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Local dynamics for high-order

semilinear hyperbolic equations

L. R. Volevich and A. R. Shirikyan

Abstract. This paper is devoted to studying high-order semilinear hyperbolic equa-
tions. It is assumed that the equation is a small perturbation of an equation with
real constant coefficients and that the roots of the full symbol of the unperturbed
equation with respect to the variable 7 dual to time are either separated from the
imaginary axis or lie outside the domain v < |Re7| < §, where § > v > 0. In
the first case, it is proved that the phase diagram of the perturbed equation can be
linearized in the neighbourhood of zero using a time-preserving family of homeo-
morphisms and that the constructed homeomorphisms and their inverses are Holder
continuous. In the other case, it is proved that the neighbourhood of zero in the
phase space of the equation contains a locally invariant smooth manifold M which
includes all solutions uniformly bounded on the entire time axis and exponentially
attracts the solutions bounded on the half-axis. The manifold M can be represented
as the graph of a non-linear operator that acts on the phase space and is a small per-
turbation of a pseudo-differential operator whose symbol can be written explicitly.
In this case, the dynamics on the invariant manifold M is described by a hyperbolic
equation whose order coincides with the number of roots of the full symbol that lie
in the strip |Re7| < v.

Introduction

In the theory of ordinary differential equations (ODE), the behaviour of
solutions in the neighbourhood of a stationary point has been rather thoroughly
studied . We mention the well-known result of Grobman—Hartman on the lineariza-
tion of the phase diagram in the neighbourhood of a hyperbolic stationary point
(see [4], [20], [2], [10]).

Let us consider the system

a(t) = Pu(t) +eQ(u(t)), u(t) € E, (0.1)

where [E = R™ is the phase space, € € R is a small parameter, P is an m X m matrix
with real entries, and Q(u): R™ — R™ is a smooth compactly supported function
vanishing at u = 0. We consider the Cauchy problem for equation (0.1),

u(0) = up € R™. (0.2)
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Let
U(t,): R™ - R™, ug — u(t),

denote the resolving operator for problem (0.1), (0.2). For e = 0, the operator
U, (t,-) is linear, and we denote it by Up(t). The Grobman—Hartman theorem asserts
that if the real parts of the eigenvalues of the matrix P are non-zero, then there is
a homeomorphism @.: R™ — R™, |e| < 1, such that the relation

Uo(t)P<(uo) = Pe(Ue(t, uo))
(see Fig. 1, where u = U (t,ug)) holds for all t € R and ug € R™.

Uy P (uo)

~

Figure 1. Linearization of the phase diagram

In the general case of a matrix P having roots on the imaginary axis, linearization
may not be possible, but, as follows from the results in [29] (also see [21] and [33]),
there is a smooth m.-dimensional manifold M (where m,. is the number of pure
imaginary eigenvalues of P) such that

(i) any solution uniformly bounded for ¢ € R lies on M, and the dynamics on
M is described by an equation of order m.,

(i) any solution uniformly bounded for ¢ > 0 (¢ < 0) is exponentially attracted
to M.

The above results are part of the general theory describing the behaviour of ODE
solutions in the neighbourhood of a stationary point. For a detailed presentation
of the corresponding part of ODE theory, see [2], [6], [9], [10], and [33], where, in
particular, questions related to asymptotic stability, exponential dichotomy, and
existence and smoothness of unstable, stable, and centre manifolds are studied. All
these results can be extended in some form to equations of the form (0.1) with
infinite-dimensional phase space E provided that P is a bounded linear operator
and Q(u) is a smooth function on E (see [5] and [28]). The condition that P
is bounded prohibits applying the resulting abstract theory to partial evolution
equations since the operator P arising in the reduction of these equations to systems
of the form (0.1) is a differential operator with respect to the spatial variables and
therefore is unbounded. Thus, the “natural” conditions on the operator P and
the non-linear function @(u) in studying equation (0.1) in an infinite-dimensional
phase space are specified by concrete examples of partial differential equations.
These difficulties have been studied by many authors (see [1], [8], [11], [14]-[18],
[22]-[27], [31], and [34] and the references therein).

In this paper, we study semilinear hyperbolic equations of the form

PO)u(t,x) +eQe, t,x,0™u(t,z)) =0, zeR", teR, (0.3)
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where ¢ € R is a small parameter, 0 = (0, 0z,,...,0s,), 0™ = {0%: |a| < m},
and 0% = 07003 ... 0gm. It is assumed that the operator

P(9)=P(01,0:) = > pad®, pa€R, (0.4)

lee|<m
is strictly hyperbolic and the non-linear term @ has the form

Qe,t,2,0™u) = Y qale,t, 2)0%u+ q(e,t, 7, 0™ M), (0.5)

lal<m

where qq(e,t,7) and q(e,t,2,2) (2 = {25: |8 < m — 1} € R?) are smooth real-
valued functions, and that ¢(e,¢,2,0) = 0. Along with the condition of strong
hyperbolicity, one of the following conditions is imposed on P(9).

Condition (H). There is a 6 > 0 such that
P(1,6) #0 for |Ret| <4, (Imr,i€)c R™ (0.6)

where P(1,€) is the full symbol of the operator P(dy, dy).
Condition (H.). There are 6 and v, § > v > 0, such that

P(r,6) #0 for v <|Rer|<d, (Imr,if)e R, (0.7)

In other words, it is assumed in Condition (H) that the roots of the polynomial
P(1,€) are separated from the imaginary axis uniformly with respect to i§ € R™,
whereas, under Condition (H.), the symbol P(7,£) can have some roots in the
neighbourhood of the imaginary axis, but it is required that they should be sep-
arated from the other roots uniformly with respect to £&. We shall prove that if
Condition (H) holds, then the phase diagram of equation (0.3) can be linearized in
an arbitrary finite neighbourhood of zero (for sufficiently small values of ¢) using a
time-preserving family of homeomorphisms. Moreover, we shall show that if @ is
an operator of order m — 1, then the linearizing homeomorphisms and their inverses
are Holder continuous. For exact statements of these assertions, see §1.2.

In the case when Condition (H.) holds, we shall prove that an arbitrary finite
neighbourhood of zero in the phase space of equation (0.3) contains a smooth
infinite-dimensional manifold M possessing properties similar to (i) and (ii) (see
above). Furthermore, it will be established that M is the graph of a smooth non-
linear operator that depends on m, functions (where me! is the number of roots
lying in the strip |Re7| < v) and is a small non-linear perturbation of a pseudo-
differential matrix operator whose symbol can be expressed in terms of that of the
original equation. The exact statements of these assertions are given in §5.1.

Let us briefly describe the structure of this paper, which is in two parts. The
first part is devoted to proving Grobman—Hartman type theorems. In § 1, the main
results in the first part are stated (see Theorems 1.3 and 1.4) and some examples
are considered. In §2, which is devoted to studying linear hyperbolic equations,

1Everywhere below, we shall assume that 1 < me < m — 1.
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it is proved that the phase diagram of an equation with constant coefficients and
those of its small perturbations can be transformed into each other using a time-
preserving family of homeomorphisms. In § 3, Theorems 1.3 and 1.4 are proved. In
the Appendix (see §4), some auxiliary assertions used in the main body of the text
are collected.

The second part is devoted to constructing the centre manifold for equation (0.3).
In §5, the statements and sketches of the proofs of the main results are given (see
Theorems 5.1-5.3). The initial-value problem with growth conditions at infinity
for an equation with truncated non-linearity is studied in §6, and § 7 is devoted to
proving Theorems 5.1-5.3. In the Appendix (see §8), some auxiliary assertions are
collected.

The authors express their gratitude to A. L. Afendikov, A. Yu. Goritskii, and
A. 1. Komech for discussions and valuable remarks and to M. Levitin for help in

preparing TEX files.

Notation. Let 0 < v < 1, let J C R be an interval, let D be a domain in R,
let X and Y be Banach spaces, and let {2 be an open set in X. We shall use the
following function spaces.

The space C5°(D) of infinitely continuously differentiable functions on D, which,
together with all their derivatives, are bounded.

The space C(J, X) of continuous functions on J with range in X.

The space CH7(Q,Y) of I-times continuously (Frechét) differentiable functions
f: Q2 — Y whose lth derivatives satisfy Holder’s condition with exponent v and
whose seminorms

I ! Dl
; D" f(u) — f(U)HU(XY)
1,y 1= SUp D’ f(w)]| zs + sup .
|fle uerE,l: D7 f(w)llzsx,v) e u— %

are finite, where £7(X,Y’) denotes the space of bounded j-linear forms from X to
Y (see [11], §1.2.5). We note that if the domain € is bounded, then the norm

1l i= sup [IF(w)lly + [flcw
ue

is finite. In the case [ = 0, we shall write C7(Q,Y).
The symbols C;, 7 = 1,2,..., will be used to denote all insignificant positive
constants.

PART I. THE GROBMAN-HARTMAN THEOREM

§1. Statement of linearization theorems and examples

In this section, we recall the theorem on the well-posedness of the Cauchy prob-
lem for non-linear hyperbolic equations (Proposition 1.1), state the main results of
the first part (Theorems 1.3 and 1.4), and consider some examples.

1.1. The Cauchy problem for equation (0.3). We shall assume that the oper-
ators P and @ in equation (0.3) satisfy the following conditions.
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Condition (P). The operator P(9) has the form (0.4) and is strictly hyperbolic,
that is, it is solved with respect to the highest derivative with respect to ¢, and the
roots of the leading symbol

PO(T7 6) = Z paTaOéla/7 a = (a07a/)7

|a]=m

with respect to 7 are pure imaginary and pairwise distinct for i€ € R™ \ {0}.

Condition (Q). The operator @ has the form (0.5), where g, and g are real-valued
functions satisfying the relations g, € Cp°([—1,1] x szl) and ¢ € C°([—1,1] x
szl x B,) for any ball B, = {z € R?: |z| < p}, and the condition q(e, ¢, z,0) = 0
holds.

We consider the Cauchy problem for equation (0.3):
(8, ) = u;(x) e Hm1k=) i —0, ... m—1, (1.1)

where k > 0 is an integer and H(®) = H(®)(R™) is the Sobolev space of order s with
the standard norm || - ||s. The phase space of equation (0.3) is defined using the

formula
m—1

Em-1p= | [ H™ 1D
7=0

and is equipped with the norm

m—1 1/2
1 s i = ( T |uj|%m_1+k_j)) U= (ot
7=0

Let B,,—1,%(p) denote the open ball in E,,_; 5 of radius p > 0 and centre zero.

Proposition 1.1. Suppose that Conditions (P) and (Q) hold. Then there is an
€0 > 0 such that the following assertions are true for |e| < eg.

(i) For any p > 0 and an arbitrary integer k > n/2, there is a T > 0 such that
problem (0.3), (1.1) with Cauchy data [ug, ..., Um—1] € Bm_11(p) has a (unique)
solution u(t, ) satisfying the relations

Hue O, Hm1Hk=0)y 5 =0,... .m—1, (1.2)

where J = [0 —T,0 +T].

(ii) If wi(t,z), ¢ = 1,2, are two solutions of problem (0.3), (1.1), (1.2) with
J = J;, where J; CR, i = 1,2, are closed intervals containing the point 0, then
ui(t, ) = ua(t,x) fort € J1NJy and x € R™.

Proposition 1.1 is a version of the theorem on the well-posedness of the Cauchy
problem for non-linear hyperbolic equations. For a proof, see, for example, [7],
Chapter 7.
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Remark 1.2. It follows from Proposition 1.1 that for any § € R and Uy =
[ug, -y Um—1] € Epm_1, there are T = TF(k,0,Up) such that (T, ,T.F) is
the maximum interval on which the solution corresponding to Cauchy data U
is defined. In this case, if T.F < +o00, then

im [ D#)ullm-1,k = +00,
t—T+—0

where
D(t)u = [u(t, z), Ou(t, x),. .., 0m tu(t, )] (1.3)

denotes the phase trajectory corresponding to u(t,z). Similarly, if 7.~ > —oo, then

lm D))ok = +oo.

t—T= +0
We denote by
U(t,0,U0): Erpp1ke = Epm1 g, || < &0, te(To,T2), (1.4)
the operator mapping Uy = [ug, ..., Um—1] € Ep_1k to the vector function (1.3),

where u(t, x) is the solution of problem (0.3), (1.1), (1.2) with J = (7., 7."). For
e = 0, equation (0.3) is linear, and its coefficients do not depend on (¢, ). Therefore,
we have TOjE = 00, and (1.4) is an invertible linear operator depending only on
the difference t — 6. We denote it by Uy (t — 0).

1.2. Statement of results. Recall Condition (H) from the Introduction.

Theorem 1.3. Let Conditions (P), (Q), and (H) hold. Then for any p > 0 and
an arbitrary integer k > n/2, there is a constant 9 > 0 and a family of continuous
maps

@5(0, U())I R x Bm—l,k(p) — ]Em—l,k (15)

such that ®.(0,0) = 0 and the following assertions are true for |e| < .
(1) If Up = [uo, - - -, Um—1] € Brm—1,5(p) is a vector function such that

Z/{E(t, 0, U()) S Bm—Lk(ﬂ) f07’ tedJ,
where J C R is an interval containing the point 6 € R, then
Z/{O(t - 0)456 (07 UO) = ¢E(t7u€(t7 07 UO)) (16)

(ii) For an arbitrary fized 8 € R, the image V(p,8) of the open ball By,—1 1(p)
under the map $.(0,-) is an open neighbourhood of zero in En,_1 %, and $.(0,-)
specifies a homeomorphic map of B,,—1 x(p) onto V(p, ).

(iif) The set Ry x V.(p,0) = {(0,Up) € R X Epp_1,: Uy € Ve(p,0)} is open in
R X Ep—1,%, and the inverse map

D-10,Up): Ry x Ve(p,0) = Bruo1.1(p) (1.7)

is continuous for any fized €.
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We now consider the question of equivalence for the operator U.(¢, 0, -) and the
resolving operator V. (¢, ) of the Cauchy problem for the linear equation

P.(t,z,0)u= Z (Pa + €qale, t, ))0%u = 0. (1.8)

laf<m

By definition, the linear operator V.(t,6), defined for all ¢,6 € R, transforms
[0, - - s Um—1] € Ey_1 k into the vector function (1.3), where u(¢, x) is the solution
of problem (1.8), (1.1), (1.2) with J = R.

