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Introduction

The aim of these lectures is to give a self-contained concise introduction to the
ergodic theory of randomly forced partial differential equations (PDE’s). We
consider the 2D Navier-Stokes (NS) system perturbed by a bounded discrete
force, namely,

U+ (u, V)u — Au+ Vp =n(t,z), divu=0. (0.1)

Here 7 is a random process of the form
n(t,z) =Y ne(@)d(t — k), (0.2)
k=1

where §(t) is the Dirac measure concentrated at zero and ny(z) are independent
identically distributed (i.i.d.) random variables. After studying the initial-
boundary value problem for (0.1), (0.2), we show that the restriction of the
corresponding random dynamical system to integer times generates a homo-
geneous family of Markov chains in an appropriate functional space. For this
Markov chain, we investigate the following questions:

e existence of stationary measures;
e uniqueness of stationary measure;
e mixing properties.

We show that, under some non-degeneracy assumptions on the distribution
of 1y, there is a unique stationary measure, which is exponentially mixing. The
existence is a simple consequence of the Bogolyubov-Krylov argument and a
smoothing property of the semigroup generated by the homogeneous 2D NS
system. The problem of uniqueness and exponential mixing is much more deli-
cate and was studied in [KS00, KS01, KPS02].' The presentation here follows
the papers [KS01, KPS02].

The lectures are organized as follows. In Section 1, we have compiled some
basic facts from probability theory. In particular, we study different metrics
on the space of probability measures and recall the concept of maximal cou-
pling. Section 2 is devoted to the initial-boundary value problem for the NS
system perturbed by a random force of the form (0.2). We construct solutions
of this problem, derive some a priori estimates for them, and show that they
form a homogeneous family of Markov chains. In Section 3, we first use the
Bogolyubov—Krylov argument to construct a stationary measure and then for-
mulate the main theorem on uniqueness and exponential mixing. The section
is concluded by describing the scheme of the proof of that result. Section 4 is
devoted to construction of the coupling operators associated to the family of
Markov chains in question and to investigation of their properties. In the last,
fifth section, we prove the main theorem.

1See also the papers [FM95, EMS01, BKL02, EHO1, Mat02, MY02, Hai02, Kuk02b, KS02,
Kuk02a, KS03, Shi04] and references therein for some further results on mixing properties of
randomly forced PDE’s.
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Notation

Given a Polish space (i.e., separable complete metric space), we always assume
that it is endowed with its Borel o-algebra and consider it as a measurable space
(see Section 1.1 for details). For any random variable £, we denote by D(&) its
distribution and by o(§) the o-algebra generated by . If I is a subset in a
measurable space, then we denote by It the indicator function of I" and by I'¢
its complement.

For any measurable space (X, B) with measure m, we denote by L (X, m)
the space of Borel measurable functions f: X — R such that

[[flloc = ess sup | f(u)| < occ.
ueX

For a Polish space X, we denote by C,(X) the space of continuous functions
f: X — R such that ||f||ec < co. If X is a Banach space, then Bx(R) stands
for the ball in X of radius R centred at zero.

If (Q,F,P) is a probability space and B € F is an event of positive proba-
bility, then the probability of A € F on condition B is defined by the formula
P(A|B) = B2

For real numbers a and b, we denote a Ab (aVb) their minimum (maximum).

1 Preliminaries

1.1 Probability spaces, random variables, distributions

Let Q be a set with o-algebra F, i.e., a family of subsets of {2 that contains {2
and satisfies the following two properties:

o if B, € Ffori=1,2,..., then ), B; € F;
o if B F, then B°=Q\ B e F.

Any pair (Q,F) possessing the above properties will be called a measurable
space.

Ezxample 1.1. Let X be a Polish space and let Bx be the Borel o-algebra on X,
i.e., the minimal o-algebra generated by the open subsets of X. Then (X, Bx)
is a measurable space. In what follows, we assume that all Polish spaces are
endowed with their Borel o-algebra.

Let P be a probability measure on a measurable space (2, F), i.e., Pis a
countably additive function from F to [0,1] such that P(Q) = 1. Any such
triple (Q, F,P) will be called a probability space.
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Ezample 1.2. Let us consider the interval I = [0,1] endowed with the Borel
o-algebra By, and let £ be the Lebesgue measure on I. Then (I,B;,4) is a
probability space.

Let (Q,F,P) be a probability space and let (X, B) be a measurable space.
Given an X-valued random variable ¢ (i.e., a map from © to X such that
¢ YT) € F for any I' € B), we define its distribution D(¢) as the image of P
under &:

DE)(T) = P(¢'(I) = P({w € Q: &(w) € T}).

Thus, the distribution of £ is a probability measure on (X, B). The space of all
probability measures on a measurable space (X, B) will be denoted by P(X).

Ezercise 1.3. Let pn € P(R) be a probability measure on (R, Bg). Show that
there is a real-valued random variable whose distribution coincides with u. For-
mulate and prove a similar assertion for any measurable space (X,B). Hint:
Consider the probability space (R, Bg, ) and the random variable {(w) = w.

If X is a separable Banach space, then an X-valued random variable ¢ is
said to be integrable if

/ 1€ (w)]|x P(dw) < oo.
Q

In this case, we denote by E ¢ its mean value, that is,
Eé= /Qg(wm(dw).

1.2 Independence, product of probability spaces

Let (2, F,P) be a probability space, let A be a set of indices, and let F, C F,
«a € A, be a family of sub-o-algebras in .

Definition 1.4. The family {F,,« € A} is said to be independent if for any
finite set of indices ay,...,a, € A and any B; € F,,, i = 1,...,n, we have

Let (X, B) be a measurable space. Consider a family of X-valued random
variables &,, @ € A, defined on the same probability space (2, F,P). Let us
denote by F, = o(&,) the o-algebra generated by &,, i.e., the family of sets
B € F that can be represented in the form ¢ 1(T") for some I' € B.

Definition 1.5. The family {£,,a € A} is said to be independent if the cor-
responding family of o-algebras {F,,a € A} is independent, i.e., for any finite
set of indices aq,...,a, € Aand any I'; € B, i =1,...,n, we have

P{fa, €Th,- o 6a, €To} = [[Plén € Ti}.

i=1
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Ezercise 1.6. Show that a family {&,,« € A} of X-valued random variables is
independent iff for any finite set of indices aq,...,a, € A and any bounded
measurable functions f; : X - R, i=1,...,n, we have

E{f[lfxsai)} - Zf[lEfi(fai). (11)

Hint: Begin with the case of simple functions, i.e., functions that take on finitely
many different values.

We now describe a simple way for constructing independent random vari-
ables. Let (Qq, Fa,Ps), @ € A, be a family of probability spaces. Define the
product space

Q= HQa:{wz(wa,aeA):waeQaforanya}
acA

and denote by F the product o-algebra, i.e., the minimal o-algebra generated
by the sets of the form

Bay,..oan = {(wa,a € A) : wa, € By, ... ,wa, € By},

where n is a finite integer and B; € F,, fori =1,...,n.

Ezercise* 1.7. Show that there is a unique probability measure on (€2, F) such
that

P(Ba,...an) = | [ Pai(Bi) for any set Ba,, ., (1.2)
1=1

Hint: See Exercise 1.1.14 in [Str93].

The probability space (2, F,P) is called the product space of (Qu, Fa,Ps),
a € A. It follows from (1.2) that if £, are some random variables defined on Q,,
then their natural extensions? to € are independent.

