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ABSTRACT. The paper is devoted to studying the problem of ergodicity for the
complex Ginzburg-Landau (CGL) equation perturbed by an external random
force. We show that the conditions of a simple general result established in [22]
are fulfilled for the equation in question. As a consequence, we prove that the
corresponding family of Markov processes has a unique stationary distribution,
which possesses a mixing property. The result of this paper was announced in
the joint work with Sergei Kuksin [14].

1. Introduction. The objective of this paper is to prove the uniqueness of sta-
tionary measure for the complex Ginzburg-Landau (CGL) equation perturbed by
a random force. More precisely, we study the equation

0 — (v +ia)Au +iflu|*u = h(x) +n(t,z), x€ D, (1)

where D C R” is a bounded domain, h(x) is a deterministic function, and n(t, )
is a random process white in time and smooth in the space variables. (See Sec-
tion 2.1 for the precise assumptions imposed on the right-hand side.) Equation (1)
is supplemented with the Dirichlet boundary condition and an initial condition at
the time t = 0. We show that if the distribution of 7 is sufficiently non-degenerate,
then the random dynamical system associated with (1) has a unique stationary
measure u, and any other solution converges to p in distribution as ¢t — oco.

The problem of ergodicity was studied by many authors for various classes of
randomly forced PDE’s. We refer the reader to the reviews [1, 10, 21] and to the
Introduction of [22] for a concise summary of the results obtained and the tech-
niques developed. Here we mention only three papers that are directly related to
the equation considered in the present article. Namely, Hairer [6] studied a real
Ginzburg—Landau equation on a multidimensional torus and proved the unique-
ness of stationary measure and an exponential mixing property for it, Odasso [19]
established similar results for a class of CGL equations with strong nonlinear dis-
sipation, and Debussche and Odasso [2] proved uniqueness and polynomial mixing
for a damped one-dimensional Schrédinger equation.

The method used in this paper is based on studying a pair of independent copies
of the Markov process generated by (1). This approach was applied in [22] to give a
simple proof of the uniqueness and a mixing property of stationary measure for the
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2D Navier—Stokes (NS) system in a bounded domain. The case of the CGL equation
is technically more complicated. However, the main ideas remain the same, and we
refer the reader to the Introduction of [22] for their informal explanation. Here we
only clarify the difference between the cases of NS and CGL equations.

We wish to show that the distributions of solutions for (1) converge to a unique
stationary measure in the Kantorovich-Wasserstein (KW) metric over the Sobolev
space H} (see (2)). A crucial point of the proof is to estimate the distance between
the distributions of solutions to (1) issued from different initial data. This is done in
two steps. We first show that if the space of probability measures is endowed with
the KW metric over the space L? (see (3)), then the arguments of [22] combined
with a new a priori estimate established in Proposition 2 yield a uniform (in time)
bound for the distance between solutions. The above argument does not apply to
the KW metric over Hg, because the a priori estimates available for higher Sobolev
norms of solutions for the CGL equation are not strong enough. To overcome
this difficulty, we prove that the Markov semigroup defined by (1) in the space of
measures possesses a regularising property (see Proposition 4). Combining it with
the bound for the KW distance over L?, we obtain the desired result.

Here is the plan of this paper. In Section 2, we state a well-known result on
correctness of the initial-boundary value problem for Eq. (1) and establish some a
priori estimates for solutions. The main result is presented in Section 3. To prove
it, we show that the conditions of Theorem 1.2 in [22] are satisfied for the model in
question. Finally, in the Appendix, we have compiled some auxiliary results used
in the main text.

Notation. Let X be a separable Banach space with a norm || - ||x. We denote
by Bx(r) the closed ball in X of radius r centred at the origin. We always assume
that X is endowed with the Borel o-algebra B(X) and denote by P(X) the set of
probability measures on (X, B(X)). We write C,(X) and £(X) for the spaces of
bounded continuous and bounded Lipschitz continuous functions f : X — R and
endow them with the natural norms

Flle = sup [£()]. flle = sup F(u)] + sup LI
ueX ueX uFv ||u - U”X
If ¢ is a random variable on a probability space (2, F,P), then we denote by D() or
P{¢ € -} the distribution of €. If a,b € R, then a Vb (a Ab) stands for the maximum
(minimum) of a and b.

We deal with the spaces H, H', and H? introduced in Subsection 2.1 together
with corresponding norms || - ||, || - |1, and || - |[2. If f € Cp(H') and pu € P(H?),
then (f, ) denotes the integral of f over H! with respect to u. If uy, us € P(HY),
then we write*

H:ul_:UQH*L:: Sup |(fhu1)_(f7,u2)|a (2)
Ifllz<1

lua — pal7 = sup |(g,p1) — (g, p2)|, (3)
lglc<1

where f € L(H'), g € L(H), and we denote by || - ||z and | - |z the norms in the
spaces L(H') and L(H), respectively.

* Any measure 1 € P(H!) can be extended to a measure on H by the formula u(T) = w(TNH?'),
and therefore the integral (g, ) is well defined for any g € Cy(H).
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2. Initial-boundary value problem.

