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We establish a version of the strong law of large numbers (SLLN) for mixing-type
Markov chains and apply it to a class of random dynamical systems with additive
noise. The result obtained implies the SLLN for solutions of the 2D Navier—Stokes
system and the complex Ginzburg—Landau equation perturbed by a non-degenerate
random force.

1. Introduction

We study the 2D Navier—Stokes (NS) system perturbed by an external
random force:

i—Au+ (u,Vu+ Vp =n(t,z), divu=0, z€D, (1)
u=0, z€dD. (2)

Here D C R? is a bounded domain with smooth boundary D and 7 is a
random process of the form

n(t,x) =Y nu()s(t — k), 3)
k=1

where ), are i.i.d. random variables in L?(D,R?) and §(¢) is the Dirac mea-
sure concentrated at ¢t = 0. It was established in [8,1,10,11,6,13,14] that,
if the distribution of 7y is sufficiently non-degenerate, then the family of
Markov chains associated with the problem (1), (2) has a unique stationary
measure p and possesses an exponential mixing property. Namely, for a
large class of functionals f and any solution u(t) of (1) — (3), the average
of f(u(k)) converges exponentially, as k — 0o, to the mean value of f with
respect to u:

|E f(u(k)) = (f, )] < conste™,  k>1, (4)
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where > 0 is a constant not depending on u(t). Moreover, as was shown
in [7], the strong law of large numbers (SLLN) for stationary processes
combined with the coupling of solutions constructed in [10] implies an SLLN
for solutions of the problem (1)—(3): for any solution u(t), with probability 1
we have

>
|
—

fu@)) = (f,p) as k— oo (5)
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We note that similar properties were established for perturbations of the NS
system by a random force smooth in z and white in ¢ (see [5,3,4,2,12,7]).
We refer the reader to [12, 7] for a detailed discussion of the results obtained
in this direction.

The aim of this article is to derive the SLLN (5) from the mixing prop-
erty (4) without using the coupling of solutions and to estimate the rate of
convergence. To this end, we establish a simple version of SLLN for a class
of Markov chains (Section 2) and show that it applies to the problem in
question (Section 3). We note that the result of this paper remains valid for
the 2D NS system perturbed by a random force white in time and smooth
in the space variables.

Notation

Let H be a real Hilbert space with norm || - ||. We shall use the following
notation:
Bp(R) is the ball in H of radius R > 0 centred at zero;
B(H) is the Borel o-algebra in H;
P(H) is the family of probability measures on (H,B(H));
C(H) is the space of continuous functions f: H — R;
Cy(H) is the space of bounded functions f € C'(H) endowed with the norm
[flloo == sup [ f(w)].
u€H

L(H) is the space of Lipschitz-continuous functions f € Cyp(H) with norm

11l = [ Flloo + sup L= 0]

uFv lu— ||

If f: H— Ris a B(H)-measurable function and p € P(H), then we denote
by (f, ) the integral of f over H with respect to p.
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2. Strong law of large numbers for mixing-type Markov
chains

2.1. Formulation of the result

Let (Q, F,P) be a probability space and let H be a real Hilbert space with
norm | - ||. We consider a family of Markov chains (ug,P,) in H with
transition function Py(u,I') = Py{ux € T}, u € H, ' € B(H). Recall that
the corresponding Markov semi-groups are defined by the formulas

Pu: Co(H) — Cy(H),  Pif(u) = /H Po(us, dv) f (),

Pi:P(H) — PUH),  PLu(T) = /H Py (u, T) u(dls).

A measure p € P(H) is said to be stationary for the family (ug,P,)
if Py = p.

Definition 2.1. We shall say that the family (ug,P,) is uniformly mizing
if it has a unique stationary measure p € P(H) and there is a continuous
function p: Ry — R4 and a sequence {~;} of positive numbers such that
vk — 0 as k — oo and, for any f € L(H) and u € H, we have

[Brf () = (f, )| < me(lul)llflle, k=0 (6)

The following theorem shows that “sufficiently fast” mixing combined with
a dissipation property implies an SLLN.