Ezercise® 1.8. Let &1, ...,&, be independent X-valued random variables and let
f: X x--+-x X — R be a bounded measurable function of n variables. Then
Ef(&1,..-.6n) =Euw, ... Eu, f(&i(w1),. .., &n(wn)). (1.3)

Hint: Use the technique of m- and A-systems (cf. Theorem 4.4.2 in [Dud02] or
Section 1.5 in [Kry95]).

1.3 Conditional expectation

Let (Q2, F,P) be a probability space and let £ be a real-valued integrable random
variable.

2By the natural extension of &, to £ we mean the random variable defined by the relation

ga(w) = fa(wa)-
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Proposition 1.9. For any sub-c-algebra G C F there is a G-measurable random
variable n such that

/ &(w)P(dw) :/ n(w)P(dw) for any B € G. (1.4)
B B
If 7 is another G-measurable random variable satisfying (1.4), then n(w) = f(w)

for a.e. w.

Proof. Let us consider a signed measure on (£2,G) defined by the formula

u) = [ ewpaw). Beg (1.5)

The measure p is absolutely continuous with respect to P. Hence, by the Radon—
Nikodym theorem (see Theorem 5.5.4 in [Dud02]), there is a G-measurable func-
tion n(w) such that

w(B) = /Bn(w) P(dw) for any B € G.

Comparing this relation with (1.5), we arrive at (1.4).
If 77 is another G-measurable random variable satisfying (1.4), then

/B(n(w) - f](w)) P(dw) =0 for any B € G,

whence it follows that n = 7 almost surely. O

Definition 1.10. The random variable 7 constructed in Proposition 1.9 is called
the conditional expectation of & given G and is denoted by E (£|G).

Ezercise 1.11. Let (Q,F,P) be a probability space. Suppose that Q is rep-
resented as a countable union of disjoint subsets £2;, ¢ > 1, and let G be the
sub-o-algebra generated by {€2;, ¢ > 1}. Construct the conditional expectation
of a real-valued random variable & given G.

Ezercise 1.12. Show that, if £ is G-measurable, then E (£|G) = £, and if o(§)
and G are independent, then E (£|G) = E£. Furthermore, if G C G', then

E(E(]G)16) =E(£]G). (1.6)

Ezercise® 1.13. Let £ and 1 be random variables defined on a probability space
(Q, F,P) and valued in a Polish space X and let G C F be a c-algebra such
that ¢ is G-measurable and 7 is independent of G. Show that for any bounded
measurable function f: X x X — R we have

E(f(&m]6) = (Ef(z,m)],_-

Hint: Use the technique of 7- and A-systems.
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1.4 Metrics on the space of probability measures

Let X be a Polish space endowed with its Borel o-algebra Bx. We denote
by Cp(X) the space of continuous functions f: X — R with finite norm

[[flloo := ess sup | f(u)].
ueX

Since the family P(X) of probability measures on (X, Bx) is a subset in the
dual space of Cp(X), we can endow it with the dual metric

1 — p2llbe == sup{|(f, u1) — (f, p2)| : f € Co(X), | flloo < 1},

where, for any f € Cp(X) and p € P(X), we set

(fsm) 1=/Xf(u)u(du)=/xf(u)du.

Let us introduce another metric on P(X).

Definition 1.14. The variational distance between two probability measures 111
and po is defined by the formula

11 = piolvar = sup{|p1(T) — p2(T)] : T € By }.

Theorem 1.15. For any pi, p2 € P(X), we have

11 = p2llSe = 2{|p1 — p2|lvar- (L.7)

Proof. We shall need the following auxiliary assertion, which is of independent
interest.

Proposition 1.16. Let m be a positive Borel measure on X. Suppose that
w1, p2 € P(X) are absolutely continuous with respect to m. Then

I = palvae = 5 [ |1t = o)l dm =1~ [ (o np)@yam, (18)

where p;(u), i = 1,2, is the density of p; with respect to m.

Taking this proposition for granted, let us prove the theorem. Let m be a
measure satisfying the conditions of Proposition 1.16. For instance, we can take
m = p1 + po. Using the first relation in (1.8), for any f € Cp(X) with ||f|leo <1
we derive

|(fa,u'1)7(fau2)| S/X{f(u)(pl(u)flb(u)”dmg2“#17,“2”\;3“

which implies that
1 = p2llZe < 2l — pallvar-
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To establish the converse inequality, we set
Y={ueX:pi(u)>pau)} (1.9)

Let us consider a function f(u) that is equal to 1 on Y and to —1 on the
complement of I'. We have

() = (Fopa) = [ F0) (pr(0) = pata))

= [ 1o = pa(wl dm =2l = ol (110

where we used the first relation in (1.8). To complete the proof of (1.7), it
suffices to choose a sequence f, € Cp(X) such that ||fn]lc < 1 for all n and
fn(u) = f(u) for m-a.e. u € X and note that (fn, 1) — (fn, p2) tends to the
left-hand side of (1.10) as n — oc. O

Ezercise® 1.17. Let X be a Polish space endowed with its Borel o-algebra and
let m be a positive measure on X. Show that for any f € L>°(X,m) there
is a sequence of continuous functions uniformly bounded by || f]|o that con-
verges to f almost surely. Hint: Any bounded measurable function can be
approximated uniformly by bounded simple functions; the indicator function of
any measurable set can be approximated (in the sense of a.s. convergence) by
bounded continuous functions.

Proof of Proposition 1.16. A direct verification shows that
1 _ 1
3lo1 = p2l = 5 (p1+ p2) = p,

where p = p; A p2. Integrating the above relation over X with respect to m, we
obtain the second equality in (1.8).

‘We now show that

It = palas < 1= [ gt am. (1.11)

Let Y be the set defined by (1.9). Then, for any I € Bx, we have

ul(F)—uz(F)=/F(p1—pz)dm§/F (p1 — p2) dm

ny

=/my(p1—p)dmé/x(m—p)dm=1—/Xp(U)dm-

In view of the symmetry, this inequality implies (1.11).
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To prove the converse inequality, we denote by Y¢ the complement of Y and
note that p = p; on Y and p = ps on Y. It follows that

(V) = V) = [ (o = pa)m

([t ) ([ e | )
_ (/Y/pldm—l—/cpldm) _ (/Ypdm+/cpdm>

This completes the proof of the proposition. O

In what follows, we shall need a weaker topology on P(X). Let £(X) be the
space of functions f € Cy(X) such that

o |f(u) — f(v)]
I fllz = I flloo +1S};£W < 09,

where dy is the metric on X. For any pj, us € P(X), we set

i1 = pollz = sup{|(f, 1) = (fsp2)| : f € LX), [ flle < 1} (1.12)

Ezercise* 1.18. Show that ||u1 — pol/% defines a metric on P(X). Hint: The
triangle inequality is obvious; to prove that p1 = po if ||u1 — pe|z = 0, it
suffices to show that p;(F') = pa(F) for any closed set F' C X; to this end, find
a sequence fi € L(X) converging to the indicator function of F.

The following theorem is of fundamental importance. Its proof can be found
in [Dud02, Corollary 11.5.5].

Theorem 1.19. The set P(X) is a complete metric space with respect to || - || 5.

