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The aim of this short note to give a summary of some recent results on global
controllability of the viscous Burgers equation and mixing properties of the
associated stochastic problem. We also outline the main ideas of the proofs.
The details are given in 2.
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1. Introduction

We consider the problem

Opu — vO?u + udyu = f(t,x), (1)
u(t,0) =u(t,1) =0, (2)
u(0, ) = uo(x), (3)

where © € I = (0,1) and ¢ > 0, v > 0 is a fixed parameter, u = u(t,x) is
an unknown function with range in R, ug is a given initial condition, and f
is an external force. Let us fix a closed interval [a,b] C I and denote by E
the two-dimensional vector space spanned by the functions

r—a

el(z)zsin<7rb i

), eg(x)zsin(%'b_a), x € [a,b], (4)

—a

extended to I\ [a,b] by zero. We deal with following two situations:
Control problem. The external force has the form

[t x) = h(z) + (¢ @), (5)
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where* h € H(I) is a given function and ((t,z) is a control with range
in E.

Stochastic problem. The external force is stochastic and is given by
the relation

ft, ) = h(z) +n(t, x), (6)

in which h € H'(I) is a deterministic function and n is an E-valued white
noise of the form

n(t,z) = o > biB(t)es (@), (7)

where b; > 0 are some numbers and {f;} are independent standard Brow-
nian motions.

In the first case, we are interested in global approximate controllabil-
ity to trajectories, while the second problem concerns the uniqueness of
a stationary distribution for the Markov process associated with (1), (6),
(7) and the large-time behaviour of its trajectories. These two questions
were intensively studied in the literature, and we now describe some results
concerning the Burgers equation.

The problem of asymptotic behaviour of trajectories for stochastic Burg-
ers equation was first studied by Sinai® who established the convergence
of the laws of solutions to a measure independent of the initial condition.
This result was refined and developed in a number of works, and it is now
well known that the Markov process corresponding to problem (1), (6) with
h = 0 has a unique stationary distribution, and all other solutions converge
to it weakly as t — 4o00; see the paper* and the references therein for
the exact result and discussion. The control problem was investigated by
Fursikov and Imanuvilov®®, who proved the local exact controllability to
trajectories and the absence of global approximate controllability. Agrachev
and Sarychev”® (see also”) developed a general approach, applicable to the
Burgers equation, that enables one to study the approximate controllabil-
ity of nonlinear PDE’s by a low-dimensional control. Chapouly!? applied
Coron’s return method to study the exact controllability of the Burgers
equation by two boundary controls combined with one distributed control.
The reader is referred to the books ! 15 for more details on these two sub-
jects and further results for other equations.

2We refer the reader to the Notation below for the definition of functional spaces.
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The aim of this short note is to give a summary of the results estab-
lished in!2. We first discuss the problem of global exponential stabilisation
of non-stationary solutions for (1), (5) by a localised control. This prop-
erty combined with the local exact controllability implies that the Burgers
equation is exactly controllable to trajectories by a control localised in the
physical space. Moreover, invoking a result of Phan and Rodrigues'®, one
can easily deduce that the Burgers equation is approximately controllable
to trajectories by a two-dimensional localised control. We next turn to
the stochastic counterpart of these results. Namely, the contraction prop-
erty for the resolving operator of the Burgers equation combined with the
global approximate controllability to trajectories implies that problem (1),
(6), (7) has a unique stationary distribution, which is asymptotically stable
(in the weak topology of measures) as t — +oo. We confine ourselves to
giving some ideas of the proofs of these results, referring the reader to!:?
for details.

Notation

We write I = (0,1) and Ry = [0,400) and denote by LP(I) and H*(I)
the usual Lebesgue and Sobolev spaces on I, endowed with the standard
norms || - ||z and || - ||s, respectively, and by H{(I) the closure in H*(I) of
the space of infinitely smooth functions on I with compact support. Very
often, we shall omit the interval I from the notation and write LP?, H?,
and H{. Given a closed interval J C R and a separable Banach space X,
let C(J, X) be the space of continuous functions from J to X and L?(J, X)
be the space of Borel-measurable functions f : J — X such that

1Moy = [ 17Ot < .

with obvious modification in the case p = co.