Theorem 2.1. Let (ug,Py) be a uniformly mizing family of Markov chains
in H such that

C = Z’yk < 00. (7)
k=0

Suppose there is a continuous function h: Ry — Ry such that

Pro(u) = Eup([[urll) < h(ul])  for all k>0, (8)

where E,, is the expectation with respect to P,. Then there exists a con-
stant D > 0 such that for any f € L(H), w € H, and 6 > 0 the following
statements hold:

(i) There is a Py-a.s. finite random integer K(w) > 1 depending on f,
u, and § such that
‘ k—1

LN fw) = (fo)] < DIfllck™3 for k> K(w). (9)
k
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(it) For 0 < r < 30, we have
E K" <14 525 || fllch([ull). (10)

We note that Theorem 2.1 remains valid (with trivial modifications) for
Markov processes with continuous time. Moreover, under some additional
assumptions, one can take in (9) functionals f with polynomial growth at

infinity.
We also note that inequality (9) immediately implies the following esti-
mate:
= s
. lZf(uz) — (o) < M@) | fllock™570, k=1,
=0

where M(w) = D + 2K (w)3 9.

2.2. Proof of Theorem 2.1
Let us fix an arbitrary function f € L(H) and set

k—1
Se=Y_flw), sk=>5k/k.
=0

There is no loss of generality in assuming that || f|jc <1 and (f, ) = 0.
Step 1. We first show that

Eust < Cillflch(lulDk™", & >1. (11)

Here and henceforth, we denote by C; positive constants that do not depend
on f, u, k and 0.
Let us note that
k—1

Bust = 15 O Eu(fn)f(um)) < o5 SO[Bu(f)fun))]. (12

I,m=0 <m

By the Markov property,
Eu(f(ul)f(UTn)) =E, (f(ul)Eu(f(um) ‘ ]:l)) =E, (f(Ul)(‘ﬁm—zf)(W)),

where Fj is the o-algebra generated by {u,,0 < r <1}. Furthermore, since
(f, ) = 0, inequality (6) implies that

|Bom—1f ()| < vm—rp(wlDI 1 -

Hence, using (8) and the inequality |f| < 1, we derive

B (f () f (um)) | < Yon—tll FlleBu (1f i)l o)) < ym—th([elD] £l -
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Substitution of this inequality into (12) results in (11) with ¢y = 2C,
where C' is the constant in (7).

Step 2. We now prove (9). To this end, we fix § € (0,1) and set

96
kn = [n°*0), B = —

where [a] is the integer part of a > 0. Let us consider the events
Gp={weQ:|sp,|>n""}, n>1
Using (11) and the Chebyshev inequality, we derive
P(Gn) < n’Eulsk, [* < Coll flch(llull) n™" 7. (13)

Hence, by the Borel-Cantelli lemma, there is a IP,,-a.s. finite random integer
m(w) > 1 such that

Isg, (W) <n~t for n>mw). (14)

We shall assume that m(w) > 1 is the smallest integer satisfying (14). In
particular, if m(w) > 2, then

sk, (W) >n~' for n=mw)—1. (15)
To estimate |sg| for ky,—1 < k < ky,, we note that

st = 5k, < (£ = 25) 1k, + 218k — Sy, | <2k2Fesr (1)

1

1
Since % <Csnlandn™' <k, 7 =k,°3
and (16) that

, it follows from (14)

|sk| < |k — sk, |+ |sn,| < 2EnEnat =t < (205 4 1)t

< (205 + Dk 770 <

where n > m(w) and k,—1 < k < kp. Thus, inequality (9) holds with
K (@) = [m(w)*+].

Step 3. It remains to establish (10). To this end, we first note that,
for 0 < g < 03,

< (2C3 + 1)1{*5”,

E,m? = Z]P’u{m l}~l‘1<1—|—z:]13> (Gi-1)

oo

<1+ Coh(lul) Ifle (=17 01

=2
< 14 2o h(lul) 1.
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where we used inequalities (13), (15) and the definition of m(w) and G,,.
Since K = [m3*4], we see that, for 0 < r < 34,

E, K" < Bym™ ™) <14 =S h(|[u])) | /12
<1+ 3(354)' h([[ull) [l z-

The proof of Theorem 2.1 is complete.

3. Applications
3.1. Dissipative PDE’s perturbed by a bounded kick force

Let H be a real Hilbert space with norm || - || and orthonormal base {e;}.
We consider the random dynamical system (RDS)

up = S(Uk—1) + Ms (17)

where S: H — H is a continuous operator such that S(0) = 0 and {n} is
a sequence of i.i.d. random variables. As was explained in [8,9,10], RDS of
the form (17) naturally arise in the study of dissipative PDE’s perturbed
by the random force (3), and in this case S is the time-one shift along
trajectories of the unperturbed equation. We assume that S satisfies the
following three conditions introduced in [8, 10]:

(A) For any R > r > 0 there are positive constants a = a(R,r) < 1
and C' = C(R) and an integer ng = ng(R,r) > 1 such that

[IS(u1) — S(u2)|| < C(R)||ur —us2|| for all uy,us € By (R),
1S (w)]| < max{a|lu|,r} for u € By (R), n > no.

