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Abstract

We consider a class of dissipative PDE’s perturbed by an external ran-
dom force. Under the condition that the distribution of perturbation is
sufficiently non-degenerate, a strong law of large numbers (SLLN) and a
central limit theorem (CLT) for solutions are established and the corre-
sponding rates of convergence are estimated. It is also shown that the
estimates obtained are close to being optimal. The proofs are based on
the property of exponential mixing for the problem in question and some
abstract SLLN and CLT for mixing-type Markov processes.
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0 Introduction

This paper deals with a class of randomly forced PDE’s arising in mathematical
physics. To be precise, we confine ourselves in this introduction to the 2D
Navier—Stokes system perturbed by an external force white in time and smooth
in the space variables:

i—Au+ (u, Viu+ Vp=n(t,xz), divu=0, z€D. (0.1)

Here D C R? is a bounded domain with C* boundary D, u = (uy,us) is the ve-
locity field of the fluid, p is the pressure, and 7 is a random force. Equation (0.1)
is supplemented with Dirichlet boundary condition

ul,,, =0. (0.2)
Excluding the pressure, we can write the problem (0.1), (0.2) as an evolution
equation in the space H of divergence-free vector fields u € L?(D,R?) whose
normal component vanishes at 9D (see [38]):

U+ Lu + B(u,u) = n(t). (0.3)

Here L is the Stokes operator and B is a bilinear form resulting from the nonlin-
ear term in (0.1). We assume that the right-hand side 7, for which we retained
the same notation as in the original equation, is a random process of the form

n(e) = 3" bifs (0. (04)

where b; > 0 are some constants such that Zj b? < 00, {e;} is a complete set of
normalised eigenfunctions of L, and {(;} is a sequence of independent standard

Brownian motions. Assuming that
bj#0 for j=1,...,N, (0.5)

where N > 1 is sufficiently large, we obtain some estimates for the rate of
convergence in the strong law of large numbers (SLLN) and central limit theorem
(CLT) for solutions of Eq. (0.3). To this end, we establish some abstract versions
of SLLN and CLT and then apply them to the problem in question. Before giving
more detailed formulations, we discuss some earlier results in this direction and
explain the main difficulties.
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Ezponential mizing for SDE’s in R™. Let us consider the equation
uw=F(u)+w, u(t)eR" (0.6)

where F' € C'(R",R"™) and w is a standard Brownian motion in R™. Assume
that the function F' satisfies the condition

(F(u),u) < —clu|*+C for u € R",

where C' and c¢ are positive constants, (-, ) is the scalar product in R", and | - |
is the corresponding norm. In this case, it is not difficult to show that for any
v € R™ Eq. (0.6) has a unique solution u(t), t > 0, adapted to the filtration of w
and satisfying the initial condition

u(0) = v. (0.7)

The large-time asymptotics of solutions of the problem (0.6), (0.7) was stud-
ied by many authors. First results in this domain were obtained in the pa-
pers [25, 41, 26, 14]. It was shown that the family of Markov processes associ-
ated with (0.6), (0.7) has a unique stationary measure u. Moreover, the Markov
family is mixing in the sense that, for any Borel subset I' C R™ and any v € R™,

P(v,T) — p() ast— oo, (0.8)

where P;(v,I") denotes the transition function.

These results were further developed in a number of works. In particular,
it was shown in [39, 31] that the rate of convergence in (0.8) is exponential
uniformly in all Borel subsets I' C R™. In other word, for any v € R"™ we have

1P (v,T) — pil|yar < Cpe™ "t for t > 0. (0.9)

Here C, and y are positive constants, and for any probability measures 1, p2
on R™ we set

HMl - /1*2Hvar = Sll‘lp“Ll(P) - MQ(F)|’

where the supremum is taken over all Borel subsets I' C R™. Furthermore,
if v, (t) denotes the strong mixing coefficient for the solution with initial condi-
tion (0.7), then

ay(t) < Cpe™ ™ for t > 0. (0.10)

SLLN and CLT for Markov processes with strong mizing. Inequalities (0.9)
and (0.10) provide substantial information on the distribution of solutions and
can be used for studying the time and ensemble averages of various functionals
of solutions. For instance, it is a straightforward consequence of (0.9) that, for
any v € R™ and any bounded measurable function f: R™ — R satisfying the
inequality |f| < 1, we have

IE f(u(t, ) = (f.1)] < Coe™, ¢ 20, (0.11)
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where u(t,v) denotes the solution of (0.6), (0.7) and (f,u) is the mean value
of f with respect to p. Furthermore, it is well known that Markov processes
with strong mixing properties satisfy SLLN and CLT (see [31, 32, 15, 1]). Com-
bining (0.9) and (0.10) with some general results of this type, one can prove the
following two assertions:

SLLN: For any € > 0, v € R", and f € L>®(R"), there is an almost surely finite
random constant C' > 0 such that

1 t
';/ Fu(s,v))ds — (f,p)| <Ct73° fort > 1. (0.12)
0
CLT: For any f € L>(R") there is a constant oy > 0 such that

1t
%/0 fu(s,v))ds — Vt(f,p) — N(0,04) ast — 4oo, (0.13)

where N (0, 0) denotes the one-dimensional centred Gaussian distribution
with variance o, and the convergence holds in the sense of distribution.
Moreover, the rate of convergence of the corresponding distribution func-
tions is ¢~2.

We emphasize that it is important in the above CLT that the strong mixing
coefficient a, (t) decays sufficiently fast (see [32] for more details).

Exponential mizing, SLLN and CLT for randomly forced PDE’s. The first
result on ergodicity for randomly forced Navier—Stokes equations was obtained
by Flandoli and Maslowski [10]. Assuming that the random perturbation is
sufficiently irregular, they established the uniqueness of stationary measure and
convergence to it in the total variation norm. Their result was refined by Fer-
rario [9]. Mattingly [28] considered the case in which the forcing is smooth and
the viscosity is sufficiently large.

The first result on uniqueness in the case of smooth right-hand side and any
positive viscosity was established by Kuksin and the author [18]. We studied
a large class of randomly forced PDE’s (including the 2D Navier—Stokes sys-
tem and complex Ginzburg-Landau equation) perturbed by a discrete forcing.
Assuming that the perturbation is sufficiently non-degenerate, we proved the
uniqueness of stationary measure and convergence to it of other solutions in the
weak* topology. E, Mattingly, Sinai [7] and Bricmont, Kupiainen, Lefevere [4]
studied later the Navier—Stokes system in the case when the space variables x
belong to the 2D torus and the right-hand side is white noise in time and trigono-
metric polynomial in . They showed that there is a unique stationary measure.
Moreover, it was proved by Bricmont et al. [4] that the above model possesses
a property of exponential mixing for the same model. Eckmann and Hairer [8]
used an infinite-dimensional version of the Malliavin calculus to study the prob-
lem of ergodicity for the real Ginzburg-Landau equation perturbed by a rough
degenerate forcing.
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Another approach for studying the problem of ergodicity for randomly forced
PDE’s was suggested in [19, 20, 29, 27, 12, 21]. It is based on the classical idea
of coupling and enables one to improve the above-mentioned results. Using the
coupling approach, Mattingly [29] gave a different proof of exponential mixing
for the 2D Navier—Stokes equation on the torus and found an explicit depen-
dence of the constants on the initial data, Masmoudi, Young [27] and Kuksin
et al. [19, 20, 16] proved exponential convergence to the stationary measure
for a class of parabolic PDE’s perturbed by a discrete forcing, and Hairer [12]
established similar results for some models in which the forcing does not act
directly on all determining modes. In [21, 22, 36], Kuksin and the author es-
tablished exponential mixing for the 2D Navier—Stokes system in the case of
bounded domain and infinite-dimensional perturbation. We refer the reader
to [5, 11, 17, 30, 37] for a more detailed account of the results obtained in this
domain.