1.5 Maximal coupling of measures
Let X be a Polish space and let uq, uo € P(X).

Definition 1.20. A pair of random variables (&1, &2) defined on the same prob-
ability space is called a coupling for (u1, pe) if

D(&1) = 1, D(&2) = po.
Let (&1,&2) be a coupling for (uq, p2). Then for any T’ € Bx we have
pi(l) = po(I) =P{& e I} = P{& € T}
= E{l{e,26) (Ir (&) — Ir(&2)) } <P{& # &},

whence it follows that

P{gl 7é 62} Z ||H1 - ,u2||var~
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Definition 1.21. A coupling (&1, &) for (u1, p2) is said to be mazimal if
P{gl 7& 52} = ||/1’1 - H’QHVarv

and the random variables ¢ and & conditioned on the event3 N = {&; # &}
are independent, that is, for any I'1,I's € By,

]P){fl E].—‘l,gg €F2|N}:]P){fl €F1|N}]P){€1 €F1|N},

where, for any B € F, we set P(B|N) = Plé,g\lf\;).
Theorem 1.22. For any pair of measures ui, ps € P(X), there is a mazimal
coupling.

Proof. If 6 := ||u1 — p2llvar = 1, then any pair (£1,&2) of independent random
variables with D(§;) = u;, @ = 1,2, is a maximal coupling for (u1, pe). If § =0,
then p = ueo, and for any random variable £ with distribution p; the pair (€, €)
is a maximal coupling. Hence, we can assume that 0 < § < 1.

Let m(du) be a measure satisfying the conditions of Proposition 1.16 and let

_ dpi
dm

pi . p=piApa, pi=0"(pi—p)

Direct verification shows that fi; = p;dm and u = (1 — &)~ pdm are probability
measures on X. Let (q, {2, ¢, and « be independent random variables defined
on the same probability space such that

D(G) =i, D) =pn Pla=1}=1-6 Pla=0}=3.

We claim that the random variables & = al+(1—«)(;, i = 1,2, form a maximal
coupling for (u1, pe). Indeed, for any I' € Bx, we have

P{fl EF} :P{fl € F,Ot:()}‘i’]}b{fz ela= 1}
=P{a=0}P{¢; €T} +P{a = 1}P{( € T}

=6 [ pitwyam-+ [ pta)dm = ()

where we used the independence of ({1, (2,(, ) and the relation p; = p + dp;.
Furthermore,

P{& # &} =P{& # &2,a =0} + P{& # &,a =1}
=P{a = 0}P{¢1 # (2} =,

where we used again the independence of (1, (3, ¢, a) and also the relation

P{¢ =G} =67 // (p1(u1) = p(ur)) (pa(uz) — p(uz)) m(dui)m(dus) = 0.
{u1=us}

A similar argument shows that the random variables £ and & conditioned
on {& # &} are independent. This completes the proof of Theorem 1.22. O

3In the case P{&1 # &2} = 0, this condition should be omitted.
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In what follows, we deal with pairs of measures depending on a parameter
and we shall need a maximal coupling for them that depends on the parameter
on a measurable manner.

Theorem 1.23. Let y;(z,dx), i = 1,2, be two probability measures on RN that
depend on a parameter z € R™. Suppose that

wi(z,dx) = pi(z,z)dx  for any z € R™,

where p;(z, ) is a measurable function of (z,x) € R" xRN . Then there are mea-
surable functions &;(z,w): R"xQ — RN i = 1,2, defined on the same probability
space such that (&1(z,-),&2(z,+)) is a mazimal coupling for (u1(z,dx), ua(z, dx))
for any z € R™.

Ezercise® 1.24. Prove Theorem 1.23. Hint: Repeat the construction of Theo-

rem 1.22 choosing for (1, (2, ¢, @ measurable functions of (z,w); begin with the
case N =1 (see [KSO01, Section 4] for details).

2 Randomly forced Navier—Stokes equations

2.1 Cauchy problem

Let us consider the 2D Navier-Stokes (NS) system in a bounded domain D C R?
with smooth boundary 0D:

i+ (u,V)u—Au+ Vp=n(t,z), divu=0, ze€D. (2.1)

Here u = (ui,u2) is the velocity field of the fluid, p(t,z) is the pressure,
and n(t,z) is an external force. Equations (2.1) are supplemented with the
Dirichlet boundary condition for u:

ul,, =0. (2.2)

Let us set
V={ueCD,R?:divu=0}

and denote by H and V the closure of V in L?(D,R?) and H'(D,R?), respec-
tively. Denoting by I1: L?(D,R?) — H the orthogonal projection onto H and
applying it (formally) to Egs. (2.1), we obtain

U+ Lu + B(u,u) = n(t), (2.3)

where L = —IIA, B(u,v) = II(u, V)v, and we retained the notation for the
right-hand side.
Let us assume that 7 has the form

n(t) =Y md(t — k), (2.4)
k=1

where {n} is a sequence in H and §(t) is the Dirac measure concentrated at
zero.
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Definition 2.1. A function w;: Ry — H is called a solution of (2.3), (2.4) if
the following two properties hold for any integer k > 1.

(i) The restriction of u; to interval I, := [k — 1,k) belongs to the space
C(I, H) N L?(I}, V) and satisfies the homogeneous NS system

@+ Lu+ B(u,u) = 0. (2.5)

(ii) There is a limit hll? up = uy, , and up = u, + 7y (see Figure 1).
t—k—

U1
us
Uo
m

U2

0 1 2 3 t

Figure 1: Evolution defined by Equations (2.3), (2.4)

Let us fix an arbitrary function v € H and consider the Cauchy problem
for (2.3), (2.4):
ug = v. (2.6)

We denote by S;: Ry — H the resolving semigroup for Eq. (2.5), i.e., we set
Si(v) = ug, where uy € C(Ry, H)N L2 (R4, V) is the unique solution of (2.5),
(2.6) defined on the half-line R, .

Theorem 2.2. For anyv € H, the problem (2.3), (2.4) has a unique solution u;
satisfying the initial condition (2.6). Moreover, for any integer k > 1, we have

u = S(up—1) + Mk, (2.7)
where S = S7.

Proof. For integer values of t, we define u; inductively by relation (2.7), and
for t € [k,k+ 1), we set uy = St_(ux). The resulting function is the unique
solution of the problem in question. O

2.2 A priori estimates

The operator L = —IIA with domain D(L) = H?(D,R?)NV is self-adjoint, and
its inverse is compact. It follows that the set {e;} of normalised eigenfunctions
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of L form an orthonormal basis in H. We shall denote by a; < as < --- the
corresponding eigenvalues. Furthermore, for v € R, we set

Dz = {uto) - fjlfjej(x) : ia?f; < oo

and define powers of L by the formula
(Lu)(x) =Y a) fiej(x).
j=1

ol
2

1
Finally, let us introduce the Sobolev norm |ju|, = (L%u, L3 u)? foru € D(L?).
We shall write |- | and || - || instead of || -||o and || - |1 for the norms in H and V,
respectively.

Theorem 2.3. (i) Let us be a solution of (2.5). Then
t
w2 [ s = ol (28)
0

t t
el + / s||us|§/2dss0|u02exp(c / ||us||2ds), (2.9)

where t > 0, and C > 0 is a constant not depending on ;.
(ii) Let us and u; be two solutions of (2.5). Then

t
exp (€ [ (hucl? + 1) ) o ~ .
0

(2.10)

Nfw

—1
lue = uillaje < Ct72 (14 Juo| + ug))

where the constant C' > 0 does not depend on solutions.

Proof. Step 1. Let (-,-) be the natural scalar product in H. Taking the scalar
product of (2.5) with 2u;, we derive

Oplue|® + 2(Lug, ug) = 0, (2.11)
where we used the relation
(B(v,w),w) =0, v,weW. (2.12)

Integration of (2.11) with respect to time results in (2.8).