As is well known, if P is a strictly hyperbolic operator, then the roots 7;(§),
j=1,...,m, of the full symbol P(7,&) lie in a strip | Re 7| < const for i{ € R™ (for
example, see [7], Chapter 4, or [32], §2.2). Let us set

Omax = ax . sup |ReT;(£)],
J=L,m gcirn (L.9)

Omin = g:rfln,m gérllén | Re Tj (§)|

We note that if the operator P(9) satisfies Condition (H), then oy, = § > 0.

Theorem 1.4. Let Conditions (P), (Q), and (H) be fulfilled. Then for any p > 0
and v, 0 < ¥ < Omin/Omax, and an arbitrary integer k > n/2, there is a constant
eo = ¢eo(k,v,p) > 0 and a family of continuous operators

WE(G, U())I R x Bm—l,k(p) — ]Em—l,ky |E| < €0, (110)
such that . (0,0) = 0, and the following assertions hold for |e| < eg.
(1) If Up = [uo, - - -, Um—1] € Brm—1,5(p) is a vector function such that

Z/{E(t, 0, U()) S Bm—Lk(ﬂ) f07’ tedJ,
where J C R is an interval containing the point 6 € R, then
V(t,0)P.(0,Up) = U (t,U(t,0,Up)) for ted. (1.11)

(ii) For any fized 8 € R, the image W.(p,8) of the open ball B,,_1 k(p) under
the map ¥, (0,-) is an open neighbourhood of zero in E,,_1 x, and ¥.(0,-) specifies
a one-to-one map of By,_1.x(p) onto W.(p,0). Moreover, the operator ¥, (6,-) and
its inverse operator W= 1(0,-) are Hélder continuous with exponent .

(iii) The set Ry x We(p,0) = {(0,Up) € R x Epp_1,: Uy € W(p,0)} is open in
R X Ep—1,k, and the inverse map

w10, U0): Rg x We(p,0) — Bry1,k(p)
is continuous for any fized €.
The proofs of Theorems 1.3 and 1.4 are given in § 3.

Remark 1.5. As will be seen from the proofs of Theorems 1.3 and 1.4, for any p > 0,
there are p’, p” > 0 such that

Brm-1,k(p") C Ve(p,0), We(p,0) C Br-1,k(p"), (1.12)

and p/ — 0o as p — 0o. The proofs will also imply that if the non-linear operator Q
in (0.3) does not depend on ¢, then the linearizing operators @, and ¥, do not depend
on 6.
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1.3. Examples. We present some examples of strictly hyperbolic operators satis-
fying Condition (H).
Example 1.6. Let a > 0, let b,0 € R\ {0}, and let ¢ € R”. We set

Py (04, 0) = Ot + Oy + b, Poo(84,0:) = 0 + 00, + (1 — a®A), (1.13)
where A is the Laplace operator. It is easy to see that (1.13) are strictly hyperbolic
operators satisfying Condition (H).

Example 1.7. Let a vector ¢ € R" and real numbers a;,0;, j=1,...,1, and b
be such that |c| < a; for all j, a; # ay for j # k, and b,0; # 0. Then the strictly
hyperbolic operators

l
H a],o] 8157 7 Pbc H a],o] 8157

j=1
satisfy Condition (H).

Example 1.8. Conditions (P) and (H) are stable with respect to small perturba-
tions of the symbol (see [32], Proposition 3.9). In other words, if an operator P(9)
of order m satisfies these conditions and Q(9) is an arbitrary operator of order m
with real coefficients, then P + v@Q satisfies Conditions (P) and (H) for sufficiently
small v € R.

The next example shows that the estimate for the exponent « in the condition
of Holder continuity is exact in the case omin = Omax-

Example 1.9. Let us consider the linear ODE
—(1+¢e)u. (1.14)

In this case, we have opin = 0max = 1, and the resolving operator of the Cauchy
problem for equation (1.14) has the form

Ve (t)ug = e~ (I+e)ty, . (1.15)
Let a continuous operator ¥: [0, p] — R satisfy the condition
Z/{Q(t)W(UQ) = W(Z/{E(t)’(m), 0 < Ug < P t 2 0, (116)

for some £ > 0 and p > 0. Then substituting (1.15) into (1.16) and setting ug = p,

we obtain
e (p) = W(e" ),

whence it follows that
U(u) = cuﬁ, u>0, c= LD(p)p_lJ%s.

Hence, the operator ¥(u) is Holder continuous with exponent v = 1/(1 + ¢), but
does not satisfy Lipschitz’ condition for any £ > 0.
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§ 2. Equivalence of linear equations

We shall show in this section that if Condition (H) holds, then the integral curves
of equation (1.8) can be mapped onto those of the equation

PQu(t,z) =0 (2.1)

using a time-preserving family of homeomorphisms. This assertion will be used in
the proof of Theorem 1 (see §3).

2.1. Statement of the result. Recall the operators Uy(t — ) and V:(¢, ) from
§8 1.1 and 1.2, respectively.

Theorem 2.1. Let Conditions (P), (Q), and (H) hold. Then for any integer k > 0,
there is a constant €9 = o(k) > 0 and a family of continuous maps

Ls(aa UO): R x ]Em—l,k — ]Em—l,ka |E| < €0, (22)

such that L.(0,0) = 0 and the following assertions are true for |e| < eg.

(1) Up(t — O)L:(0,Up) = L (¢, Ve(t,0)Up) for allt,0 € R and Uy € Ep—1 .

(ii) For any fized 0 € R, the operator L.(0,Uy) specifies a homeomorphic map of
Em—1,k onto itself. Moreover, the inverse operator

L7Y0,Up): Ry X B 1. — Bp_1 4

is jointly continuous with respect to the variables (6,Up).

Remark 2.2. As will be seen from the proof of the theorem, for any p > 0, there
are p’, p” > 0 such that the inclusion

Br—1,1(0") C Le(0, Br—1,1(p)) C Brm-1,(p") (2.3)

holds for the image of the ball B,,_1 x(p) under the map L., and p' — oo as p — co.
The proof will also imply the if the coefficients g, do not depend on ¢, then the
operators L. do not depend on 6.

Theorem 2.1 will be proved in §2.4. To elucidate the main ideas of the proof,
we consider the special case (see §2.2) in which all roots of the symbol P(r,&) are
stable, that is, lie in the left half-plane. Furthermore, we shall need some results
in [3] relating to the property of exponential dichotomy for equation (1.8). They
are presented in §2.3.

2.2. Proof of Theorem 2.1. The case of stable roots. We shall assume in
this section that the roots 7;(§), j = 1,...,m, of the full symbol P(7,¢&) satisfy
the condition
ReTj(§) < —Omin for € eR", j=1,...,m.
(1) As is shown in [32], Theorem 6.1, the inequality

[IV=(t,0)Us|m—1,x < 016_”(t_0)|\U0Hm—1,k, t>0, (2.4)
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holds for |e] < g9 < 1, where 0 < p < Omin and the constant C; > 0 does not

depend on Uy. For given 6 € R and ¢, |¢| < g9, we define the seminorm in E,,_q
by the formula

400 1/2
|Uo|<5,9)=( / |ve<t,o>Uo|$n_1,kdt) C UpeBman  (25)
]

Let us show that the seminorm (2.5) is equivalent to || - ||;n—1,5. More precisely,
there is a constant K > 1 not depending on ¢ or 6 such that the inequality

K™Y Uollm-1,k < |Uol(c,0) < K||Uollm-1,6s Uo € Em—1.1, (2.6)

holds. Indeed, by (2.4), we have

—+o0
Oolgy = [ Vo000t < ) 00

To prove the reverse inequality, we need the following lemma.

Lemma 2.3. Suppose that Conditions (P) and (Q) hold. Then there are constants
eg >0, >0, and C > 0 such that the inequality

1V=(t,)Uollm-1.6 < Ce=NUpllmork, t,OER, Uy € B 14, (2.7)

holds for|e| < eg. More precisely, the operator Ve (t, 0)Uy is continuous in (t,0,Up).
Inequality (2.7) was established in [12], Lemma 23.2.1. The continuity of V; is
proved in the same way as assertion (iii) in Proposition 4.2.
We interchange ¢ and 6 in (2.7) and replace Uy by Ve (t, 8)Up, which results in
[T0llm—1,6 < C2||[Ve(t, ) Uollm—1,k, [t —0] <1,

where the constant Cy > 0 does not depend on ¢ or Uy. It follows that

0+1
ol ) > / Vet 0)U0|2 1 i dt > Oy 2 [Uol2 s

which completes the proof of (2.6).
(2) Let us denote by S:(6) the sphere in E,,_1 ; of radius 1 (relative to the
norm | - |(z,9)) with centre zero:

S:(0) = {Uo € Em—1,: [Uol(c,0) = 1}

We claim that for any non-zero solution u(t,z) of problem (1.8), (1.1), there is a
unique instant of time 7" such that

U(T) € S.(T), (2.8)
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where U(t) = D(t)u is the phase trajectory corresponding to the solution u(t, z)
(see (1.3)). Indeed, by the inequality

+o0 +oo
UO)2. 4 = / U@,y g dt > / (U2 dt = [T g0,

0/

where 0 < @', the function |U(6)|. ) is monotone increasing. Moreover, (2.4)
and (2.6) imply that

lim |U(0)|(,0) =0, 9li>r—noo [U(0)l(c,0) = +o0.

6—+oc0

Therefore there is a unique 7' € R satisfying the condition |U(T')|( 7y = 1, which
is equivalent to (2.8).

For givene, § € Rand Uy € E,,_1 , we denote by T, (60, Up) the T satisfying (2.8),
where U(t) = V:(t,0)Uy. We define the desired map (2.2) by the formula

V=(T,0)Uo| gy Uo(0 = T)Ve(T, )0 for Uy #0,

2.9
0 for Uy =0, (2.9)

L.(0,Up) = {

where T' = T,(6,Up). Equivalently, if Uy € E,,_1 lies on S.(6), then L.(6, Up)
is defined as the intersection point of the ray {\Up, A > 0} and the sphere? Sy =
So(6). If the non-zero vector function Uy € E,,—_1 5 does not lie on S, (6), then the
map L.(0,Up) is defined in the following way: the vector U(T), T = T.(0,Uy),
which lies on the trajectory passing through U, at time 6 and satisfies (2.8) is
mapped to the sphere Sy using contraction or stretching, and the resulting function
is acted on by the operator Up(0 — T'), = T (0, Up) (see Fig. 2, where S. = S.(T),
A =V.(T,0)Uy, and B = [V(T, 0)Uo| g7 Ve (T, O)Uo).

t:e t=T5(0,U0)
Figure 2. The map L¢(6,Up)

(3) We claim that the map (2.9) possesses all the required properties. To this
end, we need three auxiliary lemmas.

2The norm | - |(. ¢y does not depend on 6 for € = 0, and so neither does the sphere So(6).
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Lemma 2.4. (i) The modulus of the difference T.(0,Uy) — 0 is uniformly bounded
forany p>1if0 €R and p=' < ||Uollm-1,x < p.
(ii) There are constants C > 0 and s > 0 not depending on € or 0 such that the
inequality
T.(0,Up) < 0+ 3 'In||Up||m—1,1 + C (2.10)

holds if T. (6, Up) < 6.
Proof. (i) The function T¢ (6, Uy) was defined as the unique solution of the equation

F.(T,0,Up) := |V(T, 0)Uo [, 1) — 1 = 0. (2.11)
Consequently, by (2.6) we have
K < VuAT, 000 |14 < K, T = T.(6,Up). (2.12)

Note that the norm ||V:(t, 8)Up||m—1,k tends to zero as t — 6 — 400 and to infinity
as t — @ — —o0, and the convergence is uniform for p=! < 1To|lm-1,5 < p in both
cases. These properties and formula (2.12) imply that the difference T.(0, Uy) — 0
is uniformly bounded.

(i) It follows from (2.7) that

[Ve(t, 0)Uo |1,k < Coe” Ul 1,5, t<8.
Setting t = T. (0, Up) in this inequality and using (2.12), we obtain

—InK < (0 —T.(0,Up)) + InCo + In || Up || m—1,k,
whence follows the desired inequality (2.10).

Lemma 2.5. The function T.(6,Uy) is continuous in (6,U) € R x Ep,—q 1 \ {0}.

Proof. Suppose that sequences {¢;} C R and {U;o} C Ep,—1, converge to § € R
and Uy € E,,_1x, respectively. We set T; = T.(0;,U0). By Lemma 2.4, the
difference T; — 6; is uniformly bounded with respect to i. Consequently, there is a
subsequence {T;,} converging to some limit 77 € R. On setting T' = T;,, 6 = 6;,,
and Uy = Uj, 0 in (2.11) and passing to the limit as & — oo, we conclude that 7" is a
solution of (2.11). By the uniqueness of this solution, it follows that T" = T. (8, Up)
and that the entire sequence {T;} converges to 1".

Lemma 2.6. For any fived €, 0 € R and Uy € Ep—11, \ {0}, the relation®
T.(8,Uo) = To(L:(0, Up)) (2.13)

holds
Proof. By definition, Ty(L. (0, Up)) is the unique solution of the equation

U (T — ) Le (0, Uo)| 0.1y = 1. (2.14)

3The function T (6, Up) does not depend on 6 for e = 0, and we denote it by Top(Up).
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By (2.9), we have
Uo(T — ) Le (8, Uo) = |Ve(T., 0)Uol gy Ve (T, 6)Uo
for T = T.(0,Up). It remains to note that the right-hand side of this equation

satisfies (2.14).

(4) Next, we show that the operator L. (6, Uy) defined by formula (2.9) possesses
all the required properties.