We note that inequalities (0.9) and (0.10), in general, do not hold for sys-
tems with infinite-dimensional phase space, even if the difference between two
trajectories goes to zero exponentially fast (see Example 1.3). However, it was
shown by Kuksin [17] that the above results combined with a coupling argument
imply a SLLN and a CLT. As was mentioned above, the aim of this article is
to estimate the corresponding rates of convergence. We emphasize that known
abstract versions of SLLN and CLT for different classes of dependent random
variables do not apply to our problem, since they require that the strong mixing
coefficient decay sufficiently fast (for instance, see [1, 32]).

The following theorem is a simplified version of the main results of this paper.
MAIN THEOREM. Suppose that the non-degeneracy condition (0.5) is sat-
isfied for a sufficiently large N. Then for any uniformly Lipschitz bounded func-
tional f: H — R and any solution u(t) of Eq. (0.3) with deterministic initial
condition the following statements hold.

Strong law of large numbers: For any e > 0 there is an a.s. finite random
constant T > 1 such that

‘1 /t flu(s))ds — (f, u)‘ < constt 2 fort>T. (0.14)
t Jo

Central limit theorem: If (f,u) =0, then there is a constant o > 0 depend-
ing only on f such that, for any € > 0, we have

Sup(ﬁ(@@{% /Otf(u(s))ds < z}—@g(z)D < constt™ it fort > 1,

z€R

(0.15)
where 0, = 1 for o > 0, 0p(z) = 1A|z|, and P (2) is the centred Gaussian
distribution function with variance o.

We note that (0.14) and (0.15) remain valid for a large class of Holder con-
tinuous functionals on H with polynomial growth at infinity. Moreover, if we
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consider Eq. (0.1) on a 2D torus, similar results hold for functionals defined on a
Sobolev space H® with an arbitrarily large s, provided that the right-hand side
is sufficiently smooth. We shall not give a precise formulation and a proof of
this assertion, since they repeat almost literally the case of Dirichlet boundary
condition.

Let us also note that the rates of convergence in the Main Theorem are
close to being optimal. Indeed, one cannot take ¢ = 0 in (0.14), and therefore
our SLLN is sharp in the power scale. The rate of convergence in CLT for
dependent random variables is t’%, provided that the strong mixing coefficient
decays sufficiently fast (see [1]). If this condition is not satisfied, then the
convergence to the limiting distribution holds, in general, with a rate slower
than t_%, and it is widely believed that the threshold =1 is critical (see [33,
23, 13]). Moreover, counterexamples show that the rate t=1 cannot be achieved
in the case of martingales (see [2, 13]).

Let us briefly describe the structure of the paper. In Section 1, the main
results are presented. We consider the 2D Navier—Stokes system (0.1), (0.2),
(0.4), as well as a class of dissipative PDE’s perturbed by a random force of the
form

n(t,x) = Z e (2)d(t — k), (0.16)
k=1

where 6(t) is the Dirac measure concentrated at zero and {7} is a sequence of
independent identically distributed (i.i.d.) random variables in an appropriate
functional space. In Section 2, we establish an SLLN and a CLT for mixing-type
Markov processes. Section 3 is devoted to the proof of the main results of this
paper. In the Appendix, we have compiled some auxiliary assertions.

Acknowledgements. The author is grateful to S. B. Kuksin for stimulat-
ing discussion and to Y. Kutoyants, R. Liptser, and V. Vinogradov for useful
remarks on the bibliography.

Notation

Let H be a real Hilbert space with norm | - | and let a € (0,1] be a constant.
We shall use the following notation:

Bp(R) is the closed ball in H of radius R > 0 centred at zero;

B(H) is the Borel o-algebra in H;

P(H) is the family of probability measures on (H,B(H));

C(H) is the space of continuous functionals f: H — R;

Cy(H) is the space of bounded functionals f € C(H) endowed with the norm

[[flloo := sup [f(u)].
ueH

W is the space of increasing continuous functions w(r) > 0 defined for r > 0.
The elements of W will be called weight functions. In particular, we use the
functions vs(r) = ¢’ and wp(r) = (1 +7r)P.

For the next two definitions, we fix an arbitrary weight function w € W.
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C(H,w) is the space of continuous functionals f € C(H) such that
ol

|l 2= sup 2 Tal)

C*(H,w) is the space of continuous functionals f € C'(H) for which the follow-
ing norm is finite:

_ “ |f(u) = f(v)|
Pl = 1L S0 e ) + (o))

If f: H— Ris a B(H)-measurable functional and p € P(H), then we denote
by (f, 1) the integral of f over H with respect to p.
C;,i=1,2,..., stand for unessential positive constants.

1 Main results

1.1 Dissipative PDE’s perturbed by random kicks

Let H be a real Hilbert space with norm |- | and orthonormal base {e;} and
let S: H — H be a continuous operator such that S(0) = 0. We consider a
discrete-time random dynamical system (RDS) in H,

Uk zS(uk,l)—i—nk, (1.1)

where k£ > 1 and {n;} is a sequence of i.i.d. random variables in H. As was
explained in [18, 19], a large class of dissipative PDE’s perturbed by a random
force of the form (0.16) reduces to the RDS (1.1), and in this case S is the
time-one shift along trajectories of the unperturbed equation. We assume that
the operator S satisfies the following three conditions introduced in [18, 19]:

(A) For any R > r > 0 there are positive constants ¢ = a(R,r) < 1 and
C = C(R) and an integer ng = ng(R,r) > 1 such that

[S(u1) — S(u2)| < C(R)|ur —ug| for wi,us € Bu(R),

|S™(u)| < max{alu|,r} for u € By(R), n > no.

(B) For any compact set  C H and any bounded set B C H there is a
constant R > 0 such that the sets Ay (K, B) defined recursively by the
formulas Ao (K, B) = B and A, (K, B) = S(Ak—1(K, B))+K are contained
in the ball By (R) for all k£ > 0.

(C) For any R > 0 there is an integer N > 1 such that
}QN(S(ul) — S(uz))| < %|u1 —ug| for wy,us € By(R),

where Qp is the orthogonal projection onto the closed subspace spanned
by {e;,j > N +1}.
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We note that the above conditions are satisfied for the resolving operators of
the 2D Navier—Stokes system and the complex Ginzburg—Landau equation.

As for the random kicks 7y, we assume that they are i.i.d. random variables
in H of the form

o0
M=) bi&ne;,
j=1

where b; > 0 are some constants such that
o0
By =) b7 < oo, (1.2)
j=1

and ¢, are independent scalar random variables satisfying the following condi-
tion:

(D) For any j > 1, the random variables {;;, have the same distribution 7;(dr),
which is absolutely continuous with respect to the Lebesgue measure.
Moreover, the corresponding density p;(r) is a function of bounded total
variation, is supported by the interval [—1, 1], and satisfies the condition
f\r|§6pj(r) dr > 0 for any € > 0.

Let (ug,P,) be the family of Markov chains that is associated with the
RDS (1.1) and is parametrised by the initial condition v € H. We denote
by Py (u,I") the corresponding transition function and by B, and P the Markov
operators generated by Pj:

Pi: Cy(H) — Cy(H), P f () = /H Po(us, dv) f (),
Pi: P(H) — PH), Piu(T) = /H Pa(us, T ().

Recall that a measure p € P(H) is said to be stationary for the family (ug,P,)
if Pip = p.

It was proved in [19, 20, 27, 16] that if Hypotheses (A)—(D) are fulfilled
together with the non-degeneracy condition (0.5), where N > 1 is sufficiently
large, then the RDS (1.1) has a unique stationary measure u, which is expo-
nentially mixing in the following sense: for any « € (0, 1] and w € W there is a
constant 3 > 0 and an increasing function C(r), r > 0, such that!

B f(u) = (f, )] < CuD) | flyoe™™, k=0, (1.3)

where u € H and f € C“(H,w) are arbitrary. (See Notation in the Introduction
for the definition of the space C*(H,w).)