Step 2. Let us take the scalar product of (2.5) with 2¢Lzu. Performing some
simple transformations, we derive

1
A(tllulll/a) = Ilullf o + 2t ull3 ) + 2t (B(u,u), L2u) = 0.
Taking into account the inequality (see Exercise 2.4 below)

1
[(B(u,u), L2u)| < Cullullsjollull llullije < 5 (lull3/2 + CF llull?lulli2), (2.13)
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we obtain
AtllullF /e + 1) + tllull3)2 < Collul®(tlullf/, + 1) (2.14)

Ignoring the second term on the left-hand side of (2.14) and applying the Gron-
wall inequality, we derive

t
tlluel?)o +1 < exp (02/ ||Us||2ds). (2.15)
0

Integrating (2.14) with respect to time and using (2.15) and (2.8) to estimate
the right-hand side, we arrive at (2.9).

Step 3. The difference w = u — v’ of two solutions satisfies the equation
W+ Lw + B(w,u) + B(u',w) = 0. (2.16)

Taking the scalar product of (2.16) with 2w and recalling relation (2.12) and
also the inequality

|(B(w, w),w)| < Cslwl [lw]| lu]] < 5 (Ilw]|* + CF ul*|w]?),

we derive
Bw]? + [|w]|* < CF [Jul?|w]?.

Repeating the argument applied in Step 2, we see that
t t
s — up|? +/ l|lus —ul||?ds < exp<C4/ us||2ds) lug —upl?, t>0. (2.17)
0 0

We now take the scalar product of (2.16) with 2¢L2w:

O(tlwl} ) + 2t [[w]3 /2 = [wl} ) — 26{ (B(w, w), L¥w) + (B, w), L2w
We have (see Exercise 2.4) (
[(B(w,u), Liw)| < Cs ([[w]dalull2zlul [w]?)

< é lwll3 2 + 2 CF llulls o lul [w]?, (2.19)
(B w), Liw)| < Co (ol luwlfyo o)
< S ol +2C2 W B olel w2, (2:20)
Substituting these estimates into (2.18), we obtain
O(tllwllij2) + tllwl3 e < llwllf o + Crt (lull3 alul + 0[5z 1u']) w]?.

Integrating this inequality with respect to time and using (2.8), (2.9), and (2.17),
we arrive at (2.10). O
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Ezercise 2.4. Prove the first inequalities in (2.13), (2.19), and (2.20). Hint: Use

the estimate 5

llul|pe + ||u]| < const HuHﬁTgHuHﬁ, (2.21)

where |lul|ze is the essential supremum of u(z) and 0 < a, < 1.

In what follows, we shall need the following three estimates for S. They are
consequences of inequalities (2.8), (2.10), and (2.17).

Corollary 2.5. For any v € H, we have
IS()| < qlvl, g=e". (2.22)
Furthermore, there is a constant C > 0 such that, for any v,v' € H, we have
1
|S(v) = S()| < exp{C/ |u5||2ds}|v -, (2.23)
0
1
| S(v) - S(U/)H1/2 <C exp{C/O ([Jws||* + [Jul]|?) ds}|v -, (2.24)
where us and u', are the solutions of (2.5) that correspond to the initial func-
tions v and v', respectively.
Proof. Let u; be the solution of (2.5), (2.6). It follows from (2.8) and the
inequality ||u||? > aq|u|? that

t
|ug)® + 2a1/ lus|?ds < |v]2.
0

Applying the Gronwall inequality, we derive
lug|* < e 21t yl?. (2.25)

In particular, for ¢ = 1, we obtain (2.22).
Inequality (2.23) follows from (2.17) with ¢ = 1. Substituting (2.25) into (2.8)
and setting t = 1, we get

1
2 / luslPds > fuol?(1 — €720) > cluo|?,
0

where ¢ > 0 is a constant. Combining this inequality and its analogue for u;
with (2.10), we obtain (2.24). O

Finally, we establish an estimate for the difference between two solutions of
Eq. (2.3) with different right-hand sides. Namely, for any integer N > 1, we
denote by Hy the subspace in H spanned by the functions e;, j = 1,...,N.
Let P be the orthogonal projection onto Hy and let Qn = I — Py, where [ is
the identity operator.



2 RANDOMLY FORCED NAVIER-STOKES EQUATIONS 16

Proposition 2.6. Let u; and u) be two solutions of Eq. (2.3) with right-hand
sides

n(t) =S st — k), 0= mhs(t — k),
k=1 k=1

respectively. Then there is a constant C' > 0 not depending on solutions and
right-hand sides such that, for any integers m < k and N > 1, we have

|Qu (e — )| < |Quv (e — )| + (Cay ) ™" D, ) g — |+

k—1
+ Y (Cay®) T DK (Pt —f)| + |Qu(m — 1)), (2.26)
l=m+1

where we set .

D(m,k)=C / (lusal? + [12£,]1?) dis.

Proof. Let us fix an arbitrary N > 1. In view of (2.7), (2.24), and the inequality

_1
|Qnv| < ay®l|v]li/2, for any integer [ > 1, we have

1Qn (u — )| < [Qn (S(ui—1) = S(uj_y))| + [Qn (m — )|
< [[S@ur) = Syl + [Qu (m = )]

< Can D0 = 1,1) [u1 — uj_| + [Qu (m — n})].

Arguing by induction, we obtain (2.26). O

2.3 Markov chain associated with the NS system

From now on, we shall study the discrete-time random dynamical system (RDS)

up = S(ug—1) + M, (2.27)
uy = u, (2.28)

where {7} is a sequence of independent identically distributed (i.i.d.) H-valued
random variables and u = u(z) is an initial (random) function. We shall some-
times write ug(u) to indicate the dependence of the trajectory on the initial
function wu.

Theorem 2.7. Let {ux} be a sequence defined by (2.27), (2.28), where u is
an H-valued random variable independent of {ng,k > 1}. Suppose that m; =
E|ng| < co. Then

Elup| < ¢"Elul +mi(1+q+ - +¢"1), (2.29)

where g € (0,1) is the constant in (2.22). Moreover, the sequence {uy} satis-
fies the Markov property. Namely, for any integers k,n > 0 and any bounded
measurable function f: H — R, we have

E (f(uktn) | Fr) = (E f(un(v))) | (2.30)

v=uy’
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where Fy, is the o-algebra generated® by ny,...,nx and u, and the equality holds
almost surely.

Proof. To prove (2.29), we note that
Elug| S E[S(up—1) + E || < qE [ug—1| +ma,

where we used (2.22). Iteration of this inequality results in (2.29).