The continuity of L. (0, Uy) for Uy # 0 is a simple consequence of Lemmas 2.3
and 2.5. Let us prove that L.(6,Up) is continuous at any point of the form (6, 0).
For this, note that if ||Up||m-1% < 1, then T = T.(6,Uy) < 6, and therefore,
by (2.4), the inequality

[tho(0 = T)Volm—1 < Cre™ D[ Vo 1. (2.15)
holds for any V € Ey,—1 5. It follows from (2.6) that
Ve (T, 0)Us 0,1y = K H[Ve(T,0)Up ||l m—1,k- (2.16)

Substituting Vo = V.(T, 0)Uy into (2.15) and taking (2.16) into account, we arrive
at the estimate
L (0, Uo)|lm—1,6 < CLE e #O7). (2.17)

Formulae (2.10) and (2.17) imply that
| Le (0, Uo)lm—1,6 < C1K exp(pse™ ' In[|Uo|[m—1, + nC) < Cs(5¢, 1) HUOHlT:L/fl,k’

and therefore L. (6, Up) is continuous at (6, 0).

We now complete the proof of Theorem 2.1 for the case of stable roots.
Proof. (i) The desired relation is trivial for Uy = 0. Suppose that Uy # 0 and fix
some arbitrary t, 6 € R. Direct verification shows that

T.(0,Up) = T.(t, V- (t, 0)Up). (2.18)

Setting T = T.(0,Uy) and Vo = V.(¢,0)Up and using the group property of the
operators V. and relation (2.18), we find
Uo(t = 0)Le(6,Uo) = [Ve(T, 0)Us | g.pUo (t — T)Ve(T, 0)Us
= |VE (T, t)VO|(_0%T)Z/{O (t - T)Vs (T7 t)VO
= L.(t,Vp).

(ii) We define the operator

U (T — 0)U0|(—E}T)v5(a, TU(T —0)Uy  for Uy #0,

K.(0,Uy) =
( 0) { 0 for UO =



452 L. R. Volevich and A. R. Shirikyan

by analogy with (2.9), where T' = Ty (Up), and prove that it is the inverse of L. (6, Up)
for any fixed 6.

Let us set T = T.(0,Up) and T’ = Ty(L:(0,Up)). By Lemma 2.7, we have
T =T'. Therefore

Up (T/ - 0)L6 (07 UO) = |VE (T, 0) Ug |(_0%T)Vs (T, 0) Uo,
Us(T" = )L (6,00) ) = V(T 0)T0 51y,

whence it follows that K (0, L.(6,Uy)) = Uy. The relation L.(0, K.(6,Uy)) = Uy
is proved in a similar manner.

Thus, the operator L.(6,-) specifies a one-to-one map of the space E,,_1
onto itself. Repeating literally the above argument, it is possible to prove that
L7Y0,Uy) = K.(6,Up) is jointly continuous with respect to the variables (8, Up).

2.3. The property of exponential dichotomy. For y,0 € R and integers
k,1 > 0, we define the space

Fii ) (R(0)) = {u(t, 2): e"'0]u € Co(R(6), H'THD), j=0,..,1},
where Ry (6) = [0, £00), and endow it with the norm

Ep g j(u,Re(0)) = sup e”(t_e)Elyk(u,t),
+(t—6)>0

where

!
El%k(“: t) = Z (07 u(t, ')H?k—i—l—j)'
7=0
Consider equation (1.8) with a strictly hyperbolic operator P(9) satisfying
Condition (H). We set C4(d) := {r € C: £Re7 > 6} and denote the numbers of
the roots of the symbol P(7,£) in the half-planes C_(opin) and C4(omin) by ms
and m,,, respectively.

Proposition 2.7. Suppose that Conditions (P), (Q), and (H) are satisfied. Then
for any p, 0 < b < Omin, and an arbitrary integer k > 0, there are positive constants
g0 = eo(k,pu) and C = C(k,p) such that the following assertions are true for
le| < eo.

(1) For any vector function Us = [ug, ..., Um,—1] € Bm,—1,k+m., equation (1.8)
has a unique solution u € Fp,_1 1 1) (R (0)) satisfying the initial conditions

Hu(0,z) =uj(z) e HM™ = 50 ... m,—1. (2.19)

This solution satisfies the inequality

mg—1

B 1 (R (0)) < C Y gl gme15—5)- (2.20)
7=0
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Similarly, for an arbitrary vector function U, = [uo, ..., Umy—1] € Emy—1.k+m.,

equation (1.8) has a unique solution u € Fp,_q p -, (R_(0)) satisfying the initial
conditions

Hu(0,x) = uj(z) e HMm = 50 .. m, —1. (2.21)

This solution satisfies the inequality

My —1
B, - (u, R_(0)) < C Z llwsll (m—14%—j)- (2.22)
3=0
(ii) The operator
VE(t,0): B, 1 ktm — Btk (2.23)

transforming U into the vector function (1.3), where u € Fy,_q g () (R (0)) is the
solution of problem (1.8), (2.19), is continuous with respect to (t,0,Us). Similarly,
the operator

V;L (ta 0) ]Emu—Lk—i-ms - ]Em—l,k (224)

transforming Uy into the vector function (1.3), where u € Fp,_q 1~ (R_(0)) is the
solution of problem (1.8), (2.21), is continuous in (t,0,U,).

Assertion (i) of Proposition 2.7 was established in [3], Theorem 4.1. The conti-
nuity of (2.23) and (2.24) is proved in the same way as assertion (iii) in Proposi-
tion 4.2 (see §4).

For an arbitrary 6 € R, we denote by E;,_; ;(0) and E};, _, ;(0) the corresponding
stable and unstable subspaces of E,,,_1 5. By definition, they consist of the vector

functions [uo, . . ., um—1] satisfying the respective relations
[’LL(), SRRE) um—l] = Vgs(ay 0)[“’07 SRR ums—l]7
[uo, ceey um_l] = V;L (0, 0) [’LL(), ceey umu_l].

The assertion below was established in [3], Theorem 5.3.

Proposition 2.8. Under the hypotheses of Proposition 2.7, the direct decomposi-
tion

Epm—1,k = Efn—l,k(fy 0) _i_]Eitn—l,k(E: 0) (2.25)
holds for any 0 € R and ¢, |e| < €. In this case, the projections P:(0) and

PL(8) corresponding to (2.25) are continuous with respect to 0 in the strong operator
topology.* and their norms are uniformly bounded with respect to (6, €).

4Recall that a sequence of linear maps Ly: X — Y (where X and Y are Banach spaces)
converges to zero in the strong operator topology if Lyu — 0in Y for any v € X.
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2.4. Proof of Theorem 2.1. The general case. We begin by presenting the
scheme of the proof. The operator VZ(t, ) defined for ¢t > 6 can be extended to the
half-line ¢ < 6 by setting

Vi, 0) =V (¢,0)V:(0,6), t<0. (2.26)

The operator V¥ (¢, 6) can similarly be extended to ¢ > 6. By the direct decompo-
sition (2.25), the operator V. (t, 6) can be represented in the form

Ve(t,0) =Vi(t,0)Qm,P:(6) + VE(t,0)Qm, P(6), (2.27)
where we set
QB ke = Bt kpm—ts  [W05- -y Um—1] = [Uo, ..., w1

for I =1,...,m. The first and second terms on the right-hand side of (2.27) corre-

spond to the dynamics on the families of stable and unstable subspaces Efn_lys(ﬂ)
and B}, _; ;(0), respectively. Note that

Vs(t, t) Qms Up=Uy for Ujye Efn—l,k(ﬂ? teR, (228)
whence

Vs (t7 0) Qms = Vs (t7 t) [Qms Vs (t7 0)] Qms'

Hence, the dynamics on the stable and unstable subspaces is specified by the fam-
ily of operators Qp, Vi(t,0): Em,—1 k+m. — Bm,—1,k+m., Which is exponentially
asymptotically stable as t — § — +o0,

1Qm. V2t O)Usllm.~1,k+m, < Ce MO Usllm,~1,4mas 6. (2.29)
Repeating the arguments in § 2.2, we can construct a family of continuous operators
L3(0,Us): R X B, 1 sy — B 1.k 4ms, (2.30)
satisfying the relation
O U5t —0)L2(0,Us) = Li(t, Om VE(t,0)Us), t,0 €R, (2.31)
where U (t) denotes the operator VZ(t,0)|.=o. A similar family
L¥60,U): R X Epny 1k, — By 1 k. (2.32)

can be constructed for the operators Q,,, V¥ (t,0) specifying the dynamics on the
unstable subspaces. The desired map (2.2) is defined as the “sum” of the operators
L and LY,

Le(0,Uo) = U (0)L2(0, @, P2(0)U0) + U (0) LE (0, @, PL(0)U0),  (2:33)

where U (t) = V¥(t,0)|.=0. All the required properties can easily be verified.
We now proceed to the details of the proof, for which the auxiliary assertion
below will be needed.
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Proposition 2.9. Let Conditions (P), (Q), and (H) be fulfilled. Then for an arbi-
trary integer k > 0, there is a constant €9 = 9(k) > 0 and a family of continuous
maps L2 (see (2.30)) such that the identity L:(0,0) = 0 holds and the following
assertions are true for |e| < eg.

(1) Relation (2.31) holds for any t,0 € R and Us € Epy, —1 ktm., -

(ii) For an arbitrary fived 0 € R, the operator L:(0,-) specifies a homeomorphic
map of B 1 k+m, onto itself. Moreover, the inverse operator

Ks(07 US): R x ]Ems—l,k+mu — ]Ems—l,k—i-mu

is jointly continuous in the variables (0,Us).

Remark 2.10. (1) We do not give a proof of Proposition 2.9 since the scheme given
in §2.2 for V. applies word-for-word to the operators Q,, V:. Indeed, the proof
of Theorem 2.1 in the case of stable roots was based on the continuity of the
operator V. (¢, )Up with respect to (¢, 6, Up) and on inequalities (2.4) and (2.7). The
joint continuity of the operator Q,, V2 with respect to the variables (¢,6,U,) was
established in Proposition 2.7. Inequality (2.29) is an analogue of (2.4), and (2.26)
and (2.7) imply that

1Qm V2 (8, 0)Usllm, 1 k4, < C €D NU,llm, 1 ptm,s ¢ <6

(2) A similar assertion is true for Q,,, V¥(t,6), and we denote the corresponding
operators by LY and K.

Let us define the operator L. by formula (2.33). Then the continuity of L. (6, Up)
follows from that of the operators on the right-hand side of (2.33), and the relation
L.(0,0) =0 is obvious.

Proof. (i) Applying the operator U$(0) to (2.31) and using (2.28) with ¢ = 0, we
obtain
Us (t = O)L2(0,Us) = Us (0) LZ(t, Qun, V2 (2, 0)Us). (2.34)

Furthermore, we note that
VI(t,0)Qm, P2(0) = Ve (t,0)P(0) = PZ(t)Ve (L, ).
Setting Uy = O, PE(0)Up in (2.34) and using (2.26), we arrive at the relation

Uo(t — O)Us (0) L2 (0, @, P2(0)Uo) = Us (t — 0) L2 (0, Qm, P2 (0)U0)

Us (0)LZ(6, Qi VE(t,0) Qm, P2 (0)U0)

Us (0)LZ(6, Qm, V= (2, 6)PZ(0)U0)

Us (0)L2(0; Cum, P2 (8)Ve (¢, 6)Uo)- (2.35)

Similarly,

Uo(t — O)Uy' (0)LE (0, Qum, P2 (0)Uo) = Ug (0)LZ (6, Qum, P ()Ve(t,0)Uo).  (2.36)
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Adding together (2.35) and (2.36) and taking (2.33) into account, we derive the
desired relation.
(ii) By analogy with (2.33), we set

where K and K are the operators defined in Proposition 2.9 and Remark 2.10
and P§ and P denote the projections P2(6) and P¥(#) for ¢ = 0. It is easy to
see that the operator (2.37) from R x E,,—1  to Ey,—1 k is jointly continuous with
respect to the variables (6, Up). Hence, assertion (ii) will be proved if we can show
that L.(6,-) and K.(0,-) are mutually inverse maps for any 6.

For example, let us verify the relation

KE(G, LE(G, Uo)) = U(), U() (S ]Em—l,k- (238)
For this purpose, we note that
PoLe(0,Uo) = Ug (0)LZ(0, Qm,PZ(6)U0).

This property together with assertion (ii) in Proposition 2.9 and the relation
O U5 (0)Us = U, implies that

K2(0, Qm,PyLe(0,Uo)) = K2(0, LZ(0, Qm. P2 (0)U0)) = Q. P2(6)U0,
and therefore, by (2.28),
VZ(0,0)K2(0, Qm.PoLe (8, Uo)) = PZ(0)Uo
Similarly,
VE(0,0) K2 (0, Qm, Py Le (6, Uo)) = PL(0)Uo

Adding together these relations, we obtain (2.38).
The relation
LE(07 KE(07 UO)) = U07 UO S Em—l,k;

can be proved in just the same simple manner. Theorem 2.1 is proved completely.

§ 3. Proof of the main results

This section is devoted to proving Theorems 1.3 and 1.4. We first present an aux-
iliary assertion on global linearization for an equation with truncated non-linearity
and then show that Theorems 1.3 and 1.4 are a simple consequence of this and
Theorem 2.1.

3.1. Reducing Theorems 1.3 and 1.4 to linearizing an equation with
truncated non-linearity. We write the function ¢ (see (0.5)) in the form

ale,t,x, 0™ ) = qle, b, O u, O 20, ..., 07 M),
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where 0% = {9%: |a| < k}, and set
QP(E7 t7 U) = X(p2 - HUHgn—l,k)q(Ea t: €, agz—luo, 8?_2’“17 RN} um—l) (31)

for given p > 0 and k > 0, where U = [ug, ..., Um—1] € Em_1k, x(s) € C*(R),
Xx(s) =0 for s < —1, and x(s) =1 for s > 0. The properties of the function Q,
needed in what follows are listed in Proposition 4.1.

Let us consider the following equation obtained from (0.3) by replacing the non-
linearity g(e,t,z,0™ 'u) by Q,(e,t,U(t)), where U(t) = D(t)u:

P.(t,z,0)u+eQ,(c,t,U(t)) = 0. (3.2)

By Proposition 4.2 stated below, the Cauchy problem for equation (3.2) with |¢] < 1
is well posed, that is, for any # € R and an arbitrary vector function [ug, . . ., Um—1] €
E,—1,k, there is a unique solution of (3.2) satisfying the relations

Hue CR, HMI+k=0)y " 5—0,...,m—1, (3.3)
and the initial conditions
Hu(,x) = uj(z) € HMm =) 5-0,...,m—1. (3.4)

We write the resolving process for problem (3.2)—(3.4) (see Proposition 4.2) in the
form
Z/{é)(t, 0, Uo)t Rt X Rg X ]Em—l,k — ]Em—l,k-

To prove Theorems 1.3 and 1.4, we need the following assertion. Recall the
numbers opin and omax from (1.9).