The following theorem establishes an SLLN for the family (ug,P,) with an
estimate of the rate of convergence.

n [19, 20, 27, 16], inequality (1.3) is proved for uniformly Lipschitz bounded functionals
on H. However, the proofs given there remain valid for any functional that is uniformly Holder
continuous on bounded subsets of H.
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Theorem 1.1. Suppose that Hypotheses (A) — (D) and the non-degeneracy
condition (0.5) are satisfied. Then for any a € (0,1] and w € W there is a
constant D > 0 such that, for any f € C*(H,w) and € € (0, %), the following
statements hold:

(i) There is a random integer K.(w) > 1 depending on f and € such that

k—1

S fw) = (f )| < DIfLKEE for k> Ko(w).

=0

(ii) For any u € H, the random integer K. is Py-a.s. finite. Moreover, for any
m > 1 there is a constant p,, and an increasing function Cp(r), r > 0,
such that

E K" < Co([ul) | £13

w,o”

We now turn to the CLT. For any function f € C%*(H,w) satisfying the
condition (f, x) =0, we set

g(u) = Z‘,ka(u), u € H.
1=0

The fact that g(u) is well defined follows from inequality (1.3). We introduce a
non-negative constant oy such that

The following relation, which can easily be verified with the help of (1.3) and the
Markov property, shows that the right-hand side of (1.4) is indeed non-negative:

k—1 2
1
2 .
Q:lmE@C—E:ﬂWO, (1.5)
k—o0 \/E 0
where E, is the expectation corresponding to the stationary measure:
Pul) = [ Pu(Duldu), T € B(H). (1.6)
H

For any o > 0, we denote by @,(r) the one-dimensional centred Gaussian dis-
tribution with variance o:

1 T
b, (r) = / e~ /20% gg.

oV 2w

Finally, for o = 0, we set

1, »>0,
o) =10, r<o
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Theorem 1.2. Suppose that Hypotheses (A) — (D) and the non-degeneracy
condition (0.5) are satisfied. Then for any o € (0,1] and w € W the following
statements hold:

(i) For any o > 0 and ¢ € (0, %) there is a function hs (r1,72) > 0 defined
on Ry xR, and increasing in both arqguments such that, for any functional
f e C*(H,w) satisfying the conditions ¢ > & and (f, ) =0, we have

sup
z€R

k—1
P, {# > S < 2} = @0, (2)| < hoc(ful, 11, )k,

where k >1 and v € H.

(ii) There is a function h(ri,r2) > 0 defined for Ry x Ry and increasing in
both arguments such that, for any functional f € C*(H,w) satisfying the
conditions oy =0 and (f, 1) =0, we have

k—1
sup ((|z| A1)|eu{rs > S < 2} —¢o<z>\) < Bl fla) K

where k >1 and v € H.

We emphasize that Theorems 1.1 and 1.2 are valid for any family of Markov
chains with bounded trajectories that is uniformly mixing in the sense of inequal-
ity (1.3), and the function C(r) entering (1.3) may grow at infinity arbitrarily
fast.

Before turning to the case of the NS system perturbed by a white noise
force, we consider an example showing that even if the operator S: H — H is
a uniform contraction, convergence to the stationary measure does not hold, in
general, in the total variation norm, and the strong mixing coefficient does not
decay to zero.

Ezample 1.3. Let H be the space of real-valued sequences u = {u;} such that

o0
ul == u? < .
j=1

We consider the following RDS in H:
uf = S(uF1) + ", (1.7)

Here S: H — H is an operator of the form S(u) = (0,p(u1), (uz),...),
where ¢ € C*(R,R), and n* = (£,0,0,...), where {&,} is a sequence i.i.d. ran-
dom variables in R whose distribution has a smooth density p(z) with respect
to the Lebesgue measure. In what follows, we assume that p has a compact
support.
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Let us take p(u) = € x(u)u, where € > 0 is a small parameter, y € C°(R),
0<x <1, x(u)=1for |ul <1 and x(u) =0 for |[u| > 2. It is matter of direct
verification to show that if 2e(1 4+ 2sup|x’|) < 1, then

[S(u) = S(v)|| < 5 lu—wv| forallu,veH.

Thus, the RDS (1.7) has a unique stationary measure p, which is exponentially
mixing in the sense that

Bef(u) = (f,w)] <C A+ ul)e ™, k>0, ueH,

where By, : Cp(H) — Cp(H) denotes the Markov semigroup associated with (1.7),
f: H — R is an arbitrary uniformly Lipschitz functional with constant < 1,
and C' and 3 are positive constants not depending on f and w. We claim that
the following two assertions hold:

(i) For any initial point v € H such that |vi| < 1, we have
|1P(v,) — pt|lvar =1 for all & > 0. (1.8)
(ii) Suppose that the support of p contains the interval [—2,2]. Then there
is a constant ¢ > 0 such that for any stationary trajectory u*, k > 0, we

have
ar >c forall k>0, (1.9)

where ay, is the strong mixing coefficient of {u*}.

Proof of (i). Let us note that, for any initial point v € H, the trajectory
of (1.7) starting from v has the form

0" = (&, p1(Er—1), - Pe—1(&1), o (v1), r(v2), - . .), (1.10)

where ¢, = @o---op (m times). It follows that the unique stationary measure p
coincides with the distribution of the random variable (&1, p1(€2), v2(&3),...).
Setting I'y, = {u € H : ug41 = ¢r(v1)}, we see from (1.10) that

Pi(v,T'y) =1 for any k > 0. (1.11)

On the other hand, the definition of ¢ implies that, for any z # 0, the set
{y € R : ¢r(y) = z} consists of at most two points. Since @r(v1) # 0 for
|v1| <1 and the distribution of &4 has a density, we conclude that

p(Tk) = P{or(€et1) = r(vi)} =0 for any k> 0. (1.12)

Relations (1.11) and (1.12) imply (1.8). O

Proof of (i). It is shown in [1] that the strong mixing coefficient can be
represented in the form

1
o = g5 [ [Bef () = (7,0 (o), (1.13)
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where the supremum is taken over all measurable functions f : H — R such
that 0 < f < 1. Let gx(v) = 0 for vy = 0 and gx(v) = 1 otherwise. In this
case, relation (1.10) implies that

Brge(v) = E gi(v*) = Ip- (pr(v1)) = In(v1),

where R* = R\ {0} and I' = {& € R: 0 < |z| < 2}. Combining this with (1.13),
we see that

on > 5 [ [Bi0u(0) = (g0 o) = 5 [ 1e@) = (gne )

Since suppp D [—2,2], the integral over R is separated from zero uniformly
ink>0. O

1.2 Navier—Stokes system perturbed by white noise

We now turn to the problem (0.3), (0.4), where the right-hand side 7 satisfies the
conditions formulated in the Introduction. Let H be the space of divergence-free
vector fields u € L?(D,R?) such that (u, V)|8D = 0, where v is the unit normal
to 0D (see [38] for details). It is well known (see [40, 6]) that the problem (0.3),
(0.4) generates a family of Markov processes (u¢, P,,) in the space H. We denote
by Pi(u,T') = P,{us € T'} the corresponding transition function and by P
and PB; the Markov operators associated with P;(u,T’). It was shown in [7, 4,
29, 21] that if

B, = Zozjb? < 00,
J

where o are the eigenvalues of the Stokes operator, and the non-degeneracy
condition (0.5) holds with a sufficiently large N > 1, then the family (u,P,) has
a unique stationary measure u € P(H), and any other solution converges to it
exponentially fast in the weak* topology. Moreover, according to Proposition 3.2
in [22], there is d > 0 such that, for any positive constants o < 1 and ¢ < d and
any functional f € C%(H,vs) (where vs(r) = e‘w), we have

|Bef (w) — (f, )] < CIf,, 0os(ul) e, >0, (1.14)

where u € H, and # and C' are positive constants depending only on « and f.
Let w € W be a weight function such that

lim w(r) e =0 for any 0 > 0. (1.15)

r——400

The following result on SLLN is an analog of Theorem 1.1 for the case of the
problem (0.3), (0.4).