(B) For any compact set K C H and any bounded set B C H there
is R > 0 such that the sets Ay (K, B) defined recursively by the
formulas Ao (K, B) = B and Ak(K,B) = S(Ax_1(K, B)) + K are
contained in the ball By (R) for all k¥ > 0.

(C) For any R > 0 there is an integer N > 1 such that

||QN(S(u1) - S(uz))H < 2lur — g forall wi,uz € By(R),

where Qu is the orthogonal projection onto the subspace spanned
by {ej,j > N 4 1}.

We note that the above conditions are satisfied for the resolving operators of
the 2D Navier—Stokes system and the complex Ginzburg—Landau equation.



February 16, 2006 14:2 WSPC/Trim Size: 9in x 6in for Proceedings swansea2002

As for the i.i.d. random variables 7y, we assume that they have the form
M= Y_bi&jre;, (18)
j=1
where b; > 0 are some constants such that
> b <o, (19)
j=1

and &j; are independent scalar random variables whose distributions 7;
satisfy the following condition:

(D) For any j > 1 there is a function of bounded variation p;(r) such
that 7;(dr) = p;(r)dr, where dr is the Lebesgue measure on R.
Moreover, suppm; C [—1,1] and f\r|§epj(r) dr > 0 for all j > 1
and € > 0.

Let (ug,P,) be the family of Markov chains that is associated with the
RDS (17) and is parametrized by the initial condition v € H. We denote
by Pj(u,I') the corresponding transition function and by B; and P} the
Markov operators generated by Py. It was proved in [10,11,6] that, if
conditions (A)—(D) are fulfilled and

bj #0 for j=1,...,N, (20)

where N > 1 is sufficiently large, then the RDS (17) has a unique stationary
measure p, and for any f € L(H) we have

B f () = (F,w)] < p(llulD I flee™, k=1, (21)

where p: Ry — Ry is a continuous increasing function and 5 > 0 is a
constant not depending on f and w. Thus, the family (ug,P,) is uniformly
mixing, and condition (7) is satisfied. We claim that (8) also holds. Indeed,
let us define the compact set

K= {v = Zvjej t|vj| < bj for all j > 1},
j=1

where b; > 0 are the constants in (18). It follows from condition (D)
that the support of the distribution of 7 is contained in IC. Therefore, by
assumption (B), there is a continuous increasing function R = R(d), d > 0,
such that

Pu{lluc| < R(d)} =1 for |ju| <d, k=>0.
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Hence, since p is increasing, for ||u|| < d we obtain

Bro(w) = Eup(|ur]]) < p(R(d)),

which means that (8) holds with h(d) = p(R(d)).
Thus, Theorem 2.1 applies, and therefore inequalities (9) and (10) hold
for the RDS (17).

3.2. The Navier—Stokes system perturbed by an unbounded
kick force

We now consider the problem (1)—(3). It is assumed that 7y are i.i.d.
random variables of the form (18), where b; > 0 are some constants for
which (19) holds, and &, are independent scalar random variables satisfying
the following condition (cf. (D)):

(D") For any j > 1 the distribution of £;, possesses a density p;(r) (with
respect to the Lebesgue measure) that is a function of bounded
variation such that

/er2pj(r) dr<Q, pj(r)>0 forall reR,
R
where Q > 0 is a constant not depending on j.

The problem (1)—(3) reduces to an RDS of the form (17). Namely, let us
introduce the Hilbert space (endowed with the L?-norm)

H = {ue (DR i divu=0, (u,v)|,, =0},

where v is the unit normal to 9D (see [15] for further details on the
space H). Let S: H — H be the time-one shift along trajectories of
the NS system (1), (2) with n = 0. Setting up = u(k,x), we obtain (17)
(see [8,10] for details).

Let (ug,P,) be the family of Markov chains associated with the
RDS (17). As is shown in [9,14], if the non-degeneracy condition (20)
is satisfied for N > 1, then the family (ug,P,) has a unique stationary
measure y, and (21) holds with p(d) = C1(1 + d), where C; and [ are pos-
itive constants not depending on f, u, and k. Moreover, by Theorem 1.3
in [9], we have

Eup(|lukl]) < Co(1+ [Ju]]) forall & >0.

Thus, the conditions of Theorem 2.1 are fulfilled, and we obtain the SLLN
for solutions of the NS system (1)—(3).
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