Let us prove the Markov property. We shall write ug(u) = ug(u;n1, ..., %)
to indicate the dependence of the trajectory of (2.27), (2.28) on the random
variables {n,,}. We have

Uk+n(u;?71, cee »ﬂk+n) = un(uk(u);ﬂkJrh e ,ﬂk+n)-

Since uy(u) is Fr-measurable and {n;, i > k+1} is independent of Fy, it follows
from the above relation and Exercise 1.13 that

E (£ (i () | Fe) = (B @n(@imsrs o ) [y (2:31)

Now note that the distributions of the vectors (ni+1, ..., Nk+n) and (91,..., 1)
coincide. Therefore,

]Ef(un(v;nk+17 cee 7nk+n) = Ef(“n(”ﬂ?lv s 77]71))7

where v € H is an arbitrary deterministic function. Substitution of the above
relation into the right-hand side of (2.31) completes the proof of (2.30). O

Ezercise 2.8. In the notation of Theorem 2.7, show that, if f: H x---x H - R
is a bounded measurable function of n + 1 arguments, then

E(f(uk7uk+1,...,uk+n) |]-'k) = (Ef(v,ul(v),...,un(v))) ’

v=ug "

The Markov property implies two important corollaries. To formulate them,
we introduce the transition function for the RDS (2.27). Namely, for any de-
terministic function v € H and any integer k > 0, we denote by Py (v,-) the
distribution of uy(v):

Pk(U7F) = P{uk(v) S F}, I' e By. (232)

Corollary 2.9. Let u(z) be an H-valued random variable independent of {ny}
and let v be the distribution of u. Then the distribution of ur = ug(u) is given
by the formula
D(ug)(T) = / Py (v, T)p(dv). (2.33)
H
In particular, the measure D(uy) depends only on p (but not on the random
variable ).

4We denote by Fy the o-algebra generated by wu.
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Proof. Let us fix an arbitrary Borel set I' C H. In view of relation (2.30) with
f(z) = Ir(z), we have

EIF(’U,k) = E {E (Ip(uk) |f0)} = E { (E Ip(uk(’l)))) |v=u0 }
It remains to note that E It (ux(v)) = P{ug(v) € '} = Py(u,T). O
Corollary 2.10. The transition function Py(v,T") satisfies the Chapman—Kol-

mogorov relation. Namely, for any k,n > 0, v € H, and I' € By, we have

P;Hn(v,I‘):/HPk(v,dz)Pn(z,I‘). (2.34)

Proof. In view of (2.30), we have

Piyn(v,T) = E It (tgp4n (v) = E{E (Ir (uitn (v)) | F) }
=E{E (Ir(un(2))) |z:uk(v)} =E{P,(ux(v),1)}.

This expression coincides with the integral on the right-hand side of (2.34). O

3 Stationary measures and exponential mixing

3.1 Existence of stationary measures

Let us recall that we denote by Py (v,I') the transition function associated with
the RDS (2.27), (2.28) (see (2.32)). We now introduce the corresponding Markov
SemMigroups:

Pr: Cy(H) — Cy(H), Pif(v) = /H Pu(v, d2)f(2),
Pi: PH) = P(H), Piu(T) = /H Pa(v, T)a(dv).

Ezercise 3.1. Show that operators P;, and P are well defined. Show also that
they form semigroups, that is, Py = Id and Pri, = Py, © Pk, and similarly
for ;. Hint: Use the Chapman-Kolmogorov relation (2.34).

Ezercise 3.2. Show that B and P} are dual semigroups in the sense that

(Brfs 1) = (f,Bgp) for any f € Cy(H), p € P(H).

Definition 3.3. A measure ;1 € P(H) is said to be stationary for the RDS (2.27)
if Pip = p.

Let us note that, if © € P(H) is a stationary measure and u(z) is a random
function in H with distribution w, then the distribution of the trajectory wuy
for (2.27), (2.28) coincides with p for any k > 1. This assertion is a straightfor-
ward consequence of relation (2.33) and Definition 3.3.
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Theorem 3.4. Suppose that E |ng| < oo. Then the RDS (2.27) has at least one
stationary measure.

Proof. We shall apply the classical Bogolyubov—Krylov argument (e.g., see The-
orem 1.5.8 in [Arn98)).

Step 1. Let uy, be the trajectory of (2.27), (2.28) with v = 0 and let puy be
the distribution of u;. We set

=
T =
(]
B

Suppose we have shown that the sequence {ux} is relatively compact in the
space P(X) endowed with the metric || - ||% (see (1.12)). Then there is a subse-
quence pig,, and a measure y € P(H) such that pg, — pas m — 400, where —
stands for convergence with respect to the metric || - ||3. We claim that p is a
stationary measure. Indeed, for any f € L(H), we have

(f,Biw)

ko —
i (7. %im,) = lim - S Gopi)
=0

= Jim () = o (Foo) - (F)} = () (3

m—oQ

Since this relation is true for any f € L£L(H), we conclude that Piu = pu.

Step 2. Let us show that {u} is relatively compact. We resort to the
following assertion due to Prokhorov (see Theorem 11.5.4 in [Dud02]).

Proposition 3.5. A family {u.} of probability Borel measures on a Polish
space is relatively compact iff for any € > 0 there is a compact subset K. such
that o (K.) > 1 —¢€ for any a.

We shall show that for any € > 0 there is a compact set K. C H such that
pr(K:) > 1 —¢ for any k > 1. This will imply that {fix} is relatively compact.
Since ux = S(ugp—1) + Nk, the required assertion will be established if we

prove that
P{S(uk1) ¢ K1} <cf2, P{m ¢ K2} <e/2 (3:2)

where K! and K2 are compact sets in H. (We can take K. = K! + K?2.)
Step 3. It follows from (2.29) that E|ug| < mi(1 — )=t for all & > 1.
Therefore we can choose R. > 0 so large that

P{|uk,1| > Rg} < RE_IE |uk,1| < 8/2. (33)

Furthermore, since the embedding H* C H is compact for s > 0, we conclude
from inequality (2.24) with v" = 0 and relation (2.8) that the image under S of
any bounded set in H is relatively compact. Hence, setting K} = S(BH(RE)),
from (3.3) we derive

P{S(up-1) ¢ K} <P{|lur—1| > R.} <¢/2.
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Finally, recall that, by Ulam’s theorem, any probability Borel measure on a
polish space is regular (see Theorem 7.1.4 in [Dud02]). Hence, if x is the distri-
bution of 7, then there is a compact set K2 C H such that x(K2) > 1 —¢/2.
This is equivalent to the second inequality in (3.2). O

Ezercise 3.6. Justify the first relation in (3.1). Hint: Use the fact that g, — p
iff (f, pn) — (f, p) for any f € Cp(H) (see Theorem 11.3.3 in [Dud02]).

Ezercise 3.7. Show that any stationary measure y has a finite moment, that is,

() = /H Jola(dv) < oo,

Hint: Use inequality (2.29) and Fatou’s lemma (see Lemma 4.3.3 in [Dud02]
and Theorem 2.2 in [Shi02]).

3.2 Main theorem: uniqueness and mixing

In contrast to the existence of a stationary measure, which holds under rather
general assumptions, to ensure its uniqueness, we have to impose some non-
degeneracy conditions on the distribution of the random variables 7. Namely,
we shall assume that the following condition is fulfilled.

Hypothesis (H). The i.i.d. random variables n; have the form
() = bi&jne (@), (3.4)

where ;. are independent scalar random variables and b; > 0 are some con-
stants such that

B:= i b? < oo. (3.5)

Moreover, for any j > 1 the measure m; = D(;) possesses a density p;(r)
(with respect to the Lebesgue measure on R) that is a function of bounded
total variation such that

€
suppp; C [—1,1], / pj(r)dr >0 for any € > 0. (3.6)

—€

Hypothesis (H) implies that, with probability 1, the random variables 7, are
contained in the ball of radius v/B centered at zero. The following theorem,
which is the main result of this course, is established in [KS01, KPS02].

Theorem 3.8. Suppose that Condition (H) is satisfied. Then for any By > 0
there is an integer N > 1 such that, if

B < By, b #0 forj=1,...,N, (3.7)
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then the RDS (2.27) has a unique stationary measure u € P(H). Moreover,
there are positive constants C' and B such that, for any functional f € L(H)
and any H-valued random variable u(x) that is independent of {ny} and has a
finite mean value, we have

B f(u) = (f. )| SClfle(t+Elul) e, k>0, (3.8)
where {uy} is the trajectory defined by (2.27), (2.28).

