

IS()]* < ¢®|lull® + C*, (3.1)

where v € H is an arbitrary function and ¢ =e~2 < 1.
Let us set m, = E|ng|?, p > 1. The following establish an upper bound for
the ensemble average of the L?-norm of trajectories.

Theorem 3.1. Suppose that the conditions of Theorem 2.4 are satisfied and
my < co. Let {ug} be defined by (2.27), (2.28), where u = u(x) is an H-valued
random variable such that E ||u|| < co. Then

Ellur|l < ¢"EJlull + 5, k> 1. (3.2)

Proof. We note that
Eflukll < E[S(ur—1)[l + E[[nell < ¢ [lug—1][ +m1 + C,
where we used (3.1). Iteration of this inequality results in (3.2). O

For any trajectory {ug} of the RDS (2.27) and any integer k > 1, we set
Lk
(P = e 3
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Theorem 3.2. Suppose the conditions of Theorem 2.4 are satisfied and {uy} is
defined by (2.27), (2.28), where i, k > 1, are H-valued i.i.d. random variables
and u = u(z) is a random function in H independent of {ni,k > 1}. Assume
that

m, <oo, Elu||’ <oco forallp>1.

Then there is a constant M > 0 not depending on u and an integer-valued
random variable T,, > 1 such that

(lwl>¥ < M for k > T., (3.3)
ET! < oo forallqg> 1. (3.4)

Proof. Let us fix an arbitrary ¢ > 0. It follows from (3.1) and the Cauchy
inequality that

lell® = 118 Cu—1)I* + [lme|1* + 2(S (w—1), )
< L+ )lS(u-n)I* + (1 +eHllml
< (14 &)@ lur—a [ + (1 + =) . (3-5)

Choosing € > 0 so small that v := (1 +¢)¢? < 1 and summing up inequali-
ties (3.5) for 1 <[ < k, we obtain

k k-1 k
Dol <y Y el + (e D Ml
=1 1=0 =1

whence it follows that

k
o _ allull? b
(luf*)7 < ot bms + % ;:1 &, (3.6)
where we set
Y 14¢ 9
a 1— ,}/7 5(1 — 7)7 El ||77l|| my

We now need the following lemma, whose proof is given below.

Lemma 3.3. Let &, [ > 1, be i.i.d scalar random variables such that E§ = 0
and E |§|P < oo for any p > 1. Then there is a random integer T > 1 such that

k

1

- Y a1 fork>T, (3.7)
=1

ETY <oo forallq>1. (3.8)

Let us set
M =bmy+1)+1, T,=TV (aul?).

Using (3.6) — (3.8) it is not difficult to verify that the required inequalities (3.3)
and (3.4) hold. O
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Proof of Lemma 3.8. Step 1. We first show that
k

>
1=1

where Cp, > 0 is a constant not depending on k. Indeed, since the mean value
of & is zero, using the Holder inequality, we derive

Mi(p)=E > & &, <cp > E|&H & |
l

15-5l2p mi,S;

<o X (Bl )P o (Bl ) <l 510

m;,Sq

2p

Mk(p) = E

< CLE|&[*PkP  for any p > 1, (3.9)

where the second and third sums extend over all m; and s; such that 1 < m; < k,
8; >0, 81+ + 5, = 2p.
Ezercise 3.4. Justify the first and third inequalities in (3.10).

Step 2. We now set

T:min{nzlzé Slfork:Zn}.

k
D&
1=1
The definition of T implies that, for any N > 1,

0o 1 k
P{T = < Pq -
(=)< 3 P> e

k=N
where we used (3.9) with p = 2 and the Chebyshev inequality. Passing to the
limit as N — 400, we conclude that P{T = co} = 0.
Let us estimate the moments of T. Using inequality (3.9) with p = ¢ + 2,
we derive

> 1} <Y CElg R <CN,

k=N

k
&
=1

<1+ GE[GPPY Tk (k+1)7 < oc.
k=1

]E:F‘I_ZI[D{T_n}nq§1+Z]P>{]1ﬂ >1}(k+1)q
n=1 k=1

This completes the proof of the lemma. O

3.2 Existence of stationary measures

Definition 3.5. A measure ;1 € P(H) is said to be stationary for the RDS (2.27)
if Pip = p.
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Let us note that, if 4 € P(H) is a stationary measure and u(z) is a random
function in H with distribution u, then the distribution of the trajectory wuy
for (2.27), (2.28) coincides with p for any k£ > 1. This assertion is a straightfor-
ward consequence of relation (2.32) and Definition 3.5.

Theorem 3.6. Suppose that m; < co. Then the RDS (2.27) has at least one
stationary measure.