Theorem 1.4. Let d > 0 be the constant mentioned above and let o € (0,1].
Suppose that (1.15) holds and that the non-degeneracy condition (0.5) is satisfied
with sufficiently large N > 1. Then there is a constant D > 0 such that the
following statements hold.
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(i) For any f € C*(H,w) and e € (0,3) there is a random variable T.(w) > 1
such that

’t‘l [ fwas— (| < DIF for 2T 119
0

(ii) For any u € H, the random variable Ty is Py,-a.s. finite. Moreover, for
any m > 1 there are constants py, > 1 and C,, > 0 such that

E I < Co (1100, +1) e?v. (1.17)

The above theorem concerns functionals f: H — R that grow at infinity
slower than €9l for any 0 > 0. A similar result takes place for functionals
f € C¥(H,vs) with sufficiently small § > 0. In this case, however, we can only
claim that (1.16) and (1.17) hold for some fixed constants € € (0, 3) and m > 0
depending on §. We shall not give a precise formulation.

We now discuss the CLT for the problem (0.3), (0.4). Let us fix an arbitrary
constant p > 0 and set w,(r) = (1 +r)P. For any f € C*(H,w,) satisfying the
condition (f, u) = 0 we introduce the function

g(u)z/:o‘Bsf(u)ds7 ue H. (1.18)

Inequality (1.14) implies that g is well defined. Furthermore, we introduce a
non-negative constant oy such that (cf. (1.4) and (1.5))

1 ¢ 2
7t =20t = tim (e [ 1w as) (1.19)

Theorem 1.5. Suppose that the non-degeneracy condition (0.5) is satisfied with
sufficiently large N > 1. Then for any a € (0,1] and p > 0 the following
statements hold:

(i) For any 6 > 0 and € € (0, %) there is a function hs(r1,72) > 0 defined
on Ry xRy and increasing in both arguments such that, for any functional
f e C¥(H,wp) satisfying the conditions oy > & and (f, ) =0, we have

sup
z€R

wheret > 1 and uw € H.

p,{t / ' flun)ds < 2} =0, ()] < hollul, If1,, ) ¢ HH, (1:20)

(ii) There is a function h(ri,7m2) > 0 defined on Ry x Ry and increasing in
both arguments such that, for any functional f € C*(H,w,) satisfying the
conditions oy =0 and (f, 1) =0, we have

sup <(|z| A1)

z€R

ru i [ ) ds <2} - 002 ) < Wal 111, )17

(1.21)
wheret > 1 and uw € H.
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2 LLN and CLT for mixing-type Markov pro-
cesses

In this section, we establish some versions of SLLN and CLT (with rates of
convergence) for Markov processes possessing a mixing property. They are used
in the next section to prove Theorems 1.4 and 1.5.

2.1 Strong law of large numbers

Let H be a real Hilbert space with norm |-|, let (us, P,,) be a family of H-valued
Markov processes, and let F; be the o-algebra generated by us, 0 < s < t.
We shall assume that, for any v € H and Py-a.e. w € 0, the trajectory us(w),
t > 0, is continuous. (In what follows, a family of Markov processes satisfying
this additional condition is said to be continuous.) Let Py(u,I") = P,{u; € '}
be the transition function for (us,P,) and let P; and P be the corresponding
Markov semi-groups (see Section 1.1).

Let us fix a constant a € (0,1] and a weight function w € W. For any
feCH,w), we set

S.(f) = / fus)ds,  si(f) = t1Si(f). (2.1)

Suppose that the Markov family in question satisfies the following two condi-
tions.

Condition 2.1. The family (u, P,,) has a unique stationary measure u € P(H),
and the mean value (f, u) of any functional f € C*(H,w) is finite. Moreover,

there is a constant p > 1/2 and a continuous function s(r), » > 0, that do not
depend on f such that

B |se(f) = (F)| < sel[u)| |2t fort>1ueH  (22)

Condition 2.2. There are constants ¢ € (0,%) and s > 0, a random time

M(w) > 1, and a continuous function 7(r), r > 0, such that, for any u € H, we
have

P {|ut(w)| < w™'(t?) for t > M} =1, (2.3)
E,M?® < 7(Jul|), (2.4)

where w™1(r) is the inverse function of w(r).

The following theorem shows that Conditions 2.1 and 2.2 imply an SLLN
with an estimate for the rate of convergence.

Theorem 2.3. Let (u¢,Py) be a family of continuous Markov processes in H
that satisfies Conditions 2.1 and 2.2 with some « € (0,1], w € W, p > 1/2,
q<1/2, and s > 0. Then there is a constant D > 0 not depending on the these
parameters such that the following statements hold.
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(i) Forany f € C*(H,w) and v € (0,2p—1) there is a random time T(w) > 1
such that

1S (f) = (£.w)| S DIl 72 for t2T(w),  (25)
where 1, = qV (ir—p”).

(ii) For any u € H, the random time T is Py-a.s. finite. Moreover, for any
¢ < s satisfying the inequality £ < v/2, we have

E.T" < 725 | flor o (ul) + 7(ul). (2.6)

w,o

We note that if w € W is bounded (and hence any functional in C*(H, w) is
bounded), then Condition 2.2 can be omitted. In this case, we should take ¢ = 0
and 7 = 0 in the formulation of the theorem; see [35] for a particular case of
this result.

Proof of Theorem 2.3. Let us fix a constant v € (0,2p — 1) and an arbitrary
function f € C*(H,w). There is no loss of generality in assuming that |f|, <1

and (f, n) = 0; the proof in the general case is similar.
Step 1. Let us set
th=n?, 6=1-— 12+—p”

and consider the events
Gn={weQ:|s, (f)] > n*‘s}, n > 1.
Using (2.2) and the Chebyshev inequality, for any v € H and n > 1 we derive

Pu(Gn) < 0P Bulse, (NP < sellul)| 12, n ™' (2.7)

w,o

Let us define m(w) as the smallest integer m > 0 such that

[V

Isi, (f)| <n % =t,7 for n>m+1. (2.8)

Inequality (2.7) and the Borel-Cantelli lemma imply that, for any v € H, the
random integer m(w) is Py-a.s. finite. Moreover, it follows from the definition
that, if m(w) > 1, then

|6, (f)] > m™°. (2.9)

We now estimate |s¢(f)| for ¢, <t < t,,+1, n > m. To this end, we note that

[56(f) = .00 (N < (71 = t000) 1Staa (DI EHSE(f) = St,a (£ (2.10)

In view of (2.8), we have

— - n - n —tn -3
(7 = taia) 1Stua (N < 5 {50, ()] < =t 2, (2.11)
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Furthermore, it follows from (2.3) that, for ¢t > M(w),

tnit tn41
CUS) S (DI < [ Ialds <67 [ () ds
t t
tnt1 thFl — patl
< t—l/ slds < AL (2.12)
t n

Since t,, = n?, there is C' > 0 such that for any r € [1,3/2] we have

b1 — 1 or—3
n n
TSC(?’Z—Fl)T Ctn+1

Combining this inequality with (2.10) — (2.12) and (2.8), for ¢, < t < tp41,
n > m(w), t > M(w), we obtain

|5t(f)| < |St( ) — Stnga (f)| + |Stn+1 (f)|
146 s
<Ot 403412 < Db
Thus, inequality (2.5) holds with T(w) = M (w) V m(w)?.
Step 2. We now prove (2.6). To this end, let us note that, for 0 < £ < v/2,
we have

2:]13> {m=n}n*< Z
s(Jul) |1 Zn_l V< 2 e(ul) | f I s (2.13)

where we used inequalities (2.7), (2.9) and the definition of m(w) and G,,. Fur-
thermore, if £ < s, then (2.4) implies that

E M" <E,M*® < 7(|ul). (2.14)

Now note that
E,T° < E,m* +E,M*.