A scheme of the proof of this theorem is given in the next subsection, and the
details occupy Sections 4 and 5. Here we formulate two important corollaries of
Theorem 3.8.

Corollary 3.9. For any v € H, we have
1Pr(v, ) = pllz < C(1+ol) e, k>0 (3.9)

Moreover, for any initial measure A € P(H) with finite moment m(\) < oo, we
have

BN —pllz <C (L+mN)e Pk, k>0 (3.10)
Corollary 3.10. For anyv € H and f € L(H), we have
[Bif () = (f,m)] <CUfle(+]ol) e, k>0 (3.11)

Ezercise 3.11. Show that inequalities (3.8), (3.9), (3.10), and (3.11) are pairwise
equivalent.

3.3 Scheme of the proof of the main result

Step 1: Convergence implies uniqueness. We first note that it suffices to estab-
lish inequality (3.8), where p is a probability measure in H. Indeed, if ji € P(H)
is stationary measure such that m({) < oo, then, by (3.10), we have

A= ullz = 1Bk — pullz < C (1 +m(@) e,

Passing to the limit as £ — oo, we see that i = pu. Thus, it remains to show that
any stationary measure has a finite moment. This follows from Exercise 3.7.

Step 2: Bounded absorbing invariant set. Since inequalities (3.8) and (3.11)
are equivalent (see Exercise 3.11), we shall prove the latter. To this end, we note
that the ball in H of radius R = 2(1 — ¢)~'v/B centred at zero is an invariant
absorbing set for the RDS (2.27). Indeed, it follows from Hypothesis (H) that
P{|n:| < v/B} = 1. Therefore, in view of (2.22), we have

1S(v) + | < qlv|+ VB forany v e H, k> 1.

This inequality implies that By (R) is invariant. Furthermore, its iteration
results in
uk (0)] < ¢*[v| + R/2.
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If || > R, it follows that

log(2|v|/R)

u(v) € Bu(R) for k> (v) { log g~

] +1, (3.12)

where [a] is the integer part of a > 0.

Suppose now that we have proved inequality (3.11) for v € By (R) and
assume that |v| > R. Then, applying the Markov property (see (2.30)), for
n >0 and ¢ = {(v), we derive

Prtef (v) = EA{E (f(unte(v)) [ Fe) } = E{Bnf(ue(v))}- (3.13)
Since u¢(v) € By (R) (see (3.12)), we have

[P f (we(v) = (f, )] < CL+ R)e™P".
Taking the expectation, using (3.13), and setting k = n + ¢, we arrive at
[Bif(0) = (f.p)| < CL+ R)e " = Cr(1 + [v])e 7",

where we assumed that 8 > 0 is sufficiently small.

From now on, we shall consider the restriction of the RDS (2.27), (2.28)
to the invariant set X := Bpy(R). We retain the notation for the associated
objects, such as transition function, Markov semigroups, etc.

Step 3: Comparison of the transition functions with different starting points.
We wish to show that (3.11) holds for any v € X. To this end, it suffices to
prove that

| Pe(v,-) — Pe(v, ) ||z < Ce P*  for any v,v € X. (3.14)

Indeed, if inequality (3.14) is established, then, by the Chapman—Kolmogorov
relation (2.34), for any [ > k, v,v' € X, and f € L(X) with ||f]|z < 1, we have

|(Pk(vv')_B(v/7')vf)|
:’ / P(,d2) / (P (v, dw) f (1) — Py(=, dw) f (w))
X X
SCefﬁk/ P_p(v',dz) = Ce Pk (3.15)
X

This implies that {Py(v’,-)} is a Cauchy sequence in P(X). In view of Theo-
rem 1.19, it must have a limit 4 € P(X). Passing to the limit in (3.15) as | — oo,
we arrive at (3.14).

Step 4: Reduction to construction of coupled trajectories. To prove (3.14), let
us fix arbitrary initial functions v, v’ € X. Suppose that for any integer k > 1 we
have constructed a coupling (v, v;,) for the pair of measures (Pg(v,-), Pr(v',))
such that

P{|vy —vp| > Ce™P*} < Ce Pk, (3.16)
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where C' and [ are positive constants not depending on the initial functions.
Then, setting Qr = {|vx — vi| > C e P*}, for any f € L(X) we derive

’(Pk(va ) - Pk(vla')vf)’ = ’E (f(vk) - f(’l};g))‘
< E{Iq.|f(vk) = f(up)l} + E {Iqg|f(vr) = f(vp)]}
<20 || flloce™* + C (| £l ce 7",

whence follows (3.14) (with a different constant C).
Construction of the coupling (v, v},) is carried out in Section 4, and inequal-
ity (3.16) is established in Section 5.

4 Coupling operators

4.1 Construction and basic properties

Let us recall that we consider the RDS (2.27) in the ball X = By (R), where the
constant R > 0 is defined in Step 2 of Section 3.3. As before, we denote by Py
and Qn the orthogonal projections onto the spaces Hy = span{ej,...,ex}
and H ]%,, respectively.

Let x € P(H) be the distribution of 7 and let xy = Pxx. Hypothesis (H)
(see Section 3.2) implies that, if

b; #0 for j=1,...,N, (4.1)

then yn has a density with respect to the Lebesgue measure in Hy. Namely,
setting y = (y1,...,yn) € Hy, we have

xn(dy) = h(y) dy, h(y) = H b7 i (y;/b;)- (4.2)

Ezercise 4.1. Prove relation (4.2).

For any v € H, we denote by xn(v,dy) the distribution of the random
variable Py (S(v) 4+ 11). One easily shows that

xn (v, dy) = h(y — Py S(v)) dy. (4.3)

Proposition 4.2. Suppose that Hypothesis (H) is fulfilled and that (4.1) holds
for some integer N > 1. Then there is a probability space (Q, F,P) such that
for any pair of functions v,v' € H there are two H-valued random wvariables
¢ =C(v,v",w) and ' = {'(v,v',w) possessing the following properties:

(i) The distributions of ¢ and ¢’ coincide with x.

(ii) The random variables (PnC,Pn¢') and (Qn¢, Qn¢') are independent, and
the projections Qn¢ and Qn¢’ coincide for all w € Q and do not depend
on (v,v").
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(iii) The pair
Vv =Py (S(v) +¢), Vi =Pn(SW) +()
is a mazimal coupling for (xn(v,),xn(',-)). Furthermore, there is a
constant C'y > 1 depending only on min{b; : 1 < j < N} such that

P{Vy # Vi } =[x (v,)) = xv (@' )|, < Cn|S(0) = S| (4.4)

(iv) The functions ¢ and ' are measurable with respect to (v,v',w).

Taking this assertion for granted, let us complete the construction of the
random sequences (vi,v},). We define coupling operators by the formulas

R(v,v",w) = S) + ((v,v",w), R'(v,0",w) =80+ (v,v,w). (4.5)

Let (Q;, 5, P;), i > 1, be a sequence of countably many copies of the probability
space constructed in Proposition 4.2 and let (22, F,P) be their direct product
(see Exercise 1.7). The points of Q will be denoted by w = (w1,w2,...). We
now fix v,v’ € X and set

vg =, vy =1,

o = RO @)ty @), v = R @)t @), O

Ezercise 4.3. (i) Show that, for any U = (v,v’), the sequence Uy = (v, vy,)
constructed above is a Markov chain in the space X x X (cf. Theorem 2.7
and Exercise 2.8).