2.1. Well-posedness and a priori estimates. Let D C R", n > 1, be a bounded
domain with smooth boundary dD. Consider the problem

U — (v +ia)Au +ifu*u = h(z) + n(t, x), (4)
ulop =0, ()
u(0, ) = up(x). (6)

Here v > 0, @ > 0, § > 0, and o > 0 are some constants, h(z) is a deterministic
function belonging to the Sobolev space of order 1, and 7(t, z) is a random process
white in time and smooth in x. More precisely, we assume that

ta) = rCltsa), C(6w) = Dby (e (), g

where {3; = ﬁjl- + zﬁjz} is a sequence of complex-valued independent Brownian mo-
tions defined on a probability space (Q,F,P) with right-continuous filtration F,
{e;} is a complete set of eigenvectors for the Dirichlet Laplacian in D with eigen-

values o1 < ag < a3 <---, and b; > 0 are real constants such that
o0
BQ = Zb? < 00. (8)
j=1

Let H be the space of complex-valued square-integrable functions on D. We shall
regard it as a real Hilbert space with the scalar product

(u,v) = Re/Du(x)mdx,

and the corresponding norm will be denoted by |u||. Let H* = H}(D,C) and
H? = H*(D,C) N H', where H*(D,C) stands for the Sobolev space of order s in
the domain D and H}(D,C) for the space of functions u € H'(D,C) vanishing
on OD. The spaces H' and H? are endowed with the norms

mmz(LWmm%ﬁa mu=(@@mm%ﬂa

From now on, we assume that

ogagﬁ for n > 3, c>0 forn=1,2. (9)

Let us define the following continuous functionals on H':
1 1
glull =5 [ u(o)Pas,

Hi(u) := /D(% |Vu(z)]? + 206+ 5 |u(x)|2”+2) de.

If X is Banach space and J C R is a closed interval, then we denote by C(J, X) the
space of continuous functions f : J — X and by L2 _(J, X) the space of measurable
functions f : J — X such that [} [|f(¢)[|%dt < oo for any finite subinterval I C J.

The following theorem establishes the well-posedness of (4) — (7). Its proof is
carried out by standard methods and can be found in [14] for the case h =0, 0 = 1,
and 1 < n < 4. We refer the reader to [9, 18] for more general existence and
uniqueness results for SPDE’s.

Ho ('LL) :
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Theorem 1. Let ug be an H'-valued Fy-measurable random variable such that
EH1(ug) < co. Suppose that h € HY (D, C), inequalities (9) are satisfied, and

By = Z()éjb? <oo, M:= Zb? Hej||2L°° < 0. (10)
j=1 J=1

Then the following statements hold.

(i) There is an Fi-adapted random process u(t) = u(t,x), t > 0, whose almost
every trajectory belongs to the space

X:=CR;HYNLE . (Ry; H?)

loc

and satisfies Eqs. (4) and (6) in the sense that

u(t) =uo + /01((1/ +ic)Au(s) — iBlu(s)[*7u(s)) ds + th+((t), t>0,

where the left- and right-hand sides are regarded as elements of H.

(il) The process u(t) constructed in (i) is unique in the sense that if a(t) is another
random process satisfying (1), then, with probability 1, we have u(t) = a(t) for
all t > 0.

(iii) The random process Ho(u(t)) and Hi(u(t)) possess stochastic differentials,
which have the form

dHo(u(t)) = (—v[lu®)||] + Bo + (u(t), h)) dt + (u(t),d((t)), (11)
dH (u(t)) = (aBl + B0+ 1) Z B2 (Juf?°, 2)

—v{alull3 + Blo + 1) (Jul*, |Vul*) + Bo (Jul*"Du?, (Vu)®) }

+ (—alAu+ Blu*u, h)) dt + (—aAu + Blu|*u, d¢), (12)

where the constant By is defined in (8). Moreover, for any t > 0, we have
t
E[|lu(®)]? + V/O E|lu(s)|ds < E|luo|* + (Bo + (aav) " '[|R[I*) £, (13)

t
4 o
EHi (u(t)) + 5/0 E {allu(s)[3 + B(|u(s)|*, [Vul?) }ds
<EMi(uo) + C(By + v~ CotV||p|20H2 4 1) ¢, (14)
where C' > 0 is a constant depending only on « and (3.

2.2. Exponential martingale inequalities. For any function u(t) belonging to
the space X' (see Theorem 1), we set

Eu(t) = llu®)]* + V/o lu(s)|I5ds.