Hence, using (2.13) and (2.14) to estimate the right-hand side of the above
inequality, we obtain (2.6). The proof of Theorem 2.3 is complete. o

Theorem 2.3 implies the following corollary, in which the rate of convergence

is arbitrarily close to %

Corollary 2.4. Let (u,Py,) be a family of continuous Markov processes in H
that satisfies Conditions 2.1 and 2.2 with some fized o € (0,1] and w € W,
arbitrary p > 1/2 and ¢ < 1/2, and s = q~'. We denote by s,, 74, and M, the
corresponding functions and random time in Conditions 2.1 and 2.2. Then the
following statements hold.
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(i) For any f € C*(H,w) and € € (0, 3) there is a random time Te(w) > 1
such that

71 () = (fom)| < DISfIE2T for 2 T(w), (2.15)
where D > 0 is the constant constructed in Theorem 2.35.

(ii) For any u € H, the random variable Ty is Py,-a.s. finite. Moreover, for
any m > 1 there is a constant p,, > 1 such that
EuT7" < pml 1305, ([ul) + 7 (). (2.16)
Proof. We fix arbitrary € € (0,3) and f € C%(H, w) and, for any w € €2, denote
by T. > 0 the smallest constant for which (2.15) is fulfilled. The definition of T
implies that assertion (i) holds. To prove (ii), we choose an integer m > 3 such
that ¢ < m~! and apply Theorem 2.3 with
1 1
pzm, q=—, s=m, v=2m+ 1.
2 m
Denoting by T'(w, m) the corresponding random variable and recalling the defi-
nition of T (w), we see that T.(w) < T(w,m) for all w € Q. In view of inequal-
ity (2.6) with £ = m, we have
EuT(,m)™ < pm |10 #p,. ([ul) + 7 (Jul),

w,o
where p,, = m(m + 1). This completes the proof of the corollary. O

In what follows, we shall need a sufficient condition for the validity of in-
equality (2.2). To this end, we introduce the following definition.

Definition 2.5. We shall say that the family (u¢,P,,) is uniformly mixing for
the class C*(H,w) if it has a unique stationary measure p € P(H) and there
are non-negative continuous functions p(r), » > 0, and ~(t), t > 0, such that

5= /0 ~(t) dt < oo, (2.17)

and, for any f € C*(H,w) and u € H, we have?

Bef(u) = (f, )] <v@®p(ul)|flyar ¢ >0 (2.18)
Note that, taking ¢t = 0 in (2.18), we derive
(L] < Clflyar [F @) < CLfL o (o(ul) +1), (2.19)

where C' > 0 is a constant not depending on f and u. The proposition below
shows that uniform mixing combined with an additional assumption on the
function p implies Condition 2.1.

2In particular, we assume that (f, 1) < oo for any f € CY(H, w).
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Proposition 2.6. Let (us,P,) be a family of continuous Markov processes that
is uniformly mizing for a class C*(H,w). Suppose that the function p in Defi-
nition 2.5 satisfies the inequality

Eup® (lus]) < o(|u|) for allt >0, u e H, (2.20)

where p > 1 is an integer and o(r), r > 0, is a continuous function. Then
Condition 2.1 holds with the above p and the function

#(r) = (2p(2p — 1)77(0)) o (r).

Proof. Let us fix an arbitrary functional f € C*(H,w). Without loss of gener-
ality, we assume that |f|, <1 and (f, ) = 0 and set

w —

L(t) = sup E.|S,. (/).

0<r<t

‘We have

Eu|Sr(f)‘2p:Eu/ Flur) - fupy,)dry - dpy,

[0,r]2P

— (2)!E, /A () S

~ (2p)E, /A ) S, gl )y,
’ (2.21)

where we set

Ap(r) ={(r1,...,rp) ER?: 0 <y <-ov <o <7},
9(81782) = f(usl)Eu(f(u52) |fsl)7 S1 S S52.

The integral on the right-hand side of (2.21) can be represented as
f(uf’l) t f(uT2p—2) dry--- dT2p—2 } dr?P—ldTQP
Ap-1(r2p-1)

/ g(rap-1, TQP){
Al(’l")
1

2(p—1
= W/A ( )9(7”2p—1v7”2p)|5r2p_1(f)| v )d7"2p—1d7”2p7
o

where the domain of integration A;(r) is taken for the variables ro,_1 and rgp.
Substituting this expression into (2.21) and applying the Holder inequality, we
obtain

p—1

EJS (DY =G /A (Bl D) Bl )

Bl

d?"gpfl d7’2p,
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where C), = 2p(2p — 1). Taking the supremum over r € [0, ], we see that

p—1

L(t) < Cy(L,(1) 7 /A (t)(Eu|g(sl,32)|p)%dsld52.

Thus, we have arrived at the inequality

@@)s(cgéﬂwmumwh@nwiwuuap- (22

We now estimate the function g(s1, s2). It follows from the Markov property
and inequality (2.18) that

B (f(usy | Fsy)| = |Bsomsy fus))] <v(s2 = s1)p(fs, Nl - (2.23)
Using inequality (2.18) with ¢ = 0, we obtain
1901, 2)] < (52 — 1) £ 10| o[, ) £l
< (0)v(s2 = 51) °([ts, ) | 17y 0

It follows from (2.20) that

1

(Eu lg(s1,52)[P) 7 <

B =

(0)y(s2 — 1) |f|12u7a (Eup® (|us, )
(0)7(s2 = s1) | £1%, o (ul)?.

Substituting this inequality into (2.22) and taking into account (2.17), we arrive
at the required estimate (2.2). O

Remark 2.7. Tt is clear that Proposition 2.6 remains valid for discrete-time
Markov processes. In what follows, we shall refer to it for both continuous and
discrete time.

2.2 Central limit theorem

In this subsection, we show that the rate of convergence in CLT for uniformly
mixing Markov processes can be expressed in terms of the conditional variance
for an associated martingale. To formulate the corresponding result, we shall
need some notation.

Let (u¢,P,) be a family of continuous Markov processes that is uniformly
mixing in the sense of Definition 2.5. As before, we denote by F; the filtration
generated by the Markov family. Let us fix u € H and an arbitrary function
f € C*(H,w) such that (f, u) =0 and set

m:lﬂ&w%nm—EMWMﬂnw (2.24)
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We claim that, for any v € H, the random variables M;, t > 0, are P,-a.s. finite
and form a zero-mean martingale. Indeed, using (2.23) we derive

[ Bt 1 £ ds < [ 5] ds 318l oolluel). ¢ =0,
0 0

where 7 is the constant in (2.17). Thus, integral (2.24) converges absolutely for
P,-a.e. w. The fact that M; is a zero-mean martingale can easily be established
by taking in (2.24) the (conditional) expectation.

For any integer k > 1, we define a conditional variance for M}y by the formula

k

V2= Eu((My = My_y)? | Fioy).
=1

Given a random variable ¢ and a non-negative constant o, we set

Fe(z) — Do (2), o >0,

As(¢2) =
(Izl A1) (Fe(z) — @o(2)), o=0,
where Fe(z) is the distribution function of ¢.
The following theorem reduces the CLT for uniformly mixing Markov fami-
lies to an LLN for the conditional variance (cf. [15, Theorem VIII.3.22]).

Theorem 2.8. Let (ut,Py,) be a family of Markov processes that is uniformly
mixing in the sense of Definition 2.5. Suppose that there is a constant a > 0
and a continuous function s(r), r > 0, such that

Eu( sup exp{p“(|ut|)}> < sx(Jul) for k>0, weH. (2.25)
telk,k+1]

Then the following statements hold:

(i) For any ¢ > 0 and ¢ € (0, %) there is a non-negative continuous function
hs(r1,72) defined on Ry x Ry and increasing in both arguments such that,
foranyo>a,q>0, and f € C(H,w) with (f,n) =0, we have

sggmo(t’%&(f), )| <75 hg(Jul, | fly0)+

+ 07411{11(1746) Eu‘ffl‘/;? o 0,2‘2‘17 (226)
where t > 1 and t is the integer part of t.