Theorem 3.1. Let Conditions (P), (Q), and (H) hold. Then for any p > 0 and 7,
0 < v < Omin/Omax, and an arbitrary integer k > n/2, there is a constant
eo = ¢eo(k,v,p) > 0 and a family of continuous operators

Nz—:,p(aa UO): R x ]Em—l,k — ]Em—l,ka |5| < €0, (35)

such that N; ,(6,0) =0 and the following assertions hold for || < €.

(1) Ve(t,0)N: (8, Up) = Ne (¢, UL(E,0,Up)) for allt,0 € R and Uy € Epy—1 k.

(ii) The operator N¢ ,(6,-) specifies a one-to-one map of Eyp,_1  onto itself for
any fized 6 € R. Moreover, the operator N ,(0,-) and its inverse N (6,-) are
Holder continuous with exponent -y.

(iii) The inverse operator N;[}(G, Uo): Ry X Eppm1 ks — Ep—1. i 45 jointly contin-
uwous in the variables (6, Uy).

Theorem 3.1 will be proved in §§3.2 and 3.3.

Proof of Theorem 1.4. Let us fix some arbitrary p > 0 and v, 0 < ¥ < Gmin/Fmax;
and an arbitrary integer k > n/2 and take a sufficiently small constant €9 > 0 such
that the assertion of Theorem 3.1 holds for |e| < 9. We define the operator ¥, as
the restriction of N , to the set R X B,,,_1 x(p),

WE(G, U()) = N57p(0, U()), 0 c R, U() (S Bm—l,k(ﬂ)-
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Clearly, we have ¥, (6,0) = 0, and the operator ¥, (0, Uy) is jointly continuous with
respect to its variables and is invertible for any fixed 6, and the inverse operator ¥ *
coincides with the restriction of N} to the image W.(6, p) of the ball B,, 1 x(p)
under the map N ,(6,-). Consequently, the operator ¥ 1(6,U) is also jointly
continuous with respect to its variables. Since equations (0.3) and (3.2) coincide
in the ball B,,—1 x(p), the desired assertion (i) follows from Theorem 3.1 (i). The
set W.(6, p) is the image of an open ball under a homeomorphism and therefore is
also open. Holder continuity of the operator ¥, (6,-) and its inverse follows from
analogous properties of N, ,. It remains to note that the set Ry x W.(0,p) is
the inverse image of the open ball B,,_1 x(p) under the continuous map N [} and
therefore is open.

Proof of Theorem 1.3. We fix some arbitrary p > 0 and v, 0 < 7 < Omin/Tmax;
and an arbitrary integer k > n/2 and choose a sufficiently small constant
g0 > 0 such that the assertions of Theorems 2.1 and 3.1 hold for |e| < g¢. Let
us define the operator @, as the restriction of the composite of L, and N; , to the
set R X By—1,x(p),

D.(0,Up) = L:(0, Nc »(0,Up)), O0€R, UpeBp1x(p)

As in the proof of Theorem 4.1, all the required properties can be verified easily.

Remark 3.2. The proof of Theorem 3.1 will be used to show that the operator N; ,
satisfies the inequality

HNEW(07 Uo) — UOHm_]~7k <const <1 forall 6¢ R, Upe ]Em—l,k- (36)

An example from the theory of ordinary differential equations shows that the
estimate for the Holder exponent « is exact in the class of operators satisfying
condition (3.6). Namely, let us consider the system

w1 = ug + eq(us),
'(:LQ = us, (37)
U3 = 4us + 4uo,

where € > 0 and

g€ CP(R), ¢=0, q(u)= u? for |u| < 1. (3.8)
In this case, we have omin = 1 and opmax = 2. Let U (t,ul): R® — R3, t € R,
u® € R, denote the resolving operator in the Cauchy problem for the system (3.7).

As shown in [30], §4, there is a unique homomorphism N: R? — R3? for |e] < 1
that satisfies the conditions

U(t)N (u°) = NU:(t,u")), teR, u’eR?
IN(u®) —u®| < const < 1, u® € R?,
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where | - | denotes the norm in R3. We claim that N does not satisfy Holder’s
condition with exponent v = 1/2. Indeed, according to [2], § 34, the operator N
has the form

“+o00
Nu®) = u® + 5/0 Uo(—7)[q(uz (T, u?)),0,0] dr, (3.9)

where us (7, u®) is the second component of the vector function U (t,u"). In partic-
ular, setting u® = (1/2)[0,0,v], 0 < v < 1, we can write

“+oo
Ny () = 5/ e Tq(re*v) dr
0

for the first component of (3.9). Suppose that N satisfies Holder’s condition with
exponent v = 3. Then

| N1 (u®)| < const |v|*/2. (3.10)

On the other hand, denoting the unique solution of the equation 7e?"v = 1 by
h(v) > 0, we readily conclude that

1
h(v)+§lnv—>+oo as v — +0. (3.11)

Therefore, by (3.8), we have
h(v) c
Ni(u®) > 5/ e T (re* )  dr > g(vh(v))l/Q.
0

The resulting inequality contradicts (3.10).

3.2. Proof of Theorem 3.1. We shall need an auxiliary assertion (see Proposi-
tion 3.3 below). To state it, we take equation (3.2) with the function @, replaced
by another function R, of the form (3.1),

P.(t,z,0)v+eR,(e,t, V(t)) =0. (3.12)
Here V(t) = V(¢,-) = D(t)v and
Ry(e,t,V) = x(p* — HVan_Lk)r(e, t,z, 0 g, 0" 20, . Un1), (3.13)

where V' = [vg, ..., Um—1] € Ep_1k and 7(e, t, z, 2) is a smooth function. As in the
case of equation (3.2), we consider the solutions of equation (3.12) that satisfy the
conditions

dlve CR,HM =) j=0,...,m—1. (3.14)
For a given p > 0 and arbitrary integers k,l > 0, we define the space
Fpgefp—p = {u(t,z): e M10]u € Oy (R, HIHF=9)) j=0,...,1} (3.15)
equipped with the norm
Ey g jp,—p (u) = igﬂg e‘“ltlEM(u, t). (3.16)

If 41 = 0, then we write F; , and Ejx(u) instead of Fy g [, —, and Ep gy — ) ().
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Proposition 3.3. Let Conditions (P), (Q), and (H) hold and let the function
r(e,t,x, z) in (3.13) satisfy the same conditions as q(e,t,x,z). Then for any p > 0,
# > Omax, and p, 0 < p < Omin, and an arbitrary integer k > n/2, there are
constants g > 0 and C > 0 such that the following assertions are true for |e| < eg.

(i) For any 0 € R and Uy = [ug, . . ., Um—1] € Epm_1.k, there is a unique solution
v(t, x) =: Fq,.r,(0,Uo) of (3.12), (3.14) such that

VE Ry 1k pe—s, U—VEFn 14, (3.17)
where u(t, z) is the solution of (3.2)—(3.4).
(ii) Let v; = Fq,,r,(0:,Ui0), i=1,2, where ; € R and Ujo € Ep,_1x. Then
Em—l,k,[x,—x] ('Ul - 'UQ) < C(HUlo - UQOHm—Lk + HUlO — UQOHZn_Lk), (318)

where v = /.
(iii) Let sequences {6;} C R and {U;o} C E,—1,1 converge to the respective limits
0 €R and Uy € Epp_1,1 and let v; = Fq, r,(0i, Uio) and v = Fq, r,(0,Uo). Then

B 1 k56,3 (Vi —v) = 0 for i — oo. (3.19)

We assume that Proposition 3.3 is established and complete® the proof of
Theorem 3.1.
Let us define the desired map (3.5) by the formula

Nz—:,p(aa UO) = D(G) (]:Qme (07 U0)|RPEO)7

where D(6) is the operator defined in (1.3). The relation N, ,(6,0) = 0 is obvious.
By assertion (iii) in Proposition 3.3, the operator N, , is jointly continuous with
respect to the variables (6, Up).

Proof of (i). Let us fix some arbitrary 6 and Uy = [ug,...,Um—1] € Em_1k
and denote by wu(t,x) the solution of problem (3.2)-(3.4). We set v(t,z) =
FQ,.r,(0,U0)|r,=0. Let U(t) and V(t) be the phase trajectories corresponding
to the solutions u(t,z) and v(t,z). It follows from assertion (i) of Proposition 3.3
that

U:]:Qp,Rp(t; U(t))|RpEO, teR,

and therefore
V(t) = D(t)(Fq,.r, (0, Uo)|r,=0) = D(t)(Fq,.r,(t U(t))|r,=0),
whence the desired relation follows.

Proof of (ii) and (iii). Simple verification shows that
Nz, (0, Uo) :=D(0)(Fr,.q, (0, Uo)|r,=0)

is the inverse operator of N, ,(0,-) for any fixed § € R. Consequently, Holder con-
tinuity of the operators N¢ ,(6,-) and N, (6, -) follows from inequality (3.18), and
the joint continuity of N} with respect to the variables (6, Up) from assertion (iii)
of Proposition 3.3.

5We repeat the argument used in [28].
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3.3. Proof of Proposition 3.3. (i) We seek the function v(t, z) in the form
v=ut+w, weTF, 14 (3.20)

Substituting (3.20) into (3.12) and taking (3.2) into consideration, we derive the
equation

P.(t,z,0)w =eM(U,W), MU,W)=Q,(e,t,U)— R,(e,t,U+W) (3.21)

for w(t,z), where U = D(t)u and W = D(t)w. Using the contraction mapping
principle, we see that equation (3.21) is uniquely soluble for |¢| < 1 in the space
IFm—l,k-

Let us consider the operator A transforming the function z € Fy,_1 x into the
solution w € Fy,—1 1 of the equation

P.(t,x,0)w=eM(U,Z), Z=7D(t)z. (3.22)

We show that the operator A is well defined and transforms the space Fp,_1
into itself. Indeed, by Proposition 4.1 (i), if z € Fy,_1, then M (U, Z) € Fo.
Therefore, according to Proposition 4.3 with u = 0, equation (3.22) has a unique
solution w € Fy,,_1 i for |e| < 1.

We now prove that A is a contraction map. Let w; = A(z;), ¢ =1,2. Then the
function w = w1 — wa € Fy,—1 1, satisfies the equation

P.(t,z,0)w = e(M(U, Zy) — M(U, Z1)),

where Z; = D(t)z;, i =1,2. Consequently, by inequality (4.8) with =6 =0, we
have
Ep_1,x(w) < Cile| Eox(M(U, Z,) — M(U, Z3)). (3.23)

Application of inequality (4.2) with v = 1 to the right-hand side of (3.23) results in
Eo (MU, Z1) — M(U, Z3)) < CoEp—1,1x(2z1 — 22).

Comparing this estimate with (3.23), we arrive at the inequality
Em—15(A(z1) — A(22)) < C1Cs)e| Epp—1 k(21 — 22),

whence it follows that A(z) is a contraction map.

We have thus established the existence and uniqueness of the solution w € Fy,—1 &
of equation (3.21), which implies the desired assertion.

(ii) We claim that if v; = Fq, r,(0,Ui), i = 1,2, then

B 1 ke i) (S(0) (w1 — w2)) < C3]|Uro — Usolly, 1 45 (3.24)
where w; = v; — u; and u;(t, x) is the solution of problem (3.2)—(3.4) with Cauchy
data Ujp. Indeed, let us set w = wy — w2, U; = D(t)u;, and W; = D(¢t)w;. Then

the function w(t,x) € Fp,—1 k,[u,—u is & solution of the equation

P.(t,z,0)w =eh(t,x), h(t,x)= Ry(e,t,Us+W2)— R,(e,t,Ur + W1). (3.25)
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By inequality (4.2),
1At Mk < Ca(lU2(t, ) = ULt ),y + 1 Wlt, ) = Wit )llm—1,8),
whence it follows that h € IFg 3, [,,—,) and
Bo g ju—i(SO)R) < Casup(e” A [|Va(t,) = Ua(t, )
+ [[Wa(t,-) = Wilt, Mm-1.x])
< Cu(B] g (SO) (2 — )
+ Bt (SO)0)) ). (3.26)
According to (4.6),
B 1k [5e,— (S(0) (w2 — u1)) < K2 ||[U20 — Usolm—1,k- (3.27)
Substituting (3.27) into (3.26), we obtain
Eo k) (S(0)h) < Cs([Uao = Usolly,—1 5 + Btk [ (SOw)). (3.28)
By Proposition 4.3, the solution w € Fy,,_q g (4, Of (3.25) satisfies the inequality
B, —p) (S(O)w) < Ksle|Eo k[, — ) (S(O)R). (3.29)
Comparing (3.28) and (3.29), we arrive at the inequality
B,k - (S(O)w) < K3Cslel (|Uz0 — Usoll}, 1 + Em—1.k,[p,— ) (S(O)w)),

whence follows (3.24) for |e| < 1.
Next, we prove (3.18). By the representation (3.20) for the functions v;, i = 1,2,

Em—l,k,[x,—x](s(a)(vl - UQ))
< Em—l,k,[x,—x] (S(a)(ul - u2)) + Em—l,k,[,u,—,u](s(a)(wl - w2))

Therefore the desired estimate is a consequence of (3.24) and (3.27).

(iii) We denote the solution of problem (3.2)—(3.4) with Cauchy data Uy by u(t, )
and the solution of the same problem with the initial point 6; and Cauchy data U
by u;(t,z). In view of Proposition 4.2, it follows that

Ui() > U®B) =Uy in Ep_1p for i— oo, (3.30)

where U;(t) = D(t)u; and U(t) = D(t)u. Since the solution v(¢, z) of (3.12), (3.14)
that satisfies conditions (3.17) is unique, we have

v; = Fq,,r,(0,U;(0)) forall i.
Therefore, by (3.18),
B 1.k e, (S(0) (v; — 0)) < C(IUi(0) = Uollm—1,5 + |Ui(8) = Uoll 7,1 1)-

Comparing this inequality with (3.30), we obtain (3.19). The proof of Proposi-
tion 3.3 is complete.
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§4. Appendix
4.1. Truncated non-linearity. Recall the function @, (e, t, U) from formula (3.1).