(ii) Show that
D(vg) = Py(v,-), D(vy,) = Pi(v',-) for any k > 0.

We shall investigate properties of the above Markov chain in the next two
subsections. They will be used in Section 5.1 to prove Theorem 3.8.

Proof of Proposition 4.2. For any v,v' € H, let (Vy,Vy) be a maximal coupling
for the pair of measures (xn(v,), xn(v’,+)). By Theorem 1.23, we can assume
that Viy and V}; are defined on the same probability space (Q1,F1,P7) for all
v,v" € H and are measurable functions of (v,v’,wy). Let (s, F2,P3) be the
probability space on which the random variables 7, are defined. We denote
by (2, F,P) the direct product of these two probability spaces and, for any
w = (wy,wsz) € 0, set

C(’U7 ’U/,LU) = VN(Ua Ulvwl) - PNS(U) + QNTll (UJQ)’
(0,0 w) = Vi (v,v',w1) = PnS(V') + Qumi (wa).
Assertions (i), (ii), (iv) and the first part of (iii) are straightforward conse-

quences of the construction. To prove inequality (4.4), we use Proposition 1.16
and formula (4.2). We have

(4.7)

1

) = () =5 [ o= PaS() = ply = PuSO) | dy. (43
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Using relation (4.2) and the mean value theorem, we can show that
N
| lbtw=2)=ptu=dy < Culz =1, Oy =307 Varlp), (49)
N Jj=1

where 2,2’ € Hy are arbitrary points and Var(p;) is the total variation of p;.
Substituting this inequality into (4.8), we arrive at (4.3). This completes the
proof of Proposition 4.2. O

Ezercise 4.4. Prove (4.9). Hint: See the proof of Lemma 3.2 in [KS01].

4.2 Squeezing

The following property of the coupling operators R and R’ is the crucial point
of the proof.

Lemma 4.5. Suppose that Hypothesis (H) is satisfied. Then for any By > 0
there is an integer N > 1 and a constant Ky > 0 such that, if (3.7) holds, then

P{|R(v,v",") = R'(v,v',")| < 3o =/} > 1= Kn|v -], (4.10)
where v,v' € X are arbitrary functions.

Proof. Step 1. We first note that, for any v,v’ € X,
Qu(S() — S| < Crayt o — o, (4.11)

where C7 > 0 is a constant depending only on B > 0. Indeed, combining (2.24)
and (2.8), we see that

| S(v) — S(U/)H1/2 < C exp{C (|v|* + [v'|*) }]v — /| for any v,v’ € H.

_1
Using now the Poincaré inequality |Qyw| > ay®||Qyw||i /2, for any v,v" € X
we derive

Qn(8(v) = S()| < ay?[[S(w) = SW), 5
< Cay® exp{C (jo]2 + [[*) o — v/].

This inequality coincides with (4.11).
Step 2. The definition of R and R’ implies that (see (4.5) and (4.7))
IR(v,v",w) = R (v,0",w)| < |[VN(v,0,w) = V{(v,0",w)| + |Qn(S(v) = S@"))|.
4.12)

It follows from (4.11) that, if N > 1 is sufficiently large, then

lv —2'|. (4.13)

N |

[Qn(S(v) = S())] <
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Furthermore, by (4.4), we have
P{Vn =V{} >1—Cn|S(v) — S(¥)|.

Combining this with (4.12) and (4.13) and using the uniform Lipschitz continu-
ity of S on bounded subsets of H (see (2.23)), we derive

P{|R —-R| < %\v — v’|} > IP’{VN = V](,} >1— Kylv—1'],
where K > 0 depends on B. This completes the proof of the lemma. O

Corollary 4.6. Under the conditions of Lemma 4.5, for any v,v' € H the
sequence Uy, = (vg,v},) constructed in Section 4.1 satisfies the inequality

P{|vk — vj,| <27 Fv —'| for all k >0} > 1 —2Kn|v— /. (4.14)

Proof. For any k > 0, let us set

k
Gk:{h}kfvu§%|”Uk_1f?);€_1|}, @k:ﬂGl.
1=1
Since G; D G2 D - -+, inequality (4.14) will be established once we show that

k—1
P(Gi) > 1— Knlo—o| > 27" (4.15)
1=0
The proof of (4.15) is by induction on k. For k = 1, inequality (4.15) coincides
with (4.10). Assume now that k¥ = m > 2 and that (4.15) is established for
k <m — 1. We have

P(Gn) =E(Iz, E(lg, | Fm-1)), (4.16)

where Fj, is the o-algebra generated by (v;,v]), | = 1,...,k. The Markov
property for U, = (vk,v},) (see Exercises 4.3 and 2.8) and inequality (4.10)
imply that

E (I

]:mfl) = P{‘R(Z’Z/a ) - R/<Zazl, )| < %‘Z - Z/‘}‘

" (2,2")=Um—1

>1—Knvm_1 — v, 4] (4.17)
Now note that, on the set G,,_1, we have
[m—1 — vy <27 M Dy — o).
Combining this with (4.16) and (4.17) and taking into account the induction

hypothesis, we obtain

m—1
P(Gp) > (1= 27" Kyfo = o/ |)P(Gpo1) > 1= Kylo—o'| 3 27,
=0

which completes the proof of the corollary. O
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4.3 Dissipation

Recall that we the constant R > 0 is defined in Section 3.3 (see Step 2). The
following lemma shows that, with positive probability, the dynamics pushes the
sequence Uy towards the origin.

Lemma 4.7. Suppose that Hypothesis (H) is fulfilled and that (4.1) holds for
some integer N > 1. Then for any r € (0, R] there is a constant €(r) > 0 such
that

P{R(v, ') < (11ol) v [RU(0, 0/, < (1) Vi) 2 er), (418)
where v = 12ﬂ, and v,v" € X are arbitrary functions.

Let us note that, in view of the inequality in (3.6), for any 6 > 0 there
is vs > 0 such that

P{I¢| <6} >ws, P{I¢'| <6} > ws, (4.19)

where we used the fact that the distribution of ¢ and ¢’ coincides with that
of nx. Choosing 6 > 0 sufficiently small and combining (4.19) and (2.22), for
any r > 0 we can find £(r) > 0 such that

P{|R(v,v",)| < (v|v]) Vr} =&, P{R'(v,v',)| < (v'])Vr} >e.

If R and R’ were independent, these inequalities would imply (4.18). However,
this is not the case, and we have to proceed differently.

Proof of Lemma 4.7. Step 1. It suffices to show that for any 6 > 0 thereises > 0
such that

Ps := ]P’{|’R(v,v’,~)| <|SW)| + 26, |R (v,v',-)| <|SW"| + 26} >e5. (4.20)

Indeed, suppose that (4.20) is already proved and fix an arbitrary r > 0. Setting

0= Lq; and using (2.22), we derive

1S ()] +26 < qlv] + =2 < (y]o]) v,

and a similar inequality holds for v’. It follows that the probability on the left-
hand side of (4.18) is bounded from below by Pjs. Since § depends only on r,
this proves inequality (4.18).