(ii) There is a non-negative continuous function h(ry,rs) defined on Ry x Ry
and increasing in both arguments such that, for any function f € C*(H,w)
with (f,p) =0 and any t > 1, we have

W=

sup| Ao (£728¢(f), 2)| <t7F h(jul, | fl,0) +17F (EVA)?.  (2.27)

z€R
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Proof. We first describe the idea of the proof. Let us fix an arbitrary functional
f € C*(H,w) and, following a well-known argument (cf. [24, 15]), represent S; =
S¢(f) in the form

o0

Sy = ij—i—/{ flug)ds — /tooEu(f(us) |]—'f;) ds —|—/0 Eu(f(us) |]—'0) ds
= M+ ¢ — g(uz) + g(uo), (2.28)

where { is the integer part of ¢, M; is defined by (2.24), and
¢
Gt = / f(us)ds, (2.29)
7
o) = [ Buflw)ds= [ posds (2.30)
0 0

It follows from (2.18) and (2.17) that the function g(w) is well defined and
satisfies the inequality

lg()l <5 p(luDlflyo weH. (2.31)

Combining (2.28), (2.31), and (2.25), it is not difficult to show that
|t*%St — f*%M£| < constt~—1 fort > 1.

Therefore, to establish (2.26) and (2.27), it suffices to estimate the rate of con-
vergence of fféMlg to a Gaussian distribution in terms of the conditional vari-
ance V;. This will be done by applying a result from [13].

The accurate proof is divided into three steps.

Step 1. Let us show that it suffices to establish inequalities (2.26) and (2.27)

with t72 9, replaced by f*%Mf. We shall need the following simple lemma,
whose proof is given in the Appendix (see Section 4.1).

Lemma 2.9. Let £ and n be real-valued random variables defined on a proba-
bility space (Q, F,P). Then for any c > 0 and € > 0 we have

sug 1A, (&,2)] < sug |As (0, 2)| +P{|€ — 0| > e} + coe, (2.32)
ze z€

where ¢, = (ov/27) 7L for 0 > 0 and co = 2.

We wish to apply Lemma 2.9 with £ = t=28, and n= f_%M,g. To this end,
we first estimate E, | — n|. Tt follows from (2.28) that

#7580 — M < (12) IS+ 1 E |G - glup) + o) (233)

Inequality (2.25) implies that the conditions of Proposition 2.6 are satisfied for
any integer p > 1. In particular, taking p = 1, we obtain

Eu|Si| < (EuS?)? < C1t2|f],, 052 (lul). (2.34)
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Using (2.17), (2.18) and the first inequality in (2.19), we derive

Eu |l S/i |[Eulf (us)l = (1f], )| ds + (If], 1)
<A p(uDlfly,0 + (Fl 1) < Cal fly aplul). (2.35)

Furthermore, inequalities (2.31) and (2.25) imply that

Eulg(us) = 9(uo)| < F1f1yoBulp(luol) + p(lug)) < Cs7 £l 05(ul).  (2.36)

Combining (2.33) — (2.36), we see that

E,|t72S, — i3 M;| <t~ %dy(|u])|f] t>1.

w,o?

Here and henceforth, we denote by d;(r), r > 0, non-negative continuous func-
tions. Applying now the Chebyshev inequality and using (2.32) with € = t i,
we see that

sup | Ag (t718y, 2)| < sup |A, (7 My, 2)| + =5 da(Jul) (1,0 +1).
z€R z€R

This implies the assertion formulated in the beginning of Step 1.

Step 2. We now prove (2.26) with t=2 S, replaced by f_%Mf. We shall need
the following proposition, which can be obtained by a slight modification of the
proof of Theorem 3.7 in [13] (see Section 4.2 of the Appendix).

Proposition 2.10. Let (0, F,P) be a probability space and let My, 0 < k < n,
be a zero-mean martingale with respect to o-algebras Fy,. Suppose that, for some
positive constants 3 and B, we have

E exp(|Mk — Mk_1|6) <B, 1<k<n. (2.37)

Then for any & > 0 and € € (0, i) there is a constant Ac(a) > 0 depending on 3
and B such that, for any q > 0, we have
2q

sup |Aa(n7%Mn, z)| < AE(FI)rf%JFE + o dapai—ta g |n71V,f - 02| , (2.38)
z€R

where o > & is an arbitrary constant and V.2 is the conditional variance:

n

V2 =Y E((My — Mig_1)*| Fr1).
k=1

Let us fix t > 1 and € € (0, i) We wish to apply Proposition 2.10 with n = #
to the zero-mean martingale M), defined by (2.24). To this end, we shall show
that condition (2.37) is satisfied with 8 = § (see (2.25)) and some constant
B = B(|f|,, ). This will imply the required inequality (2.26).

w,o
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It follows from (2.24) and the Markov property that

k

My — Mg_1 = . flus)ds + g(ug) — g(ug—1). (2.39)

Therefore, using the second inequality in (2.19) and (2.31), we obtain

[Mi = M1 < G5l f], 0 (14 sup ().
/ s€[k—1,k]

whence it follows that

exp(| My, — Mk,1|%) <Cs exp(C6|f|Z)7a) sup ]exp{p“(|u5|)},
se

\K

Inequality (2.37) follows now from (2.25).
Step 3. To prove inequality (2.27) with t=2 8, replaced by f_%M,g, it suffices
to show that

sup| Ao (k¥ My, 2)| < (k' E,VA)?, k> 1. (2.40)
z€R

It is a matter of direct verification to show that E,M? = E, V;2. Therefore,
by the Chebyshev inequality, for any z > 0 we have

=

P {2 My| > 2} < 272 By |My| < 27Uk 2 (B, V)7,
To prove (2.40), it remains to note that
|80 (k™2 My, 2)| < (|2] A 1) B { k™2 M| > |2]}.

The proof of Theorem 2.8 is complete. O

3 Proof of the main results

We shall confine ourselves to the case of the Navier—Stokes system perturbed by
the random force (0.4). The proof of the results on the discrete-time RDS (1.1)
is similar and technically much simpler.

3.1 Proof of Theorem 1.4

We wish to apply Corollary 2.4. To this end, we shall show that Conditions 2.1
and 2.2 are satisfied for any p > 1/2, ¢ < 1/2 and s = ¢!, and that we can
take

sp(r) = ape®™, T(r) = bge™”, (3.1)

where a, and b, are some positive constants. Once this claim is established,
Corollary 2.4 will imply all required assertions.
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Step 1: Checking Condition 2.1. Let us fix a constant o € (0,1] and a
weight function w € W satisfying (1.15). As was mentioned in the beginning
of Section 1.2, the Markov family (u,P,) associated to the problem (0.3), (0.4)
has a unique stationary measure p € P(H), and there are positive constants d,
C, and § such that (1.14) holds for any u € H and f € C“(H,vs) with ¢ € (0,d].
Furthermore, it is shown in [3, 34] that?

2 2
Epe?l!” < et ¢>0, weH. (32)

Here and henceforth, we denote by C; positive constants not depending on u
and t.

What has been said implies that the family (us,P,) is uniformly mixing for
the class C*(H,w) in the sense of Definition 2.5. Indeed, it follows from (1.15)
that the space C“(H, w) is continuously embedded into C*(H, vs) for any § > 0.
Hence, by (1.14), for every ¢ > 0 there is a constant As > 0 such that for any
functional f € C*(H,w) inequality (2.18) holds with

() = Ase™P, p(r) = vs(r). (3-3)

It is clear that (2.17) also holds.

We now fix an arbitrary integer p > 1 and note that the conditions of
Proposition 2.6 are satisfied. Indeed, taking § = % in (3.3) and using (3.2), we
see that

Eup? (|Jug]) = Buelml® < celll®  for t > 0.

Thus, Proposition 2.6 applies, and we conclude that Condition 2.1 is satisfied
for any p > 1/2 with the function s¢,(r) given in (3.1).

Step 2: Checking Condition 2.2. We shall show that Condition 2.2 is satisfied
for any positive constants s and ¢g. Inequality (1.15) implies that, for any ¢ > 0,
we have
w(r) < C’ge‘sr2 for all r > 0,

where Cs > 1 is a constant depending on §. It follows that
w™(r)? > 67 log(r/Cs) > (26) ' logr for r > w(0) vV C3.