Proof. We shall apply the classical Bogolyubov-Krylov argument.

Step 1. Let ug be the trajectory of (2.27), (2.28) with u = 0 and let ug be
the distribution of u;. We set

Pj

M = 7
1=0
Suppose we have shown that the sequence {ux} is relatively compact in the
space P(H) endowed with the metric || - ||% (see (1.18)). Then there is a subse-
quence puy, and a measure p € P(H) such that pg, — pasm — 400, where —
stands for convergence with respect to the metric | - ||3. We claim that p is a
stationary measure. Indeed, for any f € L(H), we have

(£, i) = T (7 Bim,) = Tim = D (7.%Bim)
™ =0
= tim {(F) — 7 (Foo) + 2 (Fow) } = (o) (311)

Since this relation is true for any f € L(H), we conclude that Pipu = pu.
Step 2. Let us show that {uj} is relatively compact. We resort to the
following assertion due to Prokhorov (see Theorem 11.5.4 in [Dud02]).

Proposition 3.7. A family {u.} of probability Borel measures on a Polish
space is relatively compact iff for any € > 0 there is a compact subset K. such
that o (K:) > 1 —¢ for any a.

We shall show that for any € > 0 there is a compact set K. C H such that
pr(Ke) > 1 —¢ for any k > 1. This will imply that {f} is relatively compact.

Since ux = S(ug—1) + Mk, the required assertion will be established if we
prove that

P{S(ur—1) ¢ Kz} <e/2, Pl ¢ K2} <e/2. (3.12)

where K! and K? are compact sets in H. (We can take K. = K! + K2.)

Step 3. Tt follows from (3.2) that E |lug| < (my + C)(1 —¢)~* for all k > 1.
Therefore we can choose R, > 0 so large that

P{|lup—1]| > R} < RZ'E ||lug—1|| < /2. (3.13)
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Furthermore, since the embedding H} (D) C H is compact and S is Lipschitz
continuous from H to Hg (D), the image under S of any bounded set in H is
relatively compact. Hence, setting K = S(Bg(R.)), from (3.13) we derive

P{S(uk_l) ¢ K;} < ]P’{Huk_lH > RE} < 5/2.

Finally, recall that, by Ulam’s theorem, any probability Borel measure on a
Polish space is regular (see Theorem 7.1.4 in [Dud02]). Hence, if x is the distri-
bution of 7, then there is a compact set K2 C H such that x(K2) > 1 —¢/2.
This is equivalent to the second inequality in (3.12).

Ezercise 3.8. Justify the first relation in (3.11). Hint: Use assertion (i) of
Theorem 1.21.

Ezercise 3.9. Show that any stationary measure p has a finite moment, that is,

[ el < oc.
H

Hint: Use inequality (3.2) and Fatou’s lemma (see Lemma 4.3.3 in [Dud02]).

4 FErgodicity for finite-dimensional systems

In this section, we consider Markov chains with finite-dimensional phase space
and discuss the uniqueness of stationary measure and its mixing properties. We
first formulate the main result and reduce its proof to an inequality for the
semigroup *PBj. In Section 4.2, we introduce the concept of maximal coupling
and establish its existence. The maximal coupling is a key ingredient of the
proof of the above-mentioned inequality, which is given in Section 4.3.

4.1 Uniqueness of stationary measure and mixing

Let us consider the following RDS in R"™:
ug = S(uk—1) + Mk, (4.1)
Uug = u. (4.2)

Here S € C(R™,R"™) is a given function and {n} is a sequence of i.i.d. random

variables in R™ such that m; = E ||n;|| < co. As was shown in Section 2.3, the

RDS (4.1) generates a family of Markov chains in R"™, and we denote by Py (u,I")

its transition function and by ‘B and *B} the corresponding Markov semigroups.
Let P1(R™) be the set of measures A € P(R™) such that

m()) = /R ul| Ad) < 0.

Definition 4.1. We shall say that the RDS (4.1) is mixing if it has a unique
stationary measure p € P1(R™), and for any A € P1(R"),

IBEA — tellvar — 0 as k — +oo. (4.3)
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Let us assume that the above-mentioned conditions hold, and the operator S
satisfies the inequality

ISW)|| < qlul]| +C for all u € R™, (4.4)

where ¢ < 1 and C' are positive constants. The following theorem shows that if
the distribution of 7y is non-degenerate, then the RDS in question in mixing.

Theorem 4.2. Suppose that the distribution of the random variables n, has a
continuous density p with respect to the Lebesgue measure, and that p(x) > 0 for
almost all x € R™. Then the RDS (4.1) is mizing in the sense of Definition 4.1.