2. Controllability to trajectories

In this section, we consider problem (1)—(3), in which uy € L?, and the
external force f has the form (5). We shall always assume that h € H' is
a fixed function, and ( is a control taking values in the closed subspace

F={veHy(I):supp v C [a,b]},

where [a,b] C I is an interval. Let us recall that the initial-boundary value
problem (1)—(3) is well posed in the space H := L?. Namely, for any ug € H



Global controllability and mizing for the Burgers equation 297

and f € L (R4, H), there is a unique function
u € L%OC(R+7H&) n VI/]%C(RJF’ H_l)

satisfying (1) and (3). We denote by R;(ug, f) the mapping that takes the
pair (ug, f) to u(t). The following theorem is the main result of?.

Theorem 2.1. Let v > 0, [a,b] C I, and h € H' be given. Then there
are positive numbers C' and ~y such that the following property holds: for
arbitrary ug,ty € H there is a piecewise continuous function ( : Ry — F
such that

1R (o, h+-) =R (o, h) | g1 +IC(E)] a1 < Ce™ " min(||ug—ao| 37, 1), (8)
where t > 1.

In other words, any solution of (1), (2) corresponding to the zero control
¢ = 0 can be exponentially stabilized by an H!-smooth control localized in
a given interval [a,b]. Before giving some ideas of the proof of this result,
we state two corollaries. The first one concerns the exact controllability to
trajectories for problem (1), (2).

Corollary 2.1. Under the hypotheses of Theorem 2.1, there is T > 0
such that, given initial conditions ug,ug € H, one can find a control
¢ € L*([0,T), F) for which

RT(UO, h + C) = RT(ao, h)

To prove this property, it suffices to use the control constructed in The-
orem 2.1 to steer a solution of (1), (2) sufficiently close to the reference
trajectory @(t) = R¢(do,h) and then to apply the Fursikov—Imanuvilov
result about local exact controllability to trajectories; see Section 1.6 in®.

The second corollary concerns the global approximate controllability to
trajectories for the Burgers equation by a localised control of low dimension.
Recall that we denote by E the vector span of the functions ej,es € H}
defined by (4) on [a,b] and extended by zero outside [a, b].

Corollary 2.2. Under the hypotheses of Theorem 2.1, there is T > 0 such
that, given ug, iy € H and € > 0, one can find a control ( € C*([0,T], E)
for which

R (uo, b+ ¢) — Rer(to, h)| 22 < e.

Thus, the global approximate controllability to trajectories holds, provided
that the time of control is sufficiently large. To establish this property, it
suffices to combine Corollary 2.1 with the results of Section 5 in'°.
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Scheme of the proof of Theorem 2.1. We begin with two remarks:

Regularisation. The Burgers equation is a globally well-posed nonlin-
ear parabolic PDE and, hence, possesses a regularising property. Namely,
if f(¢,z) is a bounded function of time with range in H*, then for any initial
condition ug € H the corresponding solution wu(t,z) of (1)—(3) is bounded
in H? on the half-line [1, +00) by universal constant R not depending on uy.
Thus, there is no loss of generality in assuming that both initial functions ug
and g belong to the ball of radius R centred at zero in the space Hi N H2.

Interpolation. The following inequality is well known:
o]l < Cllo|[242 0|32 for any v € H2.
Therefore, if we construct a bounded control ¢ : Ry — F' such that
IRe(uo, b+ ¢) — Re(tg, h)|| 11 < Cre™ " ug — dgllrr, t>0, (9)

then the required estimate for the difference between two solutions will
follow from the above interpolation inequality and the boundedness of the
H?-norms.

A key for the proof of (9) is the following result about the linear PDE

Opw — vO*w + Oy (alt, )w) = 0, (10)
where a(t, x) is a given sufficiently regular function.