Hence, the required assertion will be established if for any ¢ > 0 and s > 0 we
find a constant § > 0 such that, for any v € H, the random variable

M(w) =min{T >0 : |u(w)|* < Llogt for t > T}

is P,-a.s. finite, and

By M* < by sel”. (3.4)
To this end, let us set
Upe= sup |ul? (3.5)
telk,k+1]

3We can assume that the constant d in inequalities (1.14) and (3.2) is the same.
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and show that (cf. (3.2))
Eue’U < Coe®"*, k>0, weH, (3.6)

where v < % is a positive constant not depending on w and ¢. Indeed, it follows
from the Markov property that

EueyU"" = Eu{Eu (quk | -Fk)} =Ey (EukeyUO)' (3.7)

Now note that, applying the Holder inequality, we can show that (3.2) holds
with d replaced by any d’ € [0,d]. Combining inequalities (3.7) and (3.2) (with
d = 2v), we see that it suffices to prove (3.6) for k = 0.
As is shown in [21] (see Lemma 2.3 with T' = 1), there is a constant ¢ € (0, d]
such that
]P’u{Uo — By — |ul* > z} <e %, zeR, (3.8)

where By is defined in (1.2). Since Uy > 0, it follows that
E,e’vo = / Pu{e”UO > z} dz=1 —|—/ PU{UO >yt logz} dz
0 1

< 1+ec<Bo+\ulz>/ exp{—CIng}dZ. (3.9)

1 v

Thus, if v = §, then the right-hand side of (3.9) is equal to 1 + e2v(Bo+|ul?)
This completes the proof of (3.6).

We now prove that the random constant M is Py-a.s. finite and that (3.4)
holds. Let us fix an arbitrary ¢ > 0 and define a random integer by the formula

K(w):{mEO:ngz—%logkfork‘zm—Fl}.

Combining the Chebyshev inequality with (3.6), for 20 < qv we derive

ZPH{Uk > —1ogk} Zk*%Euquk < 036214142.

Hence, by the Borel-Cantelli lemma, we have P, {K < oo} = 1 for any u € H.
Moreover, if § > 0 is so small that 2d(s + 1) < gqv, then

E,K° = ik]? (K =k} < kau{Uk > o 1ogk}
k=1 =

_av 2
< kST By et < Cue?Ivl,

M8

>
Il
—

It remains to note that K > M for all w € €2, and therefore the above inequality
implies (3.4). The proof of Theorem 1.4 is complete.
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3.2 Proof of Theorem 1.5

We first describe the scheme of the proof. The Markov family (u¢, P,,) associated
with the NS system (0.3), (0.4) is uniformly mixing for the class C*(H, wp)
for any @ € (0,1] and p > 1. Moreover, using (3.3), it is not difficult to
prove that (2.25) is also valid. Therefore, by Theorem 2.8, inequalities (2.26)
and (2.27) hold. To obtain the required assertion, we show that

k—1

Vi = ZSO(UI), (3.10)

=0

where ¢ € C7(H,vs) for some sufficiently small v € (0,1] and 6 > 0. This will
imply that k~1V;? converges (in an appropriate sense) to the mean value (¢, 1)
as k — oo. It turns out that (p,u) = O'J%. Therefore, if oy > 0, then taking
o = oy in (2.26) and using Proposition 2.6, we prove assertion (i) of the theorem.
If o5 = 0, then a similar argument enables one to establish assertion (ii).

The accurate proof is divided into several steps.

Step 1. We first show that the family (us,P,,) is uniformly mixing and that
inequality (2.25) holds. To this end, we shall need the following lemma.

Lemma 3.1. Under the conditions of Theorem 1.5, for any o € (0,1] and p > 0
there are positive constants C', 3, and m such that

[Bef () = (F,w)] < Ce |, A+[u)™, ¢>0, (3.11)

where wy(r) = (1 4+ )P and f € C*(H,wp) is an arbitrary functional.

Inequality (3.11) is an analogue of (1.14) for Holder continuous functionals
with polynomial growth at infinity. To prove (3.11), it suffices to repeat the
scheme used in [22, Section 3] for deriving (1.14); we shall not dwell on it.

We now show that (2.25) holds for some a > 0. Indeed, in view of (3.11),
we can take p(r) = (1+7)™. Therefore, if a = L, then

sup exp(p®(|we])) < exp(1+ Uk%), k>0, (3.12)
te(k,k+1]

where the random variable Uy is defined by (3.5). Hence, using the Markov
property, we obtain (cf. (3.7))

Eu< sup exp{p“(|ut|)}) < Euexp(l—i—Uk%) =Ey(Eqy, exp(l—l—UO%)). (3.13)
telk,k+1]

Furthermore, it follows from (3.6) that
E, exp(l + UO%) < C’5ed‘"|2.

Combining this estimate with (3.13), we derive

Eu( sup exp{p“(|ut|)}> < CgEuedlu""Z, k>0, ueH. (3.14)
telk,k+1]
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Using (3.2) to estimate the right-hand side of (3.14), we obtain the required
inequality (2.25), in which s(r) = ¢’ Thus, the conditions of Theorem 2.8
are fulfilled, and statements (i) and (ii) take place.

Step 2. Our next goal is to estimate the expectations on the right-hand sides
of (2.26) and (2.27). To this end, we first establish (3.10). Namely, we shall show
that there is a functional ¢: H — R belonging C7(H,vs) for any § > 0 and a
sufficiently small v = v(d, a, p) € (0, 1] such that, for any u € H, relation (3.10)
holds P,-almost surely.

Let us recall that (see (2.39), (2.29), and (2.30))

Ml_lel:Cli—’—g(ul)_g(ulfl)v l:]-a"'vkv

where ¢, = fll—l f(us)ds. Therefore, by the Markov property, for any u € H
we have

Eu((M; — Mi—1)? | Fio1) = p(w—1) Pu-as, (3.15)

where we set i
p(u) =E,M{ =E. (¢ + g(u1) — g(uo)) (3.16)

Thus, relation (3.10) holds P,-a.s., and it remains to show that p € CV(H, vs).
We shall need the following lemma, whose proof is given in the Appendix
(see Section 4.3).

Lemma 3.2. Under the conditions of Theorem 1.5, the Markov semigroup P
associated with the problem (0.3), (0.4) possesses the following properties:

(i) For any o € (0,1], p> 0, and § > 0 there is v > 0 such that the operator
PBi: CY(H,wp) — C"(H,vs), t>0, (3.17)

is continuous, and its norm is uniformly bounded on any interval [0,T].
Moreover, if f € C*(H,wp) and (f,n) = 0, then the function g(u) de-
fined by (1.18) belongs to CV(H,vs), and its norm can be estimated by
const | f[,, -

(ii) For any a € (0,1] and sufficiently small v > 0 there are v > 0 and 6 > 0
such that the operator

B : C“(H,v,) — C"(H,vs), t2>0, (3.18)

is continuous, and its norm is uniformly bounded on any interval [0,T].
Moreover, the constants v and d can be chosen in such a way that § — 0
as v — 0.

It follows from relation (3.16) that

o(u) = Eu(¢r)? + Eug®(u1) + Eug®(uo)+
+ 2B, (¢ g(u1)) — 2Eu (¢ 9(u0)) — 2By (g(u1)g(uo)).  (3.19)
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By Lemma 3.2, for any 6 > 0 there is v € (0, 1] such that the functionals
Eug®(uo) = g°(u), Eug®(u1) = Prg*(u
Eu(guo)g(u) = g(w)Prglw),  Eu(Gig(uo)) = / S

belong to the space C7(H,vs). Furthermore, using the Markov property, we

write
E. ( / 1 f(us)d8)2 -/ 1 / B (F(ua) ) dsct
=2 /0 1 /0 P (P ) () dst,

E. (g(m)/ol f(us)d8> = /Ol‘ﬁs(f%—sg)(u) ds

Applying again Lemma 3.2, we see that these two functions are also elements
of C7(H,vs) for any 6 > 0 and sufficiently small v > 0. What has been said
implies that for any 6 > 0 there is a constant v > 0 and a non-negative increasing
function ds(r) defined for r > 0 such that

|SD|U67’Y S d5(|f|wp,a)' (320)

Step 3. We now estimate the second terms in the right-hand sides of (2.26)
and (2.27). To this end, we shall use Proposition 2.6.
Let us fix an arbitrary € > 0 and choose an integer ¢ > 1 and a constant § > 0
such that
16ge > 1, 2qd < d, (3.21)

where d > 0 is so small that (1.14) holds for § € (0, d] and inequality (3.2) is also
valid. As was shown in Step 3, we can find v € (0, 1] such that ¢ € CV(H,vs).