Proposition 1. Suppose that (9) and (10) holds. Then there exist positive con-
stants K and v such that the solution u(t) of (4) — (6) constructed in Theorem 1
satisfies the inequality

]P’{ sup(Eu(t) — Kt) > |uol® + p} <e 7" for any p > 0. (15)
>0



ERGODICITY FOR RANDOMLY FORCED PDE’S 5

Proof. We only outline the proof, which repeats the arguments used in [16, 13]. In
view of (11), we have

t t t
Ho(u(t)) +v [ llu(s)ids = Ho(uo) + Bat + [ (u(s).h)ds+ [ (us).dg(s).
0 0 0
Setting K = 2(By + (vay)~!||h||?), we easily show that
t v t
Eut) < Juol* + Kt +2 [ (u(odi9) =5 [ uo)lpds. (o)
0 0
Let us define a martingale by the formula

M; =2 /0 '(u(s>,d<(s))

and note that its quadratic variation satisfies the inequality

00 t 2 ot
2 L N\2 4b
M>t = 42[)?/0 {(u(s),ej) + (U(S)alej) }dS < a_l/() ”u(S)H%dsv
j=1
where b = max; b;. Combining this inequality with (16), we obtain

Eult) < lluo|? + Kt + (M, — 2582,

where v = 2. It follows that
P Eu(t) — Kt) — |uol® > pt <P M, — 12y >
{ggg( (0= K0) = ol 2 p} < P{ sup (M, — 245 }
<P M My >pt. (17
{?ggexp('y t— )_P} ( )

Since exp (’y/\/lt —2(M)/ 2) is a supermartingale with mean value not exceeding 1,
the classical supermartingale inequality (see Theorem III.6.11 in [17]) implies that
the probability on the right-hand side of (17) can be estimated from above by e~7°.

O

We now consider the functional
Ju(t) = Ha(u(t)) + vZu(1),

where

T,(t /{anu ()2 + B(|u(s)?, [Vu(s)2) } ds.

Proposition 2. Suppose that (10) holds and that o < =5 A1. Then there is a
constant p > 2 such that for any T > 0 and p > 0 the solutwn u(t) of (4) - (6)
satisfies the inequality

P{ sup Ju(t) > Hi(uo) + Clluoll” + K +p} < exp(—y*"),  (18)
0<t<T
where C', K and ~y are positive constants not depending on ug and p.
Proof. We repeat the scheme used in the proof of Proposition 1. The difference is
that the quadratic variation of the corresponding martingale cannot be estimated
by Z,(t).

Step 1. In view of (12) and the inequality

| (Il Y, (Vu)?) | < (lul*, [Vul?),
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we have
Hi(u(t)) + 20y (t) < Hi(uo) + Fy + My, (19)

where

t
Ft:aBlt—i—/( alAu+ Blul* u,h)ds + B(o + 1) ZbQ/ (Jul, ?) ds,
0 0

Jj=1
t
M= [ (—adu+ glufu.do).
0
Suppose we have found p > 2 such that
IF| < ¥ T.(t) + Cit, (20)
t
(M), < CoTu(t) +03/ ul|Pds. (21)
0

Here and henceforth, we denote by C; unessential positive constants. Combin-
ing (19) — (21), we see that
sup Ju(t) < Haluo) + Co+ Cs sup [u(®)P + sup (M;—<50), (22)
0<t<T 0<t<T 0<t<T

where ¢ > 0 is sufficiently small. In view of (15), there are positive constants K;
and y; such that

P{ sup [lu(@®)” = Juoll” + K1+ p} < exp(—71p%"). (23)
0<t<T

Furthermore, as in the proof of Proposition 1, the supermartingale inequality implies
that

]P’{ sup (Mt - ((—/\;)’)} < exp(—cp). (24)

0<t<T
Comparing (22) — (24), we arrive at the desired inequality (18).

Step 2. We now prove (20) and (21). Using the Hoélder inequality, the Sobolev
embedding theorems, and the second condition in (10), we derive

t
< [ (ol + Bl o)

v
< 2T(0) 4 Co (v Bl v G 3742

Zb2/ e, 2 ds<M/H %5, ds *m () + Cyt.

These inequalities imply (20).
To prove (21), we write

t
/ (—alu+ Blul*u, h) ds
0

o] t
M), = Zbi/o {(—aAu+ Blu*"u, ej)2 + (—alAu+ Blul*u, iej)z} ds
=1

t
< 20B, /0 ul2ds + 46°M / |52, ds. (25)

Thus, the required inequality (21) will be established if we show that

[l somis < (1>, |Vul?) + Cs |Jul”. (26)



ERGODICITY FOR RANDOMLY FORCED PDE’S 7

To simplify formulas, we confine ourselves to the case n = 4 and 0 = 1. In view of
the Gagliardo—Nirenberg inequality (see Theorem 6.4.1 in [7]), we have
3 5/3 4/3 2/3
lullZs = u[[ /e < Collu?[[ 57 [l < Cro llull ™2 (jul?, [Vul?) ™.
This implies inequality (26) with p = 10. O

3. Uniqueness of stationary distribution and mixing.

3.1. Main result. Throughout this section, we shall assume that the parameter
o > 0 satisfies the inequalities (cf. (9))

ag% for n > 3, o<1l forn=2, c<1 forn=1. (27)

Let us denote by (us, P,) the family of Markov processes associated with the prob-
lem (4) — (6) and parametrised by the deterministic initial condition ug = u € H*.
Let
P(t,u,T) =P, {u; €T}, uweH', TeBH",

be the transition function for the family (us,P,,) and let P, : Cp(H') — Cy(H?)
and P : P(H') — P(H") be the corresponding Markov semigroups. Recall that
w € P(H') is called a stationary measure for (ug,P,,) if Pfp = p for all ¢ > 0. The
following theorem is the main result of this paper.