Proposition 4.1. The assertions below hold for any € € [-1,1] and p > 0 and
an arbitrary integer k > n/2.

(i) The operator Q,(e,t,U): Ry x By — H®) is infinitely Frechét differ-
entiable, and all the derivatives are uniformly bounded with respect to (e,t,U) €
[—1,1] X Ry X Epy—1 i for any fized p > 0.

(ii) For any v, 0 <~ <1, there is a K1 = Ki(p, k,7) > 0 such that

HQP(F;?t? U)H(k)
HQP(F;? t7 U) - Qp(57 t7 V)H(k)
where U,V € Epy_1 1, U=U; +Us, and V =V, + V3.

Proof. We confine ourselves to proving (4.2) since assertions of type (i) are well
known in theory of partial differential equations (for example, see [7], Chapter 7, § 3).
As to inequality (4.1), it follows readily from the property that the function @, is
compactly supported and its derivative is uniformly bounded.

For v = 1 (4.2) is a simple consequence of the mean value formula. It is not
obvious that any number in the interval (0,1) can serve as +.

(4.2) is trivial for min{||U|[m—1k, |V |lm-1,x} = p. Therefore it can be assumed
that ||U|lm-1,5 < p. We first suppose that ||V|m—1% < 3p. Let Q;, denote the
derivative of @), with respect to U. Then, by the mean value theorem and the
uniform boundedness of Q,, we have

HQP(F;? t, U) - Qp(57 t, V)H(k) < ClHU - V|‘m—17k' (43)
We note that if ||Us — Va||m—1,& < 1, then

Kimin{p, [|U||m-1,x},
K (U1 = Villm-1k + U2 = Va7, ), (4.2)

VASV/AN

U = Vlm-1k <UL = Villm—1,6 + U2 = Va[lm-1,x
<NUL = Villm—1,6 + 102 = V2,1 ks (4.4)

and if HU2 — VQHm_Lk 2 1, then
10 = Vil < 4 <4p(I0 = Villmosie + 102 ~ Vel ). (45)

Comparing (4.3)—(4.5), we obtain (4.2).
We now suppose that ||V ||—1,% = 3p. Then |[U =V |m—1% = 2p, and therefore®

U1 = Villm-1,6 + U2 = V2], = 0
This together with (4.1) implies that

HQP(F;? t7 U) - Qp(57 t7 V)H(k) = HQP(E? t? U)H(k) < CQp
< Cop' (|01 = Villm—1,6 + 102 = V2l )

The proposition is proved.

6Without loss of generality, we assume that p > 1.
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4.2. The Cauchy problem with truncated non-linearity. Recall the num-
ber omax from (1.9).

Proposition 4.2. Let Conditions (P) and (Q) be fulfilled. Then for any p > 0
and x> omax and an arbitrary integer k > n/2, there are constants g > 0 and
Ky > 0 such that the following assertions are true for |e| < .

(1) For any 8 € R and an arbitrary set of Cauchy data [uo, . .., Um—1] € Epm_1k,
problem (3.2)~(3.4) has a unique solutions u(t,x). If u;(t,z), i = 1,2, are two
solutions of this problem that correspond to Cauchy data Uyg € Epy—1 1, then

Em—1 k(1 —ug,t) < Ko €x|t_0||\U10 — Usollm—1,%- (4.6)

(ii) The operator UL (t,0,Up): Ry x Rg X Ey—1 k. — Epp—1,1 transforming Uy =
[wo, - - -, Um—1] into the vector function (1.3) is infinitely Frechét differentiable with
respect to Uy for any fized t and 6.

(iii) The operator UY is continuous in (t,0,Up) € Ry x Rg X Epp—1 .

Proof. We shall prove only assertion (iii) since (i) and (ii) are consequences of
general results on ordinary differential equations in a Banach space.

Let sequences {t;},{6;} C R and {Ujo} C E,,_1 converge to the respective
limits ¢,6 C R and Uy C E,,,—1 5. We denote the solution of problem (3.2)-(3.4)
by w(¢, x) and the corresponding phase trajectory by U(t) (see (1.3)). Then, by the
group property of the operators UF(t, 8, Uy), we have

UL(t,0;, Uio) — UL (,0,Up) = (UL (ts,0:, Uso) — UL (t5,0:, Up))

+ (UL (ti, 05, Uo) — UL (t:,0:, U (6:))) + (U(t:) — U(1)).
Application of (4.6) yields the inequality
U4 (ti, 03, Uio) — UL (L, 6, Uo)|lm—1,k
< const([|Uio — Uollm—1,6 + U 0) = U0 |m—1,k) + [Ut:) = U@) -1k,
whose right-hand side tends to zero as i — co.

4.3. Hyperbolic operators in function spaces with exponential weight
with respect to t. We consider the non-homogeneous equation

P.(t,x,0)u = Z (Pa +24a (e, t,2))0% = f(t, ). (4.7)

laf<m

Recall the space F; [, —,) and the norm Ej 1, ) (u) from (3.15) and (3.16). The
following assertion was proved in [3], Theorem 2.7.

Proposition 4.3. Suppose that Conditions (P), (Q), and (H) hold. Then, for any
w, 0< g < omin, and an arbitrary integer k > 0, there are positive constants €9 =
eo(k, ) and K3 = K3 (k, u) such that equation (4.7) possesses a unique solution u €
Frn1,k,[u,—p) for an arbitrary right-hand side f € Fop u—u if || < 0. This
solution satisfies the inequality

B,y (S(O)1) < K3Eo o [u,-(S(0)f), 0€R, (4.8)

where S(0) is the shift operator with respect to t (that is, S(Q)w(t, z) = w(t+6, x)).
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PART II. THE CENTRE MANIFOLD THEOREM

§ 5. Main results and scheme of proofs

5.1. Statement of results. We consider equation (0.3) with operators P and
@ satisfying Conditions (P) and (Q) in §1.1. Recall that the phase space Ey,_1
of (0.3) is defined as the direct product of the Sobolev spaces H(m~1+k=3)  j —
0,...,m —1, with the norm

m—1 1/2
e - ( T |uj|%m_1+k_j>) U= uose ],
=0

and B,,—1 x(p) denotes an open ball of radius p > 0 with centre zero in E,,_1 .
Also recall the resolving operator of the Cauchy problem for equation (0.3) from
§1.1 (see (1.4)).

For an operator P(9) satisfying Condition (H.) (see Introduction), the number
of roots of the full symbol P(7,£) that lie in the strip | Re7| < v is denoted by m..
We set mp = m —m.. The following theorem is the main result in the second part
of this paper.

Theorem 5.1. Let Conditions (P), (Q), and (H.) hold. Let v € R and an integer
I > 1 satisfy the inequalities
0<y<l, Ilv+vy<i. (5.1)

Then, for an arbitrary integer k > n/2 and any p > 0 and p € (v,d/1), there are
constants g > 0 and C > 0 and a family of continuous operators”

RJ(Ea 07 ug, - - '7umc_1): R@ X Bmc—17k+mh (p) — H(m_l+k_j)7 .] =Mey ..., M — 17

such that R;(e;0,0) = 0 and the following assertions are true for |e| < €.
(i) Local invariance. The family of manifolds

M(07 P) = {[u07 <. '7um—l] S Bm—l,k(p): Uj
:Rj(5;07u07"'7umc—1)7j)mc} (52)

is compatible with the action of the resolving operator U:(t,0,-). In other words,
if Uy € M(0,p) and U:(t,0,Up) € Br—1,x(p) for t € J and an interval J C R
containing the point 0, then U.(t,0,Uy) € M(t,p) fort € J.

(ii) Attraction property. Let the initial point 8 and Cauchy data Uy € By,—1 1(p)
satisfy the condition Ue(t,0,Up) € Bp—1k(p1) fort > 8 and some p1 < p. Then
there are T > 6 and Vo € M(T, p) such that

U (t,0,Uo) — U (t, T, Vo)llmo1.k < Ce =9 ¢ >T. (5.3)

A similar assertion is true if the phase trajectory U (t, 0, Uy) belongs to By,—1.x(p1)
on the semi-axis t < 6. Moreover, if the phase trajectory D(t)u of a solution

"The number ¢ is regarded as a parameter.
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defined throughout the time axis is entirely contained in the ball B,,_1 x(p), then
D(t)u € M(t,p) for allt € R.

(iii) Smoothness. For any fized € and 0, the operator R;(e;6,-) belongs to
the class O (B, —1 krmy (p), HM1TR79)) and the norm |Rj|ci~ is uniformly
bounded with respect to (g, 0).

We now proceed to describe the operators R;(e; 0, -). For this we need a class of
symbols of pseudo-differential operators. Such symbols appear in the factorization
of strictly hyperbolic polynomials satisfying Condition (H.).

Let S7 denote the set of functions p(e, y, &) that are defined and infinitely differ-
entiable for (g,y,¢) € [-1,1] x RpT! x iR™ and satisfy the following conditions:

(i)

Plis = sup |9802p(e,, 1€ < o0
&Y,

for any multi-indices o and 3, where (£) = (1 + &2+ -+ |§n|2)1/2;

(ii) there is a function p°(e, y, &) € O=([—1,1] x RZT x (iR™ \ {0})) positively
homogeneous of order j with respect to £ such that

[p— xP°]j—1,0,8 < 00 for any multi-indices a, 3,

where x (&) € C*°>iR™), x(&) =0 for [£| < 1, and x(&§) =1 for [{| > 2.
With every symbol p(e, y, &) we associate the pseudo-differential operator

pe;t, @, Ox)u(x) = (277)_"/2/ e ple, t,z,i¢)a(¢) ¢,

n

where 4({) denotes the Fourier transform

a(C) = (2m) /2 / =5y () da

n

of the function u(x).
Consider the symbol

P.(t,z,7,&) = Z (Pa + €qale, t,2)) 0%, 1 =(1,§). (5.4)

|| <m
According to [32], Theorem 3.10, the symbol (5.4) can be factorized for |¢| < 1,

PE(y7 T, él) = PC(E7 YT, g) Pc/(€7 YT, §)7
where P, and P! have the form

P.(e,y, 7€) = Y (0ej(€) +24ei (e, 9, )™ 7, pejiqes € 57,
7=0

Pc/(€7 YT, g) = Z(p;j(g) + Eqéj (57 Y, g))Tmh_J7 p/cj7 qéj € 5.
7=0
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For € = 0, the roots of P, lie in the strip | Re7| < v and those of P! outside the
strip | Re 7| < §. In what follows, we shall assume that the coefficient of P, in 7™«
is identically equal to unity. The symbols P. and P! are uniquely defined by this
assumption.

We denote by

me—1

Rj(57t7x77—7§) = Z rij(57t7x7§)Ti7 .] = Mecy ..., M — 17
1=0

the remainder on dividing the polynomial 77 by P.(e,t, x,7,£). It is easy to show
that .
Tij(E,y,f)ESJ_l, i=0,...,mc—1,

and therefore the corresponding pseudo-differential operator r;;(e, ¢, x, 0;) defines
a continuous map of H(™~1+k=1) into Hm—1+k=j),

Theorem 5.2. Let the assumptions of Theorem 5.1 hold. Then for each € there
are continuous linear operators

Bj(€;0,u0, -+ Um.—1): Ro X Bon, 1 vy (p) = HMIFR=D g —m o om -1,

such that B;(e;0,0) =0 and the representation

Rj(E; 0, Uug, - - .,umc_l) =
me—1

= Z rij(e, 0, x, 0p)u;(z) + eBj(g;6,uo, . . ., Um,—1) (5.5)
i=0

holds for |e| < 9. Furthermore, the following assertions are true.
(1) The operators B; satisfy a Lipschitz condition with respect to [ug, . . ., Um,—1]
for any fized 6 € R, with Lipschitz constant uniformly bounded with respect to (g, ).
(ii) If the non-linear term q(e,y,0™ 'u) (see (0.5)) does not depend on the
deriwvatives 0%u for |a|] = m — 1, then B, are continuous operators from
Rg X Brno— 1.kt (p) to HHE=9) " and assertion (i) with H™='++=9) replaced by
H(m+k=9) holds for them.

Theorems 5.1 and 5.2 will be proved in § 7. Here we give only sketches of the
proofs (see §5.2).

Definition. The manifold
Mp = {[0, uo, - - .,um_l] c R x Bm—l,k(p)3 [uo, .. .,um_l] (S M(G, p)} (56)

embedded in the extended phase space R x E,,_1 1 is called the centre manifold of
equation (0.3).

By the property of local invariance (see Theorem 5.1), the neighborhood of any
point of the centre manifold M, consists of integral curves of problem (0.3), (1.2).
In this connection, the problem of describing the dynamics on M, arises. The
reduction principle below provides a partial solution of this problem.
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Theorem 5.3. The following assertions are true under the assumptions of Theo-
rem 5.1 for sufficiently small values of ¢.

(i) Let the solution u(t,x) of problem (0.3), (1.2) satisfy the condition D(t)u €
M(t, p) fort € J. Then u(t,x) satisfies the equation

P.(e,t,x, 0)u— eBpm, (;t,u, dyu, . .., 00 tu) = 0. (5.7)

(ii) Suppose that the mon-linear term q(e,t,x, 0™ *u) does not depend on the
derivatives 0%u, |a| =m — 1. Let a function u(t,x) for which

v e O, Hm =) 5-0,... m.—1, (5.8)
where I C R is an interval, satisfy the conditions that the vector function
Dc(t)u = [u(t7 ')7 8tu(t7 ')7 SRRE} alnc_lu(t )]

lies entirely in By, —1 k4m, (p) and equation (5.7) holds. Let I C I be an arbitrary
interval on which the curve

[w(t, ),y O ult, ), wm (), s U1 ()],

where u; = R;(e;t,u,. . .,Gth_lu) for j = me, is contained in the ball B,,_1 1 (p).
Then u(t, x) is the solution of problem (0.3), (1.2) with J = I, and D(t)u € M(t, p)
fortel.