Step 2. Let us recall that Vi and V}, denote the projections of R and R’ to
the space Hy and set Wy = QyR and Wy, = QnR’. We fix an arbitrary § > 0,
define the events

={|[Vn| < IPnS(v)[+3},  Fs = {|Wn| < |QnS(v)| + 6},

and denote by G and F} similar events for R'. It is a matter of direct verification
to show that, if w € GsNFy, then |R(v,v',w)| < |S(v)|+24d, and similarly for R'.
In view of the independence of (Pn(,Pn(¢’) and (Qn¢, Qn¢’), we obtain

Ps > B(G Fs Gy F) = B(GsGl) B(F5F}).
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Hence, it suffices to find a constant »s > 0 such that

]P)(G(;Gg) > s, P(FgFé) > ;. (4.21)

Step 3. We first prove the second inequality in (4.21). Since Qn¢ = Qn(’,
it follows from the inequality in (3.6) that, for any § > 0, we can find s > 0
such that
P{lQn¢| = Qn¢| £ 8} > 5.
This implies the required estimate.
Step 4. Tt follows from (4.19) that

P(G(;) Z Vs, P(Gg) Z vs. (4.22)

We claim that the first inequality in (4.21) holds with 3¢5 = v /4. Indeed, let us
set E = {Vy =V} } and assume that |PyS(v)| < |[PnS(v")]. (The proof in the
other case is similar.) Then GsF C G5E and GsG5E = G5E. Since the random
variables Viy and V}; conditioned on E° are independent (see Definition 1.21),
we conclude that

GsE¢) P(G}E®)
P(E°)
> P(GSE) + P(G5E°) P(G4E®). (4.23)

P
P(GsGY) = P(GsG5E) + P(GsG5E) = P(GSE) + (

If P(GsE) > s, then the required inequality is obvious. In the opposite case,
it follows from (4.22) that

45 < ]P)(G(;) P(Gg) < P(G(sEC) ]P)(G:;Ec) + 3¢5,

whence we see that P(GsE°) P(G5E®) > 5. Comparing this with (4.23), we
obtain the first inequality in (4.21). O

Corollary 4.8. Under the conditions of Lemma 4.7, for any d > 0 there is an
integer £ = £(d) > 1 and a constant p = p(d) > 0 such that, for any initial
functions v,v' € X, we have

P{|ve| V|vj| <d} >p for anyv,0v’ € X. (4.24)

Ezercise 4.9. Prove Corollary 4.8. Hint: Use the Markov property.

5 Proof of the exponential mixing

5.1 Decay of a Kantorovich type functional

Let us recall that we have reduced the proof of Theorem 3.8 to inequality (3.16),
where (vg,v},) is a coupling for (Px(v,-), Px(v’,-)) (see Section 3.3). By Exer-
cise 4.3 (ii), the random variable Uy = (vg,v;,) constructed in Section 4.1 is a
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coupling for the above pair of measures. Thus, Theorem 3.8 will be established
once we show that (3.16) holds.

The proof of (3.16) is based on the exponential decay of a Kantorovich type
functional. To define it, we fix two integers ¢ > 1 and s > 0 and a small
constant d > 0 and introduce the events®

Qn,r = {dr < |Us+n€ - Ué+n€| < drfl}’ n,r >0,

where d, = 27"d for r > 0 and d_; = +o0. Let us set
Fo=> 27"P(Qny). (5.1)
r=0

Theorem 5.1. Let d = (16Ky)~t, where Ky is the constant in (4.14), and
let £ = £(d) be the integer constructed in Corollary 4.8. Then there is 6 € (0,1)
not depending on the integer s and the initial functions v,v" € X such that

F, <6 foralln>1. (5.2)

Proof. Step 1. For any n > 0, the sets @, 7 > 0, are mutually disjoint, and
therefore Fy < 1. Hence, it suffices to show that F,, < dF,_; for any n > 1.
Setting pp.r = P(Qn,r), we write

P(Qn,'r') = Z pn—l,mP(Qn,'f |Qn—1,m)~

m=0

Substituting this relation into (5.1) and changing the order of summation, we
obtain

Fn = Z 27" Z pn—l,mP(Qn,r | Qn—l,m) S Z pn—l,mz(mv ’I’L), (53)
r=0 m=0 m=0

where
E(mv Tl) = Z ]P(Qn,r | Qn—l,m) + 27(m+1) Z P(Qn,r | Qn—l,m)~
r=0 r=m-41

The required inequality will be established if we show that

E(m,n) <27™§ for any m > 0. (5.4)

Step 2. To prove the above assertion, we first note that Corollaries 4.6 and 4.8
and the choice of the parameters d and ¢ imply the following inequalities:

m

ZP(Q'@,T | Qn—l,m) < 27(m+2)’ m > 1, (55)
r=0

P(Qn,o | Qn—l,O) < 1- b, (56)

5We do not indicate the dependence on s, since it does not play any role in the estimates.
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where p = p(d) > 0 is the constant in (4.24). Taking these estimates for granted,
let us complete the induction step.
It follows from (5.5) that

3
X(n,m) < 1 27™ form > 1. (5.7)

Furthermore, using (5.6), we derive

2

S(1,0) < P(Quo | @uo10) + 2~ P(Q%.0 | @uor0)
= 2 (B(@uo|Quaro) 1) <12 63

Combining (5.7) and (5.8), we obtain (5.4) with § = (1 —2) v 2. Thus, it only
remains to establish inequalities (5.5) and (5.6).

Step 3. We shall confine ourselves to (5.5), since the proof of the other
inequality is similar. To simplify notation, we shall assume that s = 0.
It follows from (4.14) that, if |v — v'| < d;;,—1, then

P{|ve — vj| > d } < 2Kndp—q =2""72. (5.9)

We now set By, = {|vne — v),,| > di,} and note that

m

ZP(Qn,r | anl,m) = ]P(Bn,m | anl,m) - p;il)mP(Bn,anfl,m) (510)
r=0

Using the Markov property, we write
P(Bn,nLQn—l,m) =K {IQn,,l,mE (IB%~m ‘ ]:n—l)}
= B (Igu- P{l0e(2) = o 2)| > d} |,y ), (5:11)

where Z = (z,2') € H x H, and (viy(Z),v,(Z)) denotes the trajectory of (4.6)
with v = z and v" = 2’. Since |v(;,—1)¢ — ”énq)z‘ < dm—1 on the set Qn_1,m,
we conclude from (5.9) that the right-hand side of (5.11) does not exceed
27" 72P(Q,,—1,m). Substituting this expression into (5.10), we obtain (5.5). O

Ezercise 5.2. Prove inequality (5.6). Hint: Repeat the argument used in the
proof of (5.5)

5.2 Proof of Theorem 3.8

The theorem will be established if we show that inequality (3.16) holds for the
random sequence Uy = (vg,v},). Let us fix an arbitrary integer £ > 1 and
represent it in the form k& = nf + s, where 0 < s < £. Then, by Theorem 5.1,
we have

Fo=> 27"P(QF) <45, (5.12)

r=0
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where QF = {d, < |vy — v},| < d,—1}. Let @ < 1 be so small that v := 29§ < 1.
Consider the event

[om]

Br = |J QF = {lvk — vi| > diam }
r=0

where [¢] stands for the integer part of ¢. It follows from (5.12) that

[an] [an]

P(By) = Y P(QF) <20y 27P(QF) < 2R, < (270)" =" (5.13)
r=0 r=0
Since
d[ozn] _ 27[an]d < 27an+1d < 4d27ock/f’
we conclude from (5.13) that
P{{|vx — v} > 4d 27K/} < AR/EL,
This implies inequality (3.16) with
C=@d vy, B="(aln2)A(ny "}

The proof of Theorem 3.8 is complete.
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