Theorem 2. Suppose that h € H*(D,C), conditions (10) and (27) are satisfied,
and

bj #0 forall j > 1. (28)
Then for any v > 0 the Markov family (us,P,) has a unique stationary measure.
Moreover, the measure p is mizing in the sense that, for any A € P(H'), we have

|1PEN—pll; — 0 ast— oo.

A proof of Theorem 2 is given in the next subsection. Here we outline the main
ideas. To simplify the presentation, in what follows we confine ourselves to the case
n = 3 or 4, which is the most difficult.

Let (ut,IP,) be a pair of independent copies of the family (u¢,P,). In other
words, (u, IP,) is a family of Markov processes in H' = H' x H' whose transition
function is given by the formula

P(t,u,T xT") = P(t,u,T) P(t,u/,T")
for any w = (u,u’) € H and I',T” € P(H'). Let G,,, = By1(1/m) x By (1/m),
where By (r) stands for the closed ball in H! of radius r centred at the origin.
Denote by 7, the first hitting time of G,,:
Tm =min{t > 0: u; € G, }.
In view of Theorem 1.2 in [22], the required result will be established if we show
that the following two properties hold.
(P1) For any u = (u,u') € H" and m > 1, we have
Py{Tm < oo} =1.
(P2) There is a constant 7' > 0 and sequence §,, > 0 going to zero as m — oo such
that

sup || P(t,u,-) — P(t, )HZ <6, forany u € G,,. (29)
t>T
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Proof of (P;) literally repeats the arguments used in [22] for the case of the 2D
Navier—Stokes system, and we shall not dwell on it. Let us sketch the proof of (P2)
(cf. Step 4 in [22, Section 3.1]).

Let us denote by (2, F,P) the probability space associated with the problem
(4) — (7), and let u¢(w,u) be the solution of (4), (5) issued from the initial point
u € H'. The proof of (P3) is based on the two propositions below. The first of them
enables one to estimate the distance between the distributions of solutions for (4),
(5) with different initial points. This type of results were obtained in [11, 12]
for discrete-time forces and in [4] for white noise and were developed later in a
number of works. Our presentation is close to that of the papers [15, 6], in which
the closeness of distributions is described with the help of transformation of the
underlying probability space.

Proposition 3. For any § > 0 there is € > 0 such that, for any u € By (), one
can find a measurable transformation ¥, : Q — Q satisfying the inequalities

”]P - \Iju*(]P))”var < 5a (31)

where W, (P) stands for the image of P under the transformation ¥,, and || - ||var S
the total variation norm.

In other words, if the initial function u € H! is sufficiently small, then with
high probability the solution is close (in the L2-norm) to the trajectory starting
from zero and corresponding to a different value of the random parameter, which is
denoted by ¥, (w). Moreover, the transformation w +— ¥, (w) almost preserves the
probability measure P.

Using (30) and (31), one easily shows that

sup [D(ur) — D(i,)|7 < 56, (32)
t>0

where u; = u(w, u), @ = u(w,0), and | - |} stands for the dual Lipschitz metric for
the norm in H (see Notation). It follows from (32) that, for any initial functions
u,u’ € Byi(e), the distributions of the corresponding solutions u; and w} satisfy
the inequality
sup |D(us) — D(uy)|z < 104, (33)
t>0
where § = d(g) > 0 goes to zero with .
Inequality (33) and a priori estimates for solutions imply that (29) will be es-
tablished if we prove the continuity of the Markov semigroup P;* for appropriate
norms. For any measure u € P(H?!), we set

Hi(pw) = | Hi(u) pldu).
Hl

Proposition 4. For any positive constants C and v there is 6 > 0 such that if
measures 1, o € P(HY) satisfy the inequalities

Ha(pa) VHi(p2) <O, pn — polz <6, (34)
then
[Py 1 — Plus|z <7 (35)
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Combining Proposition 4 with inequality (33), we conclude that Property (P2)
holds with 7' = 1.

The rest of this section is organised as follows. In Section 3.2, we give a detailed
proof of the fact that Propositions 3 and 4 imply Property (P2). Propositions 3
and 4 are established in Sections 3.3 and 3.4, respectively.

3.2. Verification of Property (P3). Step 1. Let u = (u,u’) € Gy, and let u,
and u; be the solutions of (4), (5) issued from u and w’, respectively. To prove (29)
with 7' = 1, it suffices to show that

sup | D(u¢) — D(u2)|z —0 asm — oo, (36)
>0

and the convergence is uniform with respect to u € G,,. Indeed, it follows from (14)
and the Gronwall inequality that

supHi(vy) < C  for v € B (1),
t>0

where v; stands for the solution of (4), (5) with the initial condition v. There-
fore, applying Proposition 4 to the measures p; = D(u) and ps = D(u}) with an
arbitrary ¢ > 0 and using (36), we conclude that

sup ||D(ur) — D(u;)HZ — 0 as m — oo uniformly in w € G,,.
t>1

This is equivalent to (29).
Step 2. Convergence (36) will be established if we show that

51>1p |D(ut) — D(&t)|z — 0 as|julls — 0, (37)
t>0

where @; stands for the solution of (4), (5) with zero initial condition. To prove this,
we use Proposition 3. Applying Lemma 3.4 in [22] to the random variables u:(w)
and ¢ (w) and to the transformation ¥,, defined in Proposition 3, we see that

sup |D(u) — D(iig)|, < 30 + 2||P — Uy (P)||var  for any u € By (¢),
t>0

where ¢ = £(§) > 0 is sufficiently small. Combining this inequality with (31), we
conclude that (32) holds for u € By (e). Since § > 0 is arbitrary, we arrive at (37).