Remark 5.4. By Theorem 5.3, if the non-linear term ¢ in (0.5) does not depend
on the derivatives of order m — 1, then the dynamics on the centre manifold is
described by problem (5.7), (5.8). We note that the left-hand side of (5.7) is a
small Lipschitzian perturbation of the strictly hyperbolic operator P.(e,y, d), and
therefore the Cauchy problem for equation (5.7) is well posed (for example, see [19]).
The question of an “explicit” description of the dynamics on the centre manifold
in the general case remains open. If ¢ depends on the highest derivatives, then the
perturbation eB,,, in equation (5.7) is of order m. = ord P, and, in view of the
hyperbolicity, is not subordinate to the principal linear part.

5.2. Sketches of the proofs of Theorems 5.1 and 5.2. In this subsection, we
present the main ideas used in constructing the centre manifold and studying its
properties. For detailed proofs, see §56 and 7.

Passage to an equation with truncated non-linearity. We note that all assertions
in Theorems 5.1 and 5.2 relate to solutions whose phase trajectories are contained
in the ball B,,,_1 k(p). Therefore the original equation (0.3) can be replaced by
an equation with truncated non-linearity. Namely, repeating the constructions in
§3.1, we define the function Q,(e,t,U) for a given p > 0 and an arbitrary integer
k > n/2 using formula (3.1). Instead of (0.3), we shall study the equation

P.(t,z,0)u+Q,(c, t, D(t)u) = 0, (5.9)

where the symbol P.(t,x,7n) and the vector function D(t)u are defined in (5.4)
and (1.3), respectively. We shall show (Theorem 7.1) that the “global versions”
of the assertions in Theorems 5.1 and 5.2 are true for equation (5.9). Since equa-
tions (0.3) and (5.9) coincide on solutions whose phase trajectories are contained
in B,,,—1,x(p), this will imply Theorems 5.1 and 5.2.
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Initial-value problem with growth conditions at infinity. Following the standard
scheme for constructing the centre manifold (for example, see [24], [26], [33]), we
consider the following initial-value problem for equation (5.9) with a given 0 € R:

Hue OR,H™HE=0) j=0,...,m—1, (5.10)

Hu(,x) = uj(zx) € HMm =) 5 =0, ... m.—1. (5.11)

We have set m. < m initial conditions for an equation of order m. The missing

mp, = m—m, conditions are replaced by a constraint on the growth rate as |t| — oo.

Namely, it is assumed that the energy E,,_1 x(u,t) of the solution grows no faster

than e#l*l, where v < p < §. In other words, we seek a solution belonging to

the class ;1 g [u,—p) (see (3.15)). It will be shown (Theorem 6.1) that problem
(5.9)-(5.11) has a unique solution u(y) € Fy,—1 j,[u,—p for || < 1. Let

G(&;0,-): [ugy ..., Um,—1] — u(t,z) (Emc_17k+mh — Fm_17k7[#7_#]) (5.12)

denote the corresponding resolving operator.

Constructing the family of invariant manifolds. We define the operators

Rj(g;0,uo, ..., Ume—1) = (8§'g(e; 0,ug, .. .,umc_l))’ (5.13)

and set (compare (5.2))

M(G) = {[’LLO, .. .,um_l] (S ]Em—l,k3
U ZRj(E; G,UJQ,...,umC_l), ] Emc} (514)
Hence, the vector function Uy = [ug, ..., um—1] belongs to the manifold M(0) if

and only if it is the set of Cauchy data for a solution u(y) € Fn_q j [u,—p of
equation (5.9). We denote by

Z/{é)(t, 0, ) ]Em—l,k — ]Em—l,ka t, 0 c R, |E| <1,

the resolving operator of the Cauchy problem for (5.9), (5.10). It readily follows
from (5.14) (see Theorem 7.1) that the family M(#) is compatible with the action
of the operator U?, that is, if Uy € M(#) for some 6 € R, then U?(t,0,Uy) € M(t)
for any t € R.

Attraction property. We note that if the energy E,,—1 1 (u,t) of a solution u(t, z) of
problem (5.9), (5.10) is uniformly bounded (or grows no faster than e#l*l as [t| — 00),
then uw € Fp,_1 ,[u,—p, and therefore the corresponding phase trajectory D(t)u
belongs to M(t) for any ¢ € R. The fact that a solution whose energy is bounded
on a semi-axis is attracted to a solution lying on the manifold (compare (5.6))

M = {[0, uo, - - .,um_l] cR x ]Em—l,k3 [uo, .. .,um_l] (S M(G)}

is harder to establish. We outline the proof of this property on the basis of the
solubility of the non-homogeneous equation

P.(t,x,0)u(t,z) = h(t, ) (5.15)

in the function space with exponential weight e** or e=#.
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Let the energy E,,—1.x(u,t) of a solution u(y) of problem (5.9), (1.2) with J =
[0, +00) be uniformly bounded. An approximating solution is sought in the form

v(t,z) = ((t)ult, ) + w(t, x), (5.16)

where ((t) € C°(R), ((t) =0 for t < 0, and ((¢) = 1 for ¢t > 6 + 1. Substitut-
ing (5.16) into (5.9) and taking the fact that u(y) satisfies (5.9) into account, we
obtain the equation

P.(t,z,0)w(t,z) = g(t,z) — £(Qp(e, t, V(1) — (()Qu (e, £, U(1))) (5.17)
for the function w(t, x), where U(t) = D(¢t)u, V(t) = D(t)v, and

glt,z) =—Y LDt POtz 00t z), POt w,m) = 0Pt z,m). (5.18)

We shall show (Theorem 7.1) that equation (5.17) has a unique solution u(y) belong-
ing to the space

Frno1 k) = {f(t,2): €8] f € Co(R, H™ITE=D) j=0,...,m—1}.

This together with (5.16) will imply that the norm of the difference U(t) — V (¢)
in E,,_1 1 decreases as e #* as t — +o0 and the norm of V(t) increases no faster
than e*l*! as |t| — oo, and therefore V (t) € M(t) for all t € R.

Smoothness. We shall establish the smoothness of R;(e;0,-) as a consequence of
similar properties of the resolving operator G(e;0,-). The existence of the first
derivative and its Holder property are fairly easy to prove. Namely, for a given
solution u(y) € Fy,—1 k,[u,—p of problem (5.9), (5.11), we consider the linearized
equation

P.(t,xz,0)v+¢e(DQ,) (e, t, D(t)u)D(t)v =0 (5.19)

supplemented with the initial conditions
Hv(d,z) =v;(x) € HM = 5-0,... m.—1, (5.20)

where (DQ),) (e, t, U)W is the value of the derivative of the function Q,(e, t, U) with
respect to U on the vector W = [wo, ..., wm—1]. We shall show (see §6.3) that
problem (5.19), (5.20) is uniquely soluble in the space Fy,, 1 j,[u,—, and that the
solution v(M)(y) coincides with the value of the derivative of the operator G(e; 6, -)
on the vector [vo, ..., Um.—1],

v(y) = (DG)(&; 0, uo, .- -, Um.—1)[V0; - - -, Vmo—1]-

The proof of the existence of the derivatives of order ¢ > 2 for the operator
G(e; 0,-) is somewhat more complicated. This comes down to the fact that the ith
linearization of equation (5.9) is not generally soluble in the space Fy, 1k, [u,—p-
For example, the second linearization has the form

P.(t,z,0)v+e(DQ,)(e,t, U))V () = —(D*Qp)(e, t, U(1)) [Va(#), Va(1)], (5.21)
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where U(t) = D(t)u, V(t) = D(t)v, Vi(t) = D(t)oV), and (D?Q,)(e,t, U)W, W]
is the value of the second derivative of the function Q,(e,t,U) with respect to U
on the vector W = [wo, . . ., Wy_1]. We note here that the H*)-norm of the right-
hand side of equation (5.21) can grow as e2*/! ast — oo. Therefore the solution of
equation (5.21) does not necessarily belong to F,,_1 x [,,—,. However, if p is not
very large (say u < ¢/2, whence it follows that v < u, 2u < §), then equation (5.21)
has a unique solution v(y) € Fp,—1 g (2,2, satisfying the initial conditions®

dvd,z)=0, j=0,...,mec—1. (5.22)

We shall prove that the operator G(e; 0, ) regarded as a map from E,,, 1 g4m,,
to Fpu— 1k, [, — ], Where 2p < p’ < 4, is twice continuously differentiable and that
the value of its second derivative on the vector [vg, ..., Um_ —1] coincides with the
solution v(y) of problem (5.21), (5.22).

Similarly, the ith linearization of equation (5.9) involves terms growing as e/t
as t — oo. In this case, if u < §/i and G(g;0,-) is regarded as an operator from
Em,—1,k4+mp t0 Fro1 o [u,— ], Where ip < p’ < 6, then the ith derivatives exists,
and its value on the vector [vg,...,Um.—1] coincides with the solution of the ith
linearization supplemented with the additional initial conditions (5.22) (see [16],
33] and §6.4).

The structure of the operators R;(e;0,-). Let

G(e,0): Em.—1,k+m), X FOJ@[M-#] - Fm—LMm—u]

denote the operator transforming the vector function [ug,...,Um,—1,h] into the
solution

w(y) € Frn k[, 4]
of problem (5.15), (5.11). As was shown in [3], § 5, this operator is well defined and
continuous for |e| < 1. Note that

G(&;0,ug, ..., um.—1) = G(&,0)[ug, ..., Um.—1,0] + G(g,0)[0,...,0, f], (5.23)

where
f(t7 III) = Qp(57 t: D(t)g(&‘, 07 Ugy - - -, umc_l))' (524)

Applying the operator 97 to (5.23) and setting t = 0, we find

Rj(E; 0, Uug, - - .,umc_l) = 8%(6’(8, 0)[’&0, vy Ume—1, 0]

+¢eG(e,0)[0,...,0, f]) (5.25)

t=0

The representation (5.5) follows from (5.25) and the analogue of formula (5.5) in
the case of linear equations (see [3], §5.3).

81t is easy to see that if the resolving operator G(e; 6, -) has a second derivative, then its value
on an arbitrary vector function [vo, ..., vm,—1] satisfies zero initial conditions.
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§ 6. An initial-value problem with growth conditions at infinity

This section is devoted to investigating problem (5.9)—(5.11). We shall prove that
it is uniquely soluble in the space IF,;,_1 k [4,—, and that the resolving operator is
smooth in the corresponding spaces. The results obtained will be used in proving
Theorems 5.1 and 5.2 (see §7).

6.1. Statement of results. Recall that the space Iy [, —, and the correspond-
ing norm Ej 1, —,)(-) were defined in (3.15) and (3.16). We set S(Q)w(t,z) =
w(t + 0, z) for given § € R and w(t, x).

Theorem 6.1. Let Conditions (P), (Q), and (H.) hold. Then for any p > 0 and
w € (v,6) and an arbitrary integer k > n/2, there is a constant eg > 0 such that
the following assertions are true for |e| < eg.

(i) For any 0 € R and arbitrary initial data [uo, ..., Um.—1] € Em.—1 k+mns
problem (5.9)—(5.11) has a unique solution

u’(y) € Fm—l,k7[;¢7—y] .

(i) If ur, uo € Fry1 gy, —p) are two solutions corresponding to the initial points
61,02 € R, |61 — 62| < 1, and the initial data U1, Us € By, —1 k+m,,, then

Er1 k-] (S(01) (11 — u2)) < C\UL — U |lmo—1,k+my + (01, Us; |61 — 62]), (6.1)

where the constant C' > 0 and the continuous function b(61,Uy;r) > 0 of the variable
r € [0,1] depend on the parameters k, p, and u, and b(61,Uy;r) tends to zero as
r — 0.

Theorem 6.1 will be proved in §6.2.

Recall the operator G(g;0,ug, ..., Um,—1) from §5.2 (see formula (5.12)). In
particular, the inequality (6.1) implies that this operator is jointly continuous in
the variables (6, uo, ..., Um.—1)-

Theorem 6.2. Let Conditions (P), (Q), and (H.) and inequality (5.1) hold, where
I > 1 is an integer. Then there is an €9 > 0 such that the operator G(e;0,-) with
le] < eo belongs to the class Cl”(Emc_Lk_th,Fm_17k7[#/7_#/}), where p' = lp + 7,
and the seminorm |G|qi.~ is uniformly bounded with respect to (g, 0).

The proof of Theorem 6.2 is given in §§6.3 and 6.4.

6.2. Proof of theorem 6.1. We shall need the following assertion on the solu-
bility of linear equations in Fy,, _q j [u,—,)- See [3], §4, for a proof.

Proposition 6.3. Under the assumptions of Theorem 6.1, for any u € (v,d) and
an arbitrary integer k > 0, there are constants ¢g > 0 and C > 0 such that,
for |e| < eo, problem (5.15), (5.11) with right-hand side h € Fo [, —,) and initial
conditions [ug, . . ., Um,—1] € Em.—1 k1m, has a unique solution u(y) € Fp,_1 g [u,—p]
satisfying the inequality

me—1
Byt u,—u) (S(O)u) < C ( Z 1wl m—14+k—5) + Eo,k,[u,—ul (S(G)h)>. (6.2)
=0
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Proof. (i) To simplify the notation we assume that § = 0. The existence of a solu-
tion is proved by the contraction mapping principle. Recall that D(¢)w denotes the
phase trajectory corresponding to the function w = w(t, z) (see (1.3)). Consider the
operator A transforming v(y) € Fy,,—1 j,[u,—p) into the solution u(y) € Fp,—1 k,u,—u)
of the equation

P.(t,z,0)u(t,z) = —eQ,(e,t, D(t)v) (6.3)

with initial conditions (5.11). It is clear that the fixed point of the operator A is
the desired solution.