We claim that the conditions of the discrete analogue of Proposition 2.6 are
satisfied with @ = v, w = vs and p = ¢. Indeed, the second inequality in (3.21)
implies that § < d. Therefore, by (1.14), the family (u,P,,) is uniformly mixing
for the class C7(H,vs) in the sense of Definition 2.5, and we can take p(r) =
vs(r). Furthermore, it follows from (3.2) that (2.20) holds with o(r) = e
Hence, by Proposition 2.6 (see Remark 2.7), for any v € H and k > 1, we have

_ 2 wl? g —
Eu|k™'V2 = (o, )| < Crlol2 e ke
< Crds(|f],, o) e k7, (3.22)

where C7 > 0 does not depend on u and k, and we used inequality (3.20).
Suppose now that we have established the relation

(o, ) = 0%, (3.23)
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where o is defined in (1.19). If oy > &, then setting k = £, substituting (3.22)
and (3.23) into (2.26), and taking into account the first inequality in (3.21), w
obtain (1.20). Similarly, if o = 0, then applying the Cauchy inequality to esti-
mate the second term on the right-hand side of (2.27) and using inequality (3.22)
in which (¢, ) =0, k = £, and ¢ = 1, we get (1.21). Thus, Theorem 1.5 will be
established if we prove (3.23).

Step 4. Let us recall that E,, stands for the mean value corresponding to the
stationary measure (see (1.6)). In view of (3.16), we have

(o, 11) = B (¢ + glur) — gluo)) . (3.24)

On multiplying out the brackets, we represent the right-hand side of (3.24) as a
sum of six terms (cf. relation (3.19) with E,, replaced by E,). Let us calculate
each of them. Using the Markov property and the stationarity of u, we derive

// f(us) fug)) dsdt—2// w(f (ue) | Fs)) dsdt
) /0 /0 By (f ()P (1)) dsdlt = 2 /0 /0 (fFe_of 1) dsdt

=2 [ = Psn) ds (3.25)

Similar arguments combined with the relation

sBsg = / ms—i-tf dt = g _/ mtfdt
0 0
enable one to show that
Eug®(uo) = Eug®(u1) = (9, 1),

E,. (g(u0)g(ur)) = (6%, 1) = (4% 1) — /0 (D], ) ds
1
Eu(g_g(uo)) :A (9Bsf, 1) ds

1 1
B (Gratw) = [ (g ds = (Fg.) = [ (1= (Pt ds
0 0
Substituting these relations together with (3.25) into (3.24), we derive

(o, 1) =2(fg, 1)

Recalling the definition of o (see (1.19)), we see that this relation coincides
with (3.23). The proof of Theorem 1.5 is complete.
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4 Appendix
4.1 Proof of Lemma 2.9

We confine ourselves to the case o > 0, since the proof for o = 0 is similar. For
any € > 0 and z € R, we have

Fe(2) <P{E <z [ —nl <e} +P{lE —nl > e} < Fy(z+¢e) + P{I§ —n| > e}
It follows that
Ag(€,2) S Ag(nz+&) + Po(z + ) — Do(2) + P{|E — 1| > e}

gAg(n,z—i—e)—k%\/ﬁ—i—Pﬂf—m > el (4.1)

Interchanging the roles of £ and 7 and replacing z by z — €, we obtain

Ap(§,2) 2 Ag(n, 2z —€) — —P{lg¢ —n| > e} (4.2)

€
oV 2m
Combining (4.1) and (4.2), we derive (2.32).

4.2 Proof of Proposition 2.10

Let us fix an arbitrary € > 0. As is shown in [13] (see inequality (3.74) with

1 —
A =n"272% and p = 1228,

sup ‘Al(n*%Mn, 2)| < A. nTite 4 P{|n"'V7? — 1| > n*%”E}, (4.3)
z€R
where A, > 0 is a constant depending only on B and 3. Applying the Chebyshev
inequality to the second term on the right-hand side of (4.3), we obtain (2.38)
with o = 1.
To prove (2.38) for an arbitrary o > 0, let us note that

Ay ("2 My, 2) = Ay(n 2 My (o), 0 '2),
where we set M, (o) = M, /o. Tt follows from the estimate
1
40P

that the zero-mean martingale M, (o) satisfies inequality (2.37) with 8 and B
replaced by g and B, := Bexp(25), respectively.

Let us fix @ > 0. The constants B,, are uniformly bounded for o > 5. Hence,
by inequality (2.38) with ¢ = 1, there is A.(¢) > 0 such that

M, (0)]7 < |M,|? +

sup | A (n™2 My, 2)| = sup | Ay (n™2 M (0), 07 '2)]
z€R z€R

< A (o) i+ 4 nd019E [~V 2 (o) — 1),
where V2(0) is the conditional variance for M, (o). It remains to note that
V2(o) = 072V2. The proof is complete.
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4.3 Proof of Lemma 3.2

We shall confine ourselves to the proof of (i), since assertion (ii) can be estab-
lished using similar ideas.
Let us fix arbitrary constants o € (0,1], p > 0, 6 > 0 and a functional

f € C*(H,wp) with norm |f|, . < 1. The continuity of operator (3.17) and
uniform boundedness of its norm Wlll be established if we show that

9P f (u)| < €M, (4.4)

B f (1) = Pef (v)| < C'lu— vWebt”““'z*‘”'z% (4.5)

where u,v € H, t > 0, and ~, b, C' are some positive constants depending only
on a, p, and §. Inequality (4.4) follows immediately from (3.2). To prove (4.5),
let us denote by u; and vy the solutions of the problem (0.3), (0.4) that corre-
spond to the initial functions u and v, respectively. Then the difference u; — vy
satisfies the inequality (see [38])

t
lug — o] < [u— vl exp(Cl/ ||us||2ds), t>0, (4.6)
0

where || - || denotes the H! norm. Now note that, for any v € (0, a], we have
| F(ue) = £(ve)| < Jur = ve]* (wp (Jue]) + wp(Jve]))
< Calug — v (1 + Jue] + Joe])*F
Combining (4.6) and (4.7), we derive
|Y'Btf(u) - ?Btf(v)\ <E ‘f(ut) - f(vt)}

t
< Calu= ol Bep(1Cr [ fuulPds +a(fuil + [0 P). - (43)
0

(4.7)

It follows from Lemma 2.3 in [21] that
t
}P’u{|ut|2 —|—/ |lus||*ds — Bot — |ul* > z} <e % forallt,zeR,
0

where ¢ > 0 does not depend on t,z and v € H. Therefore, if v > 0 is
sufficiently small, then the expectation on the right-hand side of (4.8) does not

exceed Pt HI(uP*H0*) (cf. (3.9)). This completes the proof of (4.5).
We now fix a functional f € C*(H,wp) such that |f|, , <1and (f,u)=0

and consider the function g(u). Inequalities (2.31) and (3.11) imply that
lg(u)] < Ca(1+|u))™, weH. (4.9)

Furthermore, it follows from (3.11) and (4.5) that, for any u,v € H and T > 0,
we have

T
lg(w) — g(v)] < / 1 f () — P f (0)] dt + / (B ()] + 1B f (0)]) e

< Cy fu— o] e T TN+ 4 Cee=BT (1 4 |u| + [v])™.  (4.10)
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Minimizing the right-hand side of (4.10) with respect to T', we obtain

‘g(u) _ g(v)‘ < Cylu— U|‘ye<5(|u\2+|v\2).

where 4 = ;_:C. This completes the proof of assertion (i).
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