3.3. Proof of Proposition 3. We first note that the underlying probability space
(Q, F,P) plays no role in the statement of Theorem 2. Therefore, we can assume
from the very beginning that it possesses the following properties:
e  coincides with the space of functions u € C(Ry, H) that vanish at t = 0;
e () is endowed with the topology of uniform convergence on the compact inter-
vals J C Ry, and B(2) stands for the Borel o-algebra on €;
e P is the distribution of the random process ¢ defined in (7) and F is the
completion of B(€2) with respect to P.

In this case, we can assume, without loss of generality, that
C(t) =wy forallwe Qandt>0.

The proof of Proposition 4 is divided into several steps.

Step 1: Construction of ¥,,. We shall need an auxiliary result on solvability of
the projection of (4) to subspaces of finite codimension. For any N > 1, denote
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by Hy the 2N-dimensional vector space spanned by {e;,ie;,1 < j < N} and by Hy
its orthogonal complement in H. Consider the problem

W — (v +i0)Aw + Fx (v +w) = Qnh + Qn, (38)

w(0) = wo. (39)

Here wy € Hy and v € C(R4, Hy) are given functions, Fy : H' — Hy is a con-

tinuously differentiable function defined as Fy;(u) = iBQn(|u|?**u), and we denote

by Py and Qu the orthogonal projections in H onto the subspaces Hy and Hxy,
respectively.

Lemma 1. Under the conditions of Theorem 1, there is a set Qo € F of full measure
such that the following assertions hold for any w € €.

(i) For any v € C(R4,Hy) and wo € Hx:, problem (38), (39) has a unique

solution wy that belongs to the space
Xy :=CRy,H' NnHy)NLE (Ry, H> N Hy).

loc

(ii) The function wy depends only on the restrictions of v and Qyw to the inter-
val [0,1].
(iii) Let W(-,-,w): C(Ry, Hy) x Hx — Xn be the operator defined as

w if w e Q,
W(v,wo,w) =4 ifwe Q\Q,

where w € X is the solution of (38), (39). Then W is uniformly Lipschitz
continuous in (v, wg) on bounded subsets for any fizedw € Q and is measurable
with respect to (v, wp,w).

The proof of Lemma 1 is similar to that of Theorem 1 and is omitted. In what
follows, we denote by Wy (v, wo,w) the value of the function W(v, wo,w) at time ¢.

To construct ¥, : Q@ — Q, let us choose a smooth function € on R such that
0, =1fort<0and§; =0fort>1. For any u € H', we set

Fy(u) = ifPn(Jul* ), wvi(w) =Prus(w,u), wi(w)= Qnuslw,u),

where us(w, u) denotes the solution of (4), (5) issued from u. We now define ¥,, by
the relations

PyUyu(w) =Pyw — Py (fu— (v +ic)OAu) + /t Dy(w,u)ds, (40)
Qn ¥, (w) = Qnw, 0 (41)
where w € Q, ©; = fg fsds, and
Dg(w,u) = Fy(vs — 0sPyu+ Ws(v — 0P nu, 0,w)) — Fy(vs + We(v, Quu, w)).
Step 2: Proof of (30). Lemma 1 implies that problem (4) — (6) is equivalent to

the following system for the components (vg,w;) of the solution w;:
v — (v +ia)Av + Fy(v+ Wi (v, Quo,w)) = Pyh + Py,
W — (v +ia)Aw + Fi(v+w) = Qnvh + Qun,
vo = Pnuo, wo = Qnuo.

Let us set
Pt = PNUt(\I/u(w)a 0)7 gt = QNUt(\IIU(w)7 0)
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Repeating literally the arguments used in [22] (see Step 7 in Section 3.1), we easily
show that

pr(w) = Pn (us(w,u) — Oyu) for ae. w € Q. (42)

Combining this with (41), we see that, for almost every w, the conditions of Propo-
sition 5 with T'= 1 (see Section 4.1) are satisfied for the pair of solutions u(w, u)
and u¢ (¥, (w),0). Therefore, combining (59) and (42), we obtain

1
oo =l < € exp(C [ (e + il ) ds) [Pl

t
texp(<vawsat+ € [ (lual} + 7u]3) ds) IQnul?, - (43)
0

where Ut (w) = u (¥, (w),0) and C > 0 is a constant. Let us choose N > 1 so large
that

vany > 40v7K, (44)
where K > 0 is the constant in (15). Introduce the event

1 t
(o) = { [ (e + ) ds = por sup [l + [aul) ds = ).