Proof. Step 1. Existence of a stationary measure can be established by the
Bogolyubov—Krylov argument (see the proof of Theorem 3.6). Let us show
that any stationary measure p € P(R™) belongs to P;(R™) and satisfies the
inequality
my +C
m <

() = =— p

where C' and ¢ are the constants in (4.4). Indeed, let us fix an arbitrary R > 0
and consider the function

o ull, lull € R,
fR(“){ R [ul| > R.

Since Py u = p for any k£ > 1, we have

: (4.5)

(Frot) = (P i) = (B S 1) /mfR du). (4.6)

Let us define uy, by (4.1), (4.2), where u € R™ is fixed. It follows from (4.4) that
(see the proof of (3.2))

E [lur]| < ¢"[lu]l + =£2,
and, hence,
Pfr(w) =E frur) <Elugll < ¢*r+ 52 for u <r. (4.7)

On the other hand,
PBrfr(u) < R for all u € R™. (4.8)

Combining (4.6) — (4.8), we derive

(frs 1) / PBrfr(uw)pu(du) + Bc‘l‘kfR(U)ﬂ(du)

< (¢"r + m1+0) u(Br) + Ru(By), (4.9)

where B, C R™ is the ball of radius r centred at zero. Letting k — 400 and
then r — 400 in (4.9), we obtain

(fro ) < €,
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Application of Fatou’s lemma now results in (4.5).
Step 2. To prove the uniqueness of stationary measure and convergence (4.3),
it suffices to establish the following assertion:

e For any M > 1 there is a constant v € (0,1) such that

||;’BT)\1 - ;BT)\QHVELI‘ S Y H>\1 - )\2Hvar, (410)

where A1, Aa € P1(R"™) are arbitrary measures satisfying the conditions

mA) Vm\) <M, |[IA = Xolvar > ML (4.11)

Indeed, suppose that above assertion is established. If pq, s € P(R™) are two
different stationary measures, then m(u;) < oo for ¢ = 1,2, and therefore there
is M > 0 such that (4.11) holds with A\; = p;. Applying (4.10), we arrive at
contradiction.

To prove (4.3), we fix an arbitrary measure A € P;(R"™) different from p and
set di, := || BFA — t]|var. We claim that dj, is a non-increasing sequence. Indeed,
since u is a stationary measure, in view of Theorem 1.17, we have

dy = 581}p|(f, PrA) — (f, )| = %Sl;p|(%f, P A) — (Bof, )|

< 3sup|(g, Pr_1A) — (9, 1)| = di—1, (4.12)
g

where the supremums are taken over all functions f,g € Cy(H) whose norm
does not exceed 1.

Ezercise 4.3. Show that 3, possesses the Feller property, that is, if f € C,(H),
then Py f € Cp(H). Use this fact to justify the inequality in (4.12).

Hence, it suffices to show that for any £ > 0 there is an integer & > 0 for
which dj, < e. To this end, we note that, if m(\) < M, then (see (3.2))

LN < g m()) + S,
Therefore, if M > e7! is sufficiently large, then m(P;\) < M for all k > 1
and |\ — ptllvar > M~1. Inequality (4.10) now implies that dj, < 7* as long as
di_1 > M~ It follows that there is k£ > 1 such that d, < M~! < ¢.

Step 3. To prove inequality (4.10), we first estimate the distance between
the measures PBid,, and P;d,,, where ui, us € R™ are some points. It is easy
to see that the function p,(z) = p(z — S(u)) is the density of P74, with respect
to the Lebesgue measure. Therefore, according to Proposition 1.18, we have

n

d(u1,ug) = [[P10u; — P10us [lvar = 1 */ p(u1, ug, ) dz, (4.13)

where p(u1,u2,2) = pu, () A pu,(x). Since the density p is continuous and
p(x) > 0 for almost all z € R™, we see that

min / p(uy,ug,x)de >0 for any R > 0,

u1,u2€BR
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where Brp C R”™ is the ball of radius R centred at zero. Combining this
with (4.13), we conclude that

max  d(uj,uz) <1— g, (4.14)

ui,u2€EBR
where dg > 0 is a constant.

Step 4. The proof of (4.10) is based on maximal coupling of measures.
This concept is studied in the next subsection, and the proof of the theorem is
concluded in Section 4.3. O

4.2 Maximal coupling of measures

Let X be a Polish space and let A\;, Ay € P(X).