By Lemma 8.2, the right-hand side of (6.3) belongs to Fg [, —,]. Therefore,
by Proposition 6.3, problem (6.3), (5.11) has a unique solution v € Fp,_1 [, —u)
for |e| < 1. Consequently, the operator

Az Frn i) = Btk [~

is well defined. Moreover, if u; = A(v;), then the difference u = u; — uy satis-
fies (5.15) with right-hand side

h(t,x) = e(Qp(e, t, D(t)v2) — Qp(e, t, D(t)v1))

and has zero Cauchy data up to order m. — 1. Therefore, by (6.2),
B 1 ke, —p) (w) < C Eg gy, — ) (R). (6.4)

By Lemma 8.2, we have

Eo k[, —ul(h) < C1 el Bk, [u,— ) (v1 — v2)-
Substituting this estimate into (6.4), we find

Bt ke, [, —p) (w1 — u2) < Co ] Epy_q o [y, — ) (V1 — v2),

whence it follows that A is a contraction operator for |¢| < 1 and consequently has
a fixed point u(y).

The uniqueness of this solution follows from (6.1), which is established below.
(ii) The difference u = u; — ug satisfies (5.15) with right-hand side

h(t,z) = e(Qp(e, t, D(t)uz) — Qp(e, t, D(t)us)). (6.5)
Consequently, by (6.2),

Bt ko, [, — ) (S(02)u)

me—1
<C ( Z |\8§u(02, ')H(m—l—i-k—j) =+ EO,k,[,u,—,u](S(GQ)h)> . (6-6)

7=0
Let us estimate the right-hand side of (6.6). We set

u”(x)zagul((%,x), i=1,2, j:O,...,mc—l.



474 L. R. Volevich and A. R. Shirikyan

Then

Olu(fa, ) = (O ur(02,2) — urj (7)) + (u1j(x) — usy(2)),
which implies that

[107w(02, )| m—1+1—7) < b1(01, Ur; |01 — 02]) + [Jur; — uzjllm-14k—j),  (6.7)

where the function by (61, Us;7) > 0 continuous in r > 0 tends to zero as r — 0.
Furthermore, by Lemma 8.2, (6.5) satisfies the inequality

E07k7[#7_#](8(02)h) < Cl |E| Em_17k7[#7_#](5(02)u). (68)

For |e| < 1, the substitution of (6.7) and (6.8) into (6.6) results in

me—1
Er—1,5e, 1, - ) (S(02)u) < C ( > lugj — z;ll mo1x—g) + ba(61, Urs [0 — 92I)>-
7=0

It remains to note that the norms E,, 1 k. [4,—,)(S(@)u) are equivalent for 6 € R
with bounded constants of equivalence if § varies in a finite interval.

6.3. Proof of Theorem 6.2 in the case Il =1. We note that problem (5.19),
(5.20) has a unique solution v(y) € Fp,—1 x,[u,—u for any function u(t, x) satisfying
(5.10) and arbitrary initial data [vo, ..., Um,—1] € Em,—1 k+m,. This assertion can
easily be proved using the arguments in §6.2. Let

gl(e; 07 Ugs - - - umc—l): ]Emc—l,k—i-mh — IFm—l,k,[,u,—,u]

be a bounded linear operator transforming the vector [v, .. ., Um.—1] into the solu-
tion v € Fyy, 1 k[, —py) Of problem (5.19), (5.20) with u = G(; 0, uo, . . ., U, —1). For
simplicity, in what follows we shall assume that § = 0 and drop the parameter ¢ in
the notation for the operators G and G;.

By the converse of Taylor’s theorem (see [13] or [11], §1.2.5), the existence of
the derivative of the operator

g(E; ) ]EmC—LkJ,-mh — Fm—l7k7[,u'7—‘u/], lu/ =u —+ v,

the Holder property of the derivative, and the uniform boundedness of the seminorm
|G|c1.v will be proved if we can show that

G(g; U + Vo) = G(e3 Uo) + Gi(g; Up) Vo + Fi(g; Uo, Vo), (6.9)
where Uy = [ug, - - -, Um.—1], Vo = [vo,--.,VUm.—1], and the operator F; satisfies the
inequality

Eo ) (F1(&; Uo, Vo)) < comst, | Vo[, 7 0 (6.10)
We set

i(y) =6(e;Uo+ Vo),  u(y) =G(e;Uo),  vM(y) = Gi(e; Uo)Vo.
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Direct verification shows that w := @ — u — v(!) = Fy(e; Uy, Vo) is the solution of
the problem

P.(t,xz,)w(t,x) = —ch(t, x), (6.11)
Hw0,2) =0, j=0,...,mec—1, (6.12)
where

h(t, III) = hl (t, III) + hg(t, III),
hl (t7 III) = QP(E7 t7 D(t)a) - QP(E7 t7 D(t)u) - (DQP)(E7 t7 D(t)u)D(t) (’a - u):
ha(t, z) = (DQ,) (e, t, D(t)u)D(t)w.

y (6.2) with 6 =0 and p = ¢/, we have
Em—l,k,[,u’,—,u’] (w) < C |E| E07k7[#/7_#/] (h) (613)

Let us estimate the right-hand side of (6.13). According to Lemma 8.1,

B () < ColIDE) (@ — w) ]|, e
This inequality and (6.1) with ; = 02 = 0 imply that

me—1

Eo w1 (h1) < Co Z HUJH(m 1+k—j)" (6.14)

Next, by the uniform boundedness of the derivative of @,
Eo iy, —p)(h2) < C3 Epy_1 g [, —pr) (w). (6.15)

Substituting (6.14) and (6.15) into (6.13) with A = hy + hg, we obtain

me—1

Em—lk [, —u] 04 Z HUJH(m 1+k—j5)’

which is equivalent to (6.10).

6.4. Proof of Theorem 6.2 in the case I > 2. Despite the title of this section,
we confine ourselves to the case [ = 2. The proof for arbitrary [ > 3 is technically
rather complicated, but does not involve any fundamentally new ideas. For detailed
proofs of similar assertions in the case of ordinary differential equations and abstract
equations in Banach spaces, see [16] and [33].

As in §6.3, let us assume that § = 0. We want to prove that the operator

G(e;): Em.—1,k+m, = Fm—l,k,[,uﬁ—,u’]: :u/ =2u+,
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is twice continuously differentiable in the sense of Fredchét, the second derivative
satisfies Holder’s condition with exponent 7, and the seminorm |G|z~ is uniformly
bounded.

We note that problem (5.21), (5.22) (with U(t) = D(t)u, V(¢t) = D(t)v, and
Vi(t) = D(t)v)) has a unique solution v(y) € Fpy_1 k. [2,—2, (compare 6.3) for
any function u(t, z) satisfying (5.10). Let

Go(esuo, - s Ume—1) " B~ 1 ktmp = Fre 1.k, [20,— 24

denote the bounded quadratic operator transforming [vg, ..., Um,—1] into the solu-
tion v € Fp,—1 k,[2,— 24 Of problem (5.21), (5.22) with u = G(&;ug, - .., Um,—1)-
By the converse of Taylor’s theorem, we have to show that

1
G(e;Uo + Vo) = G(e; Up) + Gi(e; Ug) Vo + 592(5; Uo)[Vo, Vo] + Fa(e; Uo, Vo),

where Uy = [ug, - - -, Um.—1], Vo = [vo,--.,VUm.—1], and the operator F, satisfies the
inequality
Eo ) (Fa(; Uo, Vo)) < comst | Vol[257 0 (6.16)

We set v (y) = Ga(e; Up)[Vo, Vo). Then
1
wi=a—u—ol — 50(2) = Fa(e; Uo, Vo)
is the solution of problem (6.11), (6.12) with® h = hy + ha + hg,

hl(t7 III) = Qp(57 t, ’EL) - Qp(57 t, u) - (DQP)(E7 t, ’UJ)(’& - u)
_ %(D?Qp)(e, )i — u, i — ),
ha(t, ) = (DQ,) (e, t, w)w,

hs(t,z) = %((DQQP)(E, t,u)[id — u, & — u] — (D?Q,) (e, t,u) [v(l), v(l)]).

Therefore, by (6.2), the function w(y) satisfies inequality (6.13) with p/' = 2u + ~.
Let us estimate the right-had side of (6.13). Using Lemma 8.1 and inequality (6.1),
it is easy to prove that (compare the derivation of (6.14))

me—1

Eo o, —w1(h1) < C1 > ol sy (6.17)
=0

The function ho(t, x) satisfies (6.15) with p' = 2u 4. To estimate the norm of hg,
note that

1
hs(t,x) = §(D2Qp)(5, tu)[i—u— v, @ —u+ o).

Comparing this relation with (6.9) and (6.10), we conclude that hs satisfies an
inequality of type (6.17). This fact and formula (6.13) imply the desired inequal-
ity (6.16). Other details are left to the reader.

9To simplify the formulae, we shall drop the operator D(t) up to the end of this section. It
will always be clear from the context where it must stand.
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§ 7. Proof of the main results

This section is devoted to the proof of Theorems 5.1 — 5.3. We first show (see
Theorem 7.1) that the global versions of the assertions in Theorems 5.1 and 5.2 are
true for the equation with truncated non-linearity (5.9). Theorems 5.1 and 5.2
are then deduced as a simple consequence. Finally, the results obtained and the
uniqueness of the solution of the Cauchy problem for strictly hyperbolic equations
with Lipschitzian non-linearity are used to prove Theorem 5.3.

7.1. The centre manifold for the equation with truncated non-linearity.
Recall that U?(t, 6, Uy) denotes the resolving operator of the Cauchy problem (5.9),
(5.10), (1.1). By Proposition 4.2, if |¢|] < 1, then this operator is defined for
all t,0 € R.

Theorem 7.1. Suppose that Conditions (P), (Q), and (H.) and inequalities (5.1),
where | > 1 is an integer, hold. Then for any p > 0 and u € (v,d/1) and an
arbitrary integer k > n/2, there is a constant g > 0 and a family of continuous
operators

—1+k—j
Rj(E; 0, Ug, - - .,umc_l): Rg X ]Emc_Lk_th — H(m + J),

: (7.1)
j=me...,m—1,

such that R;(e;6,0) = 0 and the following assertions are true for |e| < €.

(i) The family of manifolds M(0) defined by formula (5.14) is compatible with
the action of the resolving operator UL (t,0,-) in the sense that if Uy € M(0) for
some 0 € R, then UL (t,0,Uy) € M(t) for all t € R.

(i) If u(t,x) € Fpo_1 ,[u,—p satisfies equation (5.9), then D(t)u € M(t) for all
teR.

(iii) If the energy Ep—1 1 (u,t) of a solution u(t, ) of problem (5.9), (5.10) grows
no faster than et as t — +oo, then there is a solution v(t,z) € o1 1, [, — ]
of (5.9) such that D(t)v € M(t) for allt € R and

Em—1k(u—v,t) < Ce_”(t_e)Em_lyk(u, 0), t=0, (7.2)

where the constant C' > 0 does not depend on t, 0, or u(y). A similar assertion
holds for solutions whose energy grows no faster than e ** as t — —oo.

(iv) For any fized € and 0, the operator R;(e;0,-) belongs to the class
O (B, —1 vy, HM™ R0 and the seminorm |Rj|ci~ is uniformly bounded
with respect to (g, 0).

(v) There are continuous linear operators

—1+k—j
Bj(E; 0, Ug, - - .,umc_l): Rg X ]Emc_Lk_th — H(m + J),

. (7.3)
j=me...,m—1,

such that B;(e;0,0) = 0 and the representation (5.5) holds. Moreover, the opera-
tors B; satisfy the global Lipschitz condition

1B (€50, Uo) — Bj(e5 0, Vo)l m—1+x—j) < const [|Up — Volm,—1,k+m, (7.4)

for a fized 0 € R, where Uy, Vo € B, —1,k+4my, -
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(vi) If the non-linear term q(e,t,x,0™ 'u) in (0.5) does not depend on the
(m—1)th derivatives, then assertion (v) holds with H(™=1k=7) (see (7.3) and (7.4))
replaced by H(m+k=1),

Proof. We define R; by formula (5.13), where G(e; 8, Up) is the resolving operator of
problem (5.9)—(5.11) (see (5.12)). Then, by uniqueness, we have G(e;6,0) = 0, and
consequently R;(e;6,0) = 0. Moreover, (6.1) implies that G is jointly continuous
with respect to the variables (0, Uy), and therefore R; also possesses this property.
We now prove assertions (i)—(vi).
(i) Suppose that Uy € M(0) for some 0 € R and set u = G(¢;0, Uy). We have to
prove that '
ANu(t,) =Rj(e;t, De(t)u) forall teR. (7.5)

As is easily seen, (7.5) follows from the relation
u(t,z) = G(e;t, De(thu), teR, (7.6)

which is a consequence of the uniqueness of the solution of problem (5.9)—(5.11).
(i) Let w € Fy_q g [u,—p be the solution of equation (5.9). Then (7.6) holds,
whence follows the desired assertion.
(iii) Suppose that a solution u(y) of problem (5.9), (5.10) satisfies the inequality

Epm—1x(u,t) < conste, t>0. (7.7)

An approximating solution v(y) is sought in the form (5.16). Substitution of v(y)
into (5.9) for the unknown function w(y) gives equation (5.17) with U(t) = D(t)u
and V(t) = D(t)v, and the function g(t,z) has the form (5.18). Let us show that
this equation is uniquely soluble in F,,_; [, and that the solution w(y) satisfies
the inequality

Bt g,y (w) :=sup e* Ep, 1 i (w, t) < const Ey,—q x(u, 6).
teR

To this end, we need the following auxiliary assertion, which is a consequence of
Theorem 2.6 in [3].

Proposition 7.2. Under the assumptions of Theorem 7.1, for any p € (v,d) and
an arbitrary integer k > 0, there are constants €9 > 0 and C' > 0 such that equa-
tion (5.15) with right-hand side h € Fq 1, has a unique solution u(y) € Fp,_1 j [u)
for |e] < eg. This solution satisfies the inequality

B 11, (S(0)u) < Eo g1 (S(0)h)  for any 6 € R. (7.8)

Let us consider the operator A transforming z € IF,,,_; [, into the solution
w € Fp,_q g, of the equation

P.(t,x,)w(t,x) = g(t,z) — eg1(t, x), (7.9)

where

g1 (t7 III) = QP(E7 t7 D(t) (Cu + Z)) - C(t)QP(F;? t7 D(t)u)
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We shall show that the operator A is well defined for |¢| < 1 and is a contraction
operator on the space Fp,_; [, This will imply that A has a fixed point w(y),
which is precisely the desired solution.