Propositions 1 and 2 and inequality (31) (which is proved below) imply that
P(T'(p,u)) — 0 as p — oo uniformly in u € By (1). (45)

Furthermore, it follows from (15), (18) and (43) that, on the complement of I'(p, u),
we have

sup |Jus — @t]] < Cpllul]  for u € By (1),
>0

where C, > 0 does not depend on u. Combining this with (45), we see that
inequality (30) holds with a constant § = §(g) > 0 going to zero with e.

Step 3: Proof of (31). We follow the scheme used in [4, 13]. Let us write ¥,, in
the form

U, (w) =w + /t s (w, u) ds,
where ¢; is an Hy-valued function deﬁned0 as
or(w,u) = —0,Pyu+ (v 4 ia)0, AP yu + Dy(w, ).
Introduce the functions
up = vy — O Pyu+Wi(v — OPnu,0,w), w2 = v + Wi(v, Quu,w).
Let us fix a parameter p > 0 and define a truncating function x” by the following

rule: xf(w,u) =1 if

tAl
/0 (luali” + lluzlli7) ds < p, C(Eur () + Eus(t)) < 2Kt + p,

where K and C are the constants in inequality (15) and Proposition 5, respectively,
and x4 (w,u) = 0 otherwise. Along with ¥, let us consider the transformation

By (w) = wy + / do(w,u) s, dy(w,u) = x{ (w, u)ps (w, ).
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In view of the triangle inequality and an elementary property of the total variation
distance, we have

”]P - \IJU*(]P))HVM < H]P - (I)Z*(P)”var + ”(I)Z*(P) - \IJU*(]P)HVM
<P — @5 (P)[lvar +P{®f, # ¥, }. (46)

Propositions 1 and 2 and the definition of x” imply that
P{®? #¥,} — 0 as p— oo uniformly in u € By1(1). (47)

To estimate the first term on the right-hand side of (46), we use Proposition 6 (see
Section 4.1). We claim that if N is such that inequality (44) holds with a sufficiently
large C' > 0, then

lde(w, w)ll < Cn,p(1+8)" (Juall + luzll) (OePyul + e[ Quull),  (48)

where Cy ,, ¢, and r are some positive constants not depending on w. If this
inequality is established, then

o0
A(N, p,u) = exp(6/ |K_1ds(w,u)|2ds> < exp(C}V’pHuH%).
0
Thus, condition (63) is satisfied, and (64) implies that, for any fixed p > 0,
P — @2, (P)||var < 2 (VAN pyu) — 1)2 =0 as [Jufy — 0.

Combining this with (46) and (47), we arrive at inequality (31) in which § — 0 as
|lu|ly — 0. Thus, it remains to prove (48).
To this end, first note that
e (w, u)l| < C1OIPyull + X7 (w, w) | F (u1) = Fiv (u2)l]; (49)

where we denote by C;, i = 1,2. .., unessential positive constants that may depend
on N and p. Since dim Hy < oo, we have

[ Fn(u1) = Fn(u2)|| < Cof[Fn(u1) — Fn(uz)||p
< 03/ (a2 + [us27) ur — s da
D
< O ([ o + [zl ) s = sl (50)

Using the Sobolev embedding theorems and the Gagliardo—Nirenberg inequality, we
easily show that if x/ (w,u) = 1, then

20 r .
il < CaQ+ 0" gy, 0= 1,2,
where r = r(o,n) > 0 is a constant. Combining this with (49) and (50), we derive
el < Ca (0Pl + (14 0) (ol + sl s = wal]).

Substituting (59) into this inequality, we arrive at (48).
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3.4. Proof of Proposition 4. Let us fix two measures 1, u2 € P(H?') that sat-
isfy (34). In view of the Kantorovich-Rubinstein theorem (see Theorem 11.8.2
in [3]), there exist H'-valued random variables w;g, i = 1,2, with distribution y;
such that
E ||U10 — U,QQH S 0. (51)

Let us denote by u;(t,z), i = 1,2, the solution of (4) — (6) with ug = u,.

Step 1. To prove (35), we first estimate ||ui(1) —u2(1)[/1. Let us note that almost
every realization of the function u = u; — uo belongs to the space X and satisfies
the deterministic equation

U — (v +ia)Au + g(uy, uz) =0, (52)

where g(uy,u2) = iB(|u1|*?u; — |u2|?>uz). Moreover, the boundary and initial
conditions (5) and (6) with ug = w19 — ugp are also verified. Taking the scalar
product in H of (52) with the function 2(1 — vtA)u, we obtain

ONo(u) — v|ullf + 2vN1(u) + 2(g(ur, us), (1 — vtA)u) =0, (53)
where we set
No(u) = Jlull® +vtull,  Ni(u) = [lullf +vt]ull3.
Using the Holder inequality and the Sobolev embedding theorems, we derive