Proposition 2.1. For any closed interval I' C I, one can find positive
numbers € and ¢ < 1 such that any solution w(t,z) of (10) satisfies one of
the inequalites

[y < qllw©O)l[r or [w(W)|zrary = elw(0)] L (11)

In other words, either the L'-norm w contracts by a factor strictly less
than 1, or a nontrivial mass is concentrated on I’. Now note that if v and @
are two solutions of (1), (2) with ¢ = 0, then their difference w = v — 4
satisfies Eq. (10) and, hence, one of the inequalities in (11). In both cases,
we can modify v(¢,z) on the domain [0,1] x [a,b] so that the resulting
function wu(t, x) satisfies the inequality

[u(1) = a()[[Lr < 6u(0) = a(0)]|z1, (12)

where § < 1 depends only on the size of initial conditions. Since v and u
coincide on [0, 1] X (I'\[a, b]), we see that u(t, ) is a solution of the controlled
equation (1) in which supp((¢, ) C [a, b]. Iteration of (12) gives the required
inequality (9). O
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3. Mixing of the stochastic flow

In this section, we consider problem (1)—(3), in which the right-hand side is
a stochastic process of the form (6), (7). The existence and uniqueness of a
solution is well known, and our goal is to study the large-time behaviour of
trajectories. The family of all solutions for (1), (2) form a Markov process
in the phase space H = L?(I), and we denote by P;(u,I') its transition
function and by

Pi: Cy(H) = Cy(H), By :P(H) = P(H)

the corresponding Markov operators. Here Cp(H) stands for the space of
bounded continuous functions g : H — R, endowed with the L°°-norm,
and P(H) denotes the set of all probability Borel measures on H. The
latter is endowed with the topology of weak convergence, which is denotes
by —; see Chapter 1 in'® for the definition of all these concepts.

Theorem 3.1. Let v > 0, [a,b] C I, and h € H' be given and let the
coefficients b; defining the random force (7) be positive. Then there is a
unique measure i € P(H) such that Pjpu = p for all t > 0. Moreover, p is
asymptotically stable in the sense that, for any g € Cp(H) and X\ € P(H),
we have

PBig = (9,p) in Cp(H) as t — +oo, (13)
P —=u inP(H) ast — +o0, (14)

where (g, ) stands for the integral of g over H against the measure p.

Scheme of the proof. The existence of a stationary measure is a simple
consequence of the Bogolyubov—Krylov argument (e.g., see Section 14 in 1),
and therefore we confine ourselves to outlining the proof of uniqueness and
asymptotic stability. To this end, let us recall a sufficient condition for the
validity of these properties. Namely, as is proved in Section 3.1 of!®, the
uniqueness of a stationary measure p and the convergence relations (13)
and (14) are valid if the following two properties hold:

Stability. There is a function y(r) > 0 going to zero as r — 0 such
that, for any 1-Lipschitz function g € Cy(H) satisfying ||g||p~ < 1, we have

§1>111)| (9, Pi(u, ")) = (9, Pe(v,))| < ~(r) for lu—v|g <r. — (15)

Given an initial condition ug € H and a closed ball B C H, let 7,,(B)
be the first instant of time when the trajectory R;(ug, h + n) hits B.
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Recurrence. There is a sequence of balls B,, C H, whose diameters
go zero as m — oo, and functions p,,(t), going to zero as t — +oo, such
that

P{7,(Bm) >t} <pm(t) foranyve H,m>1,t>0. (16)

The stability is a straightforward consequence of the regularisation for
the viscous Burgers equation and the following contraction property:

|1R¢(uo, h+1)—Re(vo, h+n) |1 < |luo—vollzr  for t >0, ug,vo € H. (17)

Let us consider the recurrence. A regularisation property for the stochastic
Burgers equation enables one to find positive numbers s € (1,2), Ty, R,
and p such that

P{HRTI(Uo,h—FU)HHs < R} >p foranyuye H.

Furthermore, the controllability property established in Corollary 2.2 im-
plies that, if & € H} N H? is a time-independent solution of (1) with f = h,
then there is Ty > 0 such that, for any ug € H} N H* satisfying |lugl|s < R,
we have

]P’{HRT2(u0,h +n)—alr: < 1/m} >em form >1,

where €, > 0 are some numbers not depending on ug. The above two
inequalities imply the required estimate (16), in which B,, C H is the ball
of radius 1/m centred at ; e.g., see the proof of Proposition 3.3.6 in'5. [
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