We note that the right-hand side of equation (7.9) belongs to the space Fy [,
and satisfies the inequality

Eo 10 (S(0)(9 = €91)) < C1(Em—1,1(u, 0) + || 1,1, (S(0))) (7.10)

for any function u(t, z) satisfying (5.10), where C; > 0 is a constant. Indeed, it is
clear that g and g, are continuous functions on R with range in H*). Therefore it
suffices to establish (7.10). By Proposition 4.3,

Epm 1 k(u,t) < Coet 0B, | 1 (u,0), teR, (7.11)

where Cy and s are positive constants. Relations (7.11) and (5.18) imply that the
function g(t, z) satisfies the inequality

gt M) < CsBm1x(u,0), 0<t<O+1, (7.12)

on the closed interval [, 0 + 1] and vanishes outside it. To estimate g1 (¢, z) we use
the mean value theorem and take the uniform boundedness of the derivatives of @,
and inequality (7.11) into consideration. As a result, we obtain

Eo1o,) (S(0)g1) < Ca(Em—1,6(u, 0) + Ep_1 ,,0(S(0)2)) . (7.13)

Comparing (7.12) and (7.13), we arrive at (7.10).

Thus, the right-hand side of (7.9) belongs to Fg [, for any z € Fp,_q (-
Therefore, by Proposition 7.2, for || < 1 equation (7.9) has a unique solution
w = A(z) € Fp—1 1] for which the estimate

Er— 1k, (S(0)A(2)) < C Eo e, (S(0)(g — £91))

<
< C'5 (Em—Lk(u; 0) + |5| Em—l,k,[,u](s(a)z)) (714)

holds.

We now show that A is a contraction operator. Let us take two arbitrary func-
tions 21,22 € Fpy—1 5[], St w; = A(2;), and consider the difference w = w; — wy.
It can readily be seen that this difference is a solution of equation (5.15) with
right-hand side

h(t, z) = (Qu(e,t, D(t)(Cu — 22)) — Qp(e,t, D(t)(Cu — 21))).
Using the mean value theorem it is easy to prove the inequality
At k) < Colel Em—1,k(21 — 22,1),
whence it follows that

E07k7[u](5(9)h) < Csle Er 1,1,y (5(9)(21 — Zz)) (7.15)
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By (7.8), the solution w € [y, 1, of (5.15) satisfies the inequality
Em_17k7[#](8(9)w) < CE07k7[#](S(9)h).

Comparing this inequality with (7.15), we conclude that A is a contraction operator
for |e| < 1.
Let us denote by w € Fy,_1 1, the fixed point of A, A(w) = w. It follows
from (7.14) that
B, (SO)w) < CrEp_1,1(u, ). (7.16)

We shall show that all the required assertions hold for the function v(t, z) defined
by (5.16).

Indeed, by construction, v(¢,x) satisfies (5.9). Since ((¢) = 0 for t < 6, it
follows from (5.16), (7.7), (7.16) that v € F,;,_q j,[u,—). Consequently, according
to assertion (ii), D(t)v € M(t) for all t € R. Furthermore, (5.16) and (7.16) imply
that

Em—1x(u—v,t) = Ep_q5(w,t) < C7€‘“<t—9)Em_17k(u, 6) for t>60+1.

Comparing this inequality with (7.11) and (7.16), we arrive at (7.2).
We have thus established that for any 6 € R, there is a solution v = vy €
Frn—1,k,[u,—p) satisfying (7.2). It remains to show that vy, = v, for any 6;,0, € R.
Direct verification shows that the difference w := vy, — vg, belongs to
Frn—1,k,[u,—p) and is a solution of (5.15) with right-hand side

h(t7 III) = E(QP(E7 t: D(t)’()gl) - QP(E7 t: D(t)’()gz)) .
Inequality (7.2) with v = vg, implies that
Epm—1,k(ve, — va,,t) < Cse M Ep,_11(u, 0).

Therefore w € I,y 1 (4. Furthermore, it can easily be shown that h belongs to
Fo k[, and satisfies the inequality

EO,k,[,u](h) < 09|5| Em—l,k{,u](w)'
By (7.8), we have
Er—1,k,m(w) < CEqp (h) < CCole| Epy1 o, (w),

which implies that w = 0 for |¢] < 1.

(iv) This assertion is an obvious consequence of the smoothness of the operator
G(e;0,-) and formula (5.13).

(v) As was shown in §5, the operator R; can be represented in the form (5.25).
We now note that the first term in the right-hand side of (5.25) is an analogue of
the operator R; for the linear equation

P.(t,x,0)u(t,z) = 0.
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According to [3], Theorem 6.4, the representation

me—1
0 (G(e,0)Uo)| = > (rij(e, 0,2,0,) + edij(e, 0)) wi() (7.17)
- i=0
holds for linear equations, where Uy = [ug, - . ., Um.—1], the operators
dij(e,0): HM—1+k=0) _ prmtk=j) (7.18)

depend continuously on # in the strong operator topology, and their norms are
uniformly bounded with respect to (g,6). We set

me—1

Bj(e:0,Up) = Y dij(e,0)u; + 8 (G(e,0)[0, ..., 0, f])

=0

1
iy (7.19)

where the function f is defined by (5.24). The representation (5.5) is a trivial
consequence of (5.25), (7.17), and (7.19). The continuity of the operator B; with
respect to [0, Up|] and its uniform Lipschitz property with respect to Uy follow from
the corresponding properties of the operators on the right-hand side of (7.19). Other
details are left to the reader.

(vi) We shall use formula (7.19). Since d;;(e,6) are continuous operators from
H(m=14k=0) o F(Mm+k=3) (gee (7.18)), it suffices to consider the second term on
the right-hand side of (7.19). We note that if ¢ does not depend on the (m — 1)th
derivatives, then @, is a smooth operator from Ry x E,,_1 1 to H (k+1) and all its
derivatives are uniformly bounded. This together with Theorem 6.1 implies that

0,10, ., Um,—1]) — f(t,2) = Qp(e,t, D()G(;0,u0, - ., Um,—1))

is a continuous operator from Ry x By, 1, t0 Fo j41,[,,— ) for || < 1 and satisfies a
Lipschitz condition with uniformly bounded Lipschitz constant with respect to (g, 0)
for any fixed 6. Furthermore,

f—G(g,0)0,...,0,f]

is a continuous linear operator from Fo x4 1, t0 Fpy—1 g41,[u,—p for sufficiently
small €. It depends continuously on 6 in the strong operator topology and its
norm is uniformly bounded with respect to (e,0). What has been said implies that
the second term on the right-hand side of (7.19) also possesses all the required
properties.

7.2. Proof of Theorems 5.1 and 5.2. We fix an arbitrary p > 0 and define
the desired operators R; as the restrictions of operators (7.1) constructed in Theo-
rem 7.1 to the cylinder R X By, 1 k4m, (p). All assertions of Theorems 5.1 and 5.2
are readily deduced from Theorem 7.1. For instance, let us prove the attraction
property.

Suppose that a solution u(t,z) of (0.3), (1.2) is defined throughout the time
axis and that its phase trajectory D(t)u is entirely contained in the ball B,,_1 x(p).
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Then wu(t,z) is the solution of problem (5.9), (5.10) and belongs to the space
Frn—1,k,[u,—pu)- Therefore, according to assertion (ii) in Theorem 7.1, D(t)u € M(t)
for all ¢t € R. It remains to note that the manifold M(¢, p) defined in (5.2) is the
intersection of M(t) (see (5.14)) and the ball B,,_1 x(p).

We now suppose that u(t,z) is the solution of (0.3), (1.2) with J = [, +00)
and that D(t)u € Bp,—1,x(p1) for ¢t > 0 and some p; < p. Let us extend u(t,x)
throughout the time axis R as the solution of (5.9), (5.10), (1.1) with Cauchy data

uj(z) = du@+0,z), j=0,...,m—1.

Clearly, the extended function wu(t,x) satisfies all conditions in assertion (iii) of
Theorem 7.1. Consequently, there is a solution v(t,x) of problem (5.9), (5.10)
such that D(t)v € M(t) for all t € R and (7.2) holds. We now note that the
phase trajectory D(t)v is contained in the ball B,,_1 x(p) for t > T > 1 since it is
exponentially attracted to D(t)u as t — +oo. Hence, v(t, x) also satisfies (0.3) for
t > T. Setting Vo = D(T)v, we derive (5.3) from (7.2).

The proof of the remaining assertions is left to the reader.

7.3. Proof of Theorem 5.3. (i) By (5.2), if D(t)u € M(t, p) for t € J, then
A" u = R, (€;t,u, Opu, ..., 0 tu), tel (7.20)

Note that the remainder R, (e,y,7,€) on dividing the polynomial 7™< by
P.(e,y,7,€) is equal to P.(e,y,7,&) — 7™. Therefore, according to (5.5),

Rom. (&5, u, Opu, ..., 0" u) = O™ u — Pu(e,t,z,0)u+ B, (e;t,u, ..., 00 tu).

Substituting this formula into (7.20), we obtain (5.7).
(ii) We begin by showing that the solution of problem (5.7), (5.8) is uniquely
determined by the Cauchy data up to order m. — 1 at an arbitrary point 6 € I.
Indeed, suppose that u; and ug are two solutions of (5.7), (5.8) and that
D.(0)u; = D.(0)uz. Then the difference w = w3 — uy satisfies (5.8), the initial
conditions
agw(ﬂ,x) =0, j=0,...,m.—1,

and the equation
Pe(e,t,z, 0)w(t,z) = h(t, ),

c

By Theorem 5.2 (i), the right-hand side h(y) belongs to the space!®
C(I, H*x+m»)) and we have

where h(t,z) = &(Bm, (e;t, w1, ..., 07" 'u1) — Bm, (g3 t,uz, ..., 07" "ug)).

Hh(t7 ')H(k-i-mh) < Cl|5| Emc_17k+mh (ul - u27t)7 tel (721)

10Tt is here that we use the property that ¢ does not involve derivatives of order m — 1,
whence, by Theorem 5.2 (ii), it follows that the range of the operator B, is H(*+mx) rather
than H(k+mp—1),
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where the constant C'y > 0 does not depend on ¢ or t. We shall use an estimate for
the norm of the solution of the Cauchy problem for strictly hyperbolic equations
(see [12], Lemma 23.2.1):

Emc_17k+mh (w7t) < 02/[ : Hh(?‘, ')H(k-'rmh)dr? tel (722)
0.t

Comparing (7.21) and (7.22), we conclude that u; (¢, ) = us(t, z) for |g| < 1.

We now suppose that the interval I; C I satisfies the conditions in assertion (ii)
of Theorem 5.3. Let us fix an arbitrary 6 € I; and consider the solution v(t, z) of
problem (0.3), (1.1), (1.2), where

() {Ggu(ﬂ,x), i=0,...,m.—1,

U\Tr) =

’ R,(e;0,u(8,-),...,0" tu(d, z)), j=mec,...,m—1.
j

By construction, the initial vector function [ug,...,um—1] lies on the manifold
M(0, p). Consequently, by local invariance (see Theorem 5.1), the phase trajec-
tory D(t)v belongs to M(t, p) as long as it stays in the ball B,,_1 x(p). Therefore,
according to assertion (i), the function v(¢, x) satisfies (5.7). Moreover, its Cauchy
data up to order m. — 1 at the initial instant of time ¢ = 6 coincide with the
Cauchy data for the function u(t,z). Since the solution of problem (5.7), (5.8),
(5.11) is unique, u(t,z) and v(¢,x) coincide on the common domain. It follows
that the maximum interval J on which v(¢,z) is defined contains I; and that
u(t,z) = v(t,x) for t € I. The theorem is proved.

§ 8. Appendix

In this section we collect some auxiliary assertions used in the main body of the
text.

Lemma 8.1. Let p > 0, let 0 <y <1, and let k > n/2 and l > 0 be integers.
Then there is a constant C = C(p,~, k,l) > 0 such that

SCIVlnlie (81

!
1
HQF,(E,t,U+V > = (DQ,) e, U)V;..., V]
=0 (k)

where U,V € Ey,_1 x and D?Q, denotes the jth derivative of Q, with respect to U.
Proof. According to Proposition 4.1, the operator

Qo(e,t,U): Ry X Bypy_1 4, — H® (8.2)

is infinitely Frechét differentiable and all its derivatives are uniformly bounded.
Therefore inequality (8.1) with 4 = 1 is an obvious consequence of Taylor’s formula.
Let us show that any number in the interval (0,1) can serve as +.

Since Q,(e,t,U) = 0 for [|U||m-1,k = p, it can be assumed that |U||m—1,% < p.
We first suppose that | V||m—1,5 > 2p. Then |[U+V||m—1,x = p, and inequality (8.1)
follows from the uniform boundedness of the derivatives D7Q,,

1(D'Q,) (e, t, U)V,...,V const [|[V[|7,_, .

Higy <
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Now let ||V||m—1k < 2p. By Taylor’s formula, the left-hand side of (8.1) has
const || V|52, , as an upper bound. It remains to note that

— l
VI e < @) VI e for IV m—1 < 29

Recall that we set S(Q)w(t,z) = w(t + 6, x) for the function w(t, z).

Lemma 8.2. For any p > 0 and p > 0 and an arbitrary integer k > n/2, the
composite operator
C:uly) = Qple, t, D(t)u)

is a continuous operator from I, g (u—u to Fo g u,—u and satisfies a global
Lipschitz condition. Moreover, if u,v € Fp_1 g [u,—u]» then

E07k7[#7_#] (S(@)(Cu — CU)) < CEm_17k7[#7_#] (S(G)(u — U)) (8.3)

for any 6 € R, where the constant C = C(k,p) > 0 does not depend on u, v, 0,
or .

Proof. Since the operator (8.2) is infinitely continuously differentiable and its
derivatives are bounded, it follows that if u € ., 1k [4,— ), then Cu € Fo g [, — -
Moreover, by the mean value formula, we have

1Qo(e,t, D(t)u) — Qp(e, t, D(t)v)H(k) < const Ep,—1 x(u — v,t),
whence follows (8.3).
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