2| (g(ur,u2), (1 — VtA)u)| < Cl/ (Jur[*7 + |u2|*?) (Ju* + vt|u| |Au]) dz
D

< Co(lluall?” + lluzllF) (el el + vtlelsflull2)
< Ca([luall17 + [luzl|T7) No(u) + vNi (u).
Substitution of this inequality into (53) results in
BeNo(u) < Ca([[un[|3” + [[uz||F7) No(w).
Applying the Gronwall inequality, we obtain

t
Jua(1) = ua(VIF < v uso — waol exp{Ca [ (Juall¥ + fual?) s}
0

< v D(ug, ug) [Juro — uao)?, (54)

where
D(ur,uz) = exp{Cs sup (lun (DI + luz()]137) }.
0<t<1
Step 2. We now take any function f € £(H*') with norm Il <1 and note that
|(f, Pr s — Pip2)| = |E{f(u1(1)) — f(uz(1))}]
<E (Jur (1) — ug(1)]l1 A 2). (55)
Introduce the event
PR = {Hl(um) V Hl(UQQ) 2 R or D(ul,u2) 2 R}

It follows from the first inequality in (34) and Proposition 2 that P(T'g) — 0 as
R — oo. Choosing a sufficiently large R, we conclude from (54) and (55) that

|(f, Py — Plpa)| < §+E (I [lur(1) — ua(1)]1)
< %4+ Vv 'RE [uio — usol|.

Combining this with (51) and recalling that f was arbitrary, we arrive at the re-
quired result.
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4. Appendix.

4.1. Foias—Prodi type estimate. In this subsection, we study problem (4) — (6)
in which 7 is a deterministic function of the form (cf. (7))

) = orC(t,) (56)

where ¢ is a continuous function from R; to H!. Recall that {e;} C H is the
complete set of eigenfunctions for the Dirichlet Laplacian in the domain D, Hy is
the 2N-dimensional subspace generated by {e;,ie;,1 < j < N}, and Hy is the
orthogonal complement of Hy in H. Denote by Py : H — Hy and Qn : H — H]#
the corresponding orthogonal projections.

The following result provides a Foiag—Prodi type estimate for the difference be-
tween two solutions whose projections to Hy coincide (cf. [5]).

Proposition 5. Letn > 3 and 0 < %, let h € HY(D,C), and let uj,us € X =
CRy,HYNLE (Ry, H?) be two solutions of problem (4), (56) that correspond to

loc

deterministic functions (1, (s € C(Ry, H'). Suppose that
Pyui(t) = Pyua(t) fort>T, (57)
QnGi(t) = QnGa(t)  fort >0, (58)

where T > 0 and N > 1 is an integer. Then there is a constant C' > 0 not depending
on uy, uz, T, and N such that

Qv (ua(8) = ua(t))||” < exp{—vansat +a(®)} | Qu (1 (0) ~ ua(0))||”
+Cett /Ot(lm(S)IIi*” + lua()I117) [P (ur (s) = ua(s))|[7ds, (59
where we set .
o) = C [ (lur(o) I + ua(o) ) .
Proof. The difference u = u; — us belongs to the space X and satisfies the equation

i — (v +ia)Au+ g(ur,uz) = ¢ — Co, (60)

where g(u1,u2) = iB(|ui|* u1 — |uz|**uz). Let us set v = Pyu and w = Qnu and
take the scalar product in H of Eq. (60) with the function 2w. Using (58), we derive

Byl|wl? + 2v lwl| + 2(g(ur, uz), w) = 0. (61)
The Holder inequality implies that

|(g(us, uz), w)| < Oy / (Jus 2 + [z (jeof? + o] |w]) dac
D

20 20 2
< O ([l e + lual720r ) (loll3an + [0l ooll 2, ) (62)
where we set
_ n _ n _ 2n
P -0 +200 1T om—2 "Thnt2—20n-2)
In view of the Sobolev embedding theorems and the Gagliardo—Nirenberg inequality
(see Theorem 6.4.1 in [7]), we have

el 2 < Collwl o™, o]

LT S C3||U||1’
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where 6 = o + 1 — %7 Substitution of these inequalities into (62) results in

o o 2(1-6
Ca (]2 + luall2?) (1wl?fwl}* + oll1[lw]:)
w3 + Cs (lur||? + [fuzl3) [lw]® + Co (lur |3 + lluzl|f) o2

|(g(U1,U2),U))| <
v
2
Combining this with (61) and using the inequality ||wl||? > any1]/w||?, we obtain
Ocllwl® + (vans1 = 205 (Jurllf + l[uzllD)) llwllf < 2C6 ([luali” + lluzlli7) v]3-

Applying the Gronwall inequality and recalling that v(¢) = 0 for ¢ > T in view
of (57), we arrive at (59). O

4.2. Girsanov theorem. Let (Q,F,P) be the probability space described in the
beginning of Section 3.3 and let {F;, ¢ > 0} be the natural filtration on Q augmented
with respect to (F,P) (see [8]). Suppose that N > 1 is an integer and d;(w) is an
H y-valued measurable function on Ry x € that is adapted to F; and satisfies the
condition

t
IE/ lds||?ds < oo for any ¢ > 0.
0

Consider a transformation of Q) defined as

<I>(w)=w—|—/0 ds(w) ds.

Let K be a bounded linear operator in H defined by the relations Ke; = bje; and
K (iej) = ibje; for all j > 1. In view of condition (28), the operator K is injective
and its inverse K ! is well defined on Hy. The following result is a straightforward
consequence of the Girsanov theorem (see [20]).