Definition 4.4. A pair of random variables (&1, &) defined on the same prob-
ability space is called a coupling for (A1, \g) if

D(&) =M, D(&) = Ao
Let (£1,&2) be a coupling for (A1, A2). Then for any I' € Bx we have
M) = A(l) =P{& eI} = P{& €T}
= E{Ij¢, 26, (Ir(&1) — Ir(&2)) } < P{&1 # &2},

whence it follows that

P{fl 7& 52} > ||A1 - )\2||Var~
Definition 4.5. A coupling (&1, &2) for (A1, A2) is said to be mazimal if

P{&1 # &} = 1A = Aelvar-

Theorem 4.6. For any pair of measures A1, A2 € P(X), there is a maximal
coupling.

Proof. Tt § := ||A1 — Ag|lvar = 1, then any pair (£;,&2) of independent random
variables with D(&;) = A;, i = 1,2, is a maximal coupling for (A1, A2). If 6 = 0,
then A; = Ag, and for any random variable £ with distribution A\; the pair (£, €)
is a maximal coupling. Hence, we can assume that 0 < § < 1.

Let m(du) be a measure satisfying the conditions of Proposition 1.18 and let

_dN
dm

pi . p=piAp2 pi=06""(pi—p)

Direct verification shows that A; = p;dm and p = (1 —8)~'pdm are probability

measures on X. Let (q, {2, ¢, and « be independent random variables defined
on the same probability space such that

D(G) =N, D(Q)=p Pla=1}=1-4 Pla=0}=4.
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We claim that the random variables
Li=a(+(1—-a)g, i=1,2, (4.15)
form a maximal coupling for (A1, A2). Indeed, for any T’ € By, we have

P{fl EF} :P{fl S F,CVZO}‘F]P){& ela= 1}
=P{la=0}P{G e} +P{a=1}P{( €T}

=6 [ putwyam-+ [ ptu)dm = x(0).

where we used the independence of ((1, (s, (, @), the relation p; = p + §p;, and
also the fact that & = (;, ¢ = 1,2, on the set {o = 0} and & = &£ = ¢ on the
set {a = 1}. Furthermore,

P{& # &} =P{&1 # &, =0} +P{& # & =1}
=Pla=0}P{G # (2} =,

where we used again the independence of ({1, (2, (, ) and also the relation

P{C = o} = 672 / / (p1(u1) — plun)) (pauz) — pluz)) m(durym(duz) = 0.

{u1=uz2}

This completes the proof of Theorem 4.6. O

4.3 Conclusion of the proof of Theorem 4.2

Step 1. We need to prove inequality (4.10). Let us fix two measures \;, Ay €
P1(R™) satisfying (4.11) and denote by (&1,£2) their maximal coupling con-
structed in Theorem 4.6 (see (4.15)). Note that, for any Borel subset I' C R™,
we have

n

It follows that

||‘431‘/\1 - Y43*1ﬁ)‘2||veuf < Ed(fla&) =E (1{517562}05(61752))7

where d(uy,us) is defined in (4.13). By virtue of (4.15), we have & = (; on the
set {&1 # &} = {a = 0}. This implies that

[BTAL — BiAzllvar < E {L{azoy d(C1,C2)} =P{a =0} Ed((r, G2)
= HAl - /\QHVMEd(Cly C2)7 (416)

where we used the independence of («, (1,(2) and also the fact that (&1,&2) is
a maximal coupling for (A1, A2). Thus, it suffices to show that, for any two
measures A1, Ay € P1(R"™) satisfying (4.11) for some M > 1, we have

Ed(¢1,¢2) <7, (4.17)
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where v € (0,1) is a constant depending on M.
Step 2. To prove (4.17), let us fix a constant R > 0 and set

Lr={l&l V&l < R}. (4.18)
We have
Ed(¢1,¢2) = E{I{a=13d(¢1, C2) + I1a=01d(C1,C2) }
=P{a =1} Ed((1, G) + E{I{a=0} (Irx + Irg) d(&,6)}.  (4.19)

Recalling inequality (4.14), we see that

E{I{a—0}Ir,d(&1, &)} < (1 —6r)P({fa =0} NTR).
Substituting this into (4.19) and using the inequality d(uy,us2) < 1, we derive
Ed(C1,¢) <Pla=1}+P({a=0}NT%) + (1 — 6r)P({a =0} NTx)
<1-0gP({a=0}NTg). (4.20)

Furthermore, it follows from condition (4.11) and the Chebyshev inequality that,
if R = 4M?, then

P(fa=0}) =P({fa = 1}) =1 — A — Aollar < 1= M7,

P(Iy) <P{|&] > R} + P{||& > R} <2MR™! = (2M)~".
Thus, we have
P({a =0} NTg) > 1 —P({a=0}) —P(I%) > (2M)" "

Comparing this with (4.20), we arrive at the required inequality (4.17). This
completes the proof of Theorem 4.2.
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