Proposition 6. Suppose that
A:=FE exp(ﬁ /000 |K1ds|2d8> < 0. (63)
Then the total variation distance between P and ®.(P) admits the estimate
IP— . ()l < 3 (VA-1)"". (64)

Proof. We define a Brownian motion in Hy by the formula B;(w) = K ~!Pyw; and
introduce the measurable function

o) =exp(— [ Ky am - [ KL @lPas)

In view of the Girsanov theorem (see Theorem 8.6.4 in [20]), the function p is the
density (with respect to IP) of a probability measure on 2, and the random process

Bt(w)th(w)+/0 K=1dy(w), ds

is a Brownian motion with respect to the measure P(dw) = p(w)P(dw). It follows
that the distribution of ®(w) under the law P coincides with P. Therefore,

[P — @ (P)[lvar = ;gglP(F) —P{®() T}

= sup [P{®(-) € T} — P{®() € T} < [P~ P|lvar-
TeF
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Using a well-known formula for the total variation distance, we derive

It
by

1
(2

3
4

5
6
7
8

9
[10

[11
[12
[13
[14
[15
16

(17
[18

[19

[20
[21

[22

~ 3 3
||P—P||Var:1/|p—1|d]P<1</(p—1)2d1P) <1(/p2d]P>—1) . (65)
2 Q 2 Q 2 Q

remains to note that the integral on the right-hand side of (65) can be estimated

V/A. O

REFERENCES

| J. Bricmont, Ergodicity and mizing for stochastic partial differential equations, Proceedings
of the International Congress of Mathematicians, vol. 1, Higher Ed. Press, Beijing, 2002.

] A. Debussche and C. Odasso, Ergodicity for the weakly damped stochastic monlinear
Schrédinger equation, J. Evol. Equ. (2005), to appear.

| R. M. Dudley, Real Analysis and Probability, Cambridge University Press, Cambridge, 2002.

| W. E, J. C. Mattingly, and Ya. G. Sinai, Gibbsian dynamics and ergodicity for the stochas-
tically forced Navier—Stokes equation, Comm. Math. Phys. 224 (2001), 83-106.

| C. Foiag and G. Prodi, Sur le comportement global des solutions non-stationnaires des
équations de Navier—Stokes en dimension 2, Rend. Sem. Mat. Univ. Padova 39 (1967), 1-34.

| M. Hairer, Ezponential mizing properties of stochastic PDE’s through asymptotic coupling,
Probab. Theory Related Fields 124 (2002), 345-380.

] L. Hérmander, Lectures on Nonlinear Hyperbolic Differential Equations, Springer-Verlag,
Berlin, 1997.

| I. Karatzas and S. E. Shreve, Brownian Motion and Stochastic Calculus, Springer-Verlag,
New York, 1991.

| N. V. Krylov, SPDEs in Lq((0, 7], Lp) spaces, Electron. J. Probab. 5 (2000), no. 13, 29 pp.

| S.B. Kuksin, Ergodic theorems for 2D statistical hydrodynamics, Rev. Math. Phys. 14 (2002),
585-600.

| S. Kuksin and A. Shirikyan, Stochastic dissipative PDE’s and Gibbs measures, Comm. Math.
Phys. 213 (2000), no. 2, 291-330.

| S. Kuksin and A. Shirikyan, A coupling approach to randomly forced monlinear PDE’s. I,
Comm. Math. Phys. 221 (2001), 351-366.

| S. Kuksin and A. Shirikyan, Coupling approach to white-forced nonlinear PDE’s, J. Math.
Pures Appl. 81 (2002), 567-602.

] S. Kuksin and A. Shirikyan, Randomly forced CGL equation: stationary measures and the
inviscid limit, J. Phys. A 87 (2004), no. 12, 3805-3822.

| N. Masmoudi and L.-S. Young, Ergodic theory of infinite dimensional systems with applica-
tions to dissipative parabolic PDE’s, Comm. Math. Phys. (2002), 461-481.

| J. Mattingly, Ezponential convergence for the stochastically forced Navier—Stokes egquations
and other partially dissipative dynamics, Comm. Math. Phys 230 (2002), 421-462.

] P.-A. Meyer, Probability and Potentials, Balisdell, Waltham-Toronto-London, 1966.

| R. Mikulevicius and B. Rozovskii, A note on Krylov’s Ly-theory for systems of SPDEs,
Electron. J. Probab. 6 (2001), no. 12, 35 pp.

| C. Odasso, Ergodicity for the stochastic complex Ginzburg—Landau equations, Ann. Inst. H.
Poincaré Probab. Statist. (2005), to appear.

| B. Oksendal, Stochastic Differential Equations, Springer—Verlag, Berlin, 1998.

| A. Shirikyan, Some mathematical problems of statistical hydrodynamics, Proceedings of the
XIV International Congress of Mathematical Physics, World Scientific, 2003, to appear.

| A. Shirikyan, Ergodicity for a class of Markov processes and applications to randomly forced
PDE’s. I, Russian J. Math. Phys. 12 (2005), no. 1, 81-96.

Received March 15, 2005; revised October 2005.

E-mail address: Armen.Shirikyan@math.u-